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Abstract    
 
In this paper, free vibration characteristics of an adhesive functionally graded single lap joint 
are modeled and an optimal design procedure for such structures has been proposed. To 
establish the relationship between the design variables and effective free vibration parameters, 
a mathematical model is developed for the analysis of free vibration of an adhesive joint using 
finite element method (FEM), design of experiment (DOE), and regression analysis. These 
models relate the design variables (adhesive thickness, adherends thickness, overlap length, 
and compositional gradient exponent of functionally graded plates) to the effective free 
vibration parameters (natural frequency and corresponding modal strain energy). To 
simultaneously maximize the first natural frequency and minimize the modal strain energy, for 
any given set of design parameters, a simulated annealing (SA) algorithm is applied to the 
developed models. To investigate the performance of proposed procedure, the results of 
heuristic algorithm are compared with all possible solutions (complete enumeration). This 
comparison shows that the proposed solution procedure can effectively solve such 
complicated problems. The evaluations of FEM outputs and mathematical models also reveal 
that the adhesive thickness has a negligible effect on natural frequency and modal strain 
energy while other design variables have more significant effects on these design criteria. 
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1. Introduction 
 
There are increasing industrial applications of structural adhesive joints, due to their many advantages, 
such as lighter weight and more uniformly stress distribution across the joints [1]. In order to achieve 
desirable mechanical and thermal properties, in laminated composite structures, homogeneous plies are 
bonded together but, with a sudden change in material properties of each ply with another, large 
interlaminar stresses across the interface could be observed, which leading to delamination [2]. To 
overcome this shortcoming, functionally gradient materials (FGMs) have been developed. Generally, a 
FGM is a composite, consisting of two or more phases, whose relative densities are gradually changing 
across the cross-section.  It is designed such that its composition varies in some spatial direction and 
intended to take advantages of certain desirable features of each of the constituent phases [2]. 
Typically, an FGM is made of a ceramic and a metal for the purpose of thermal protection against 
large temperature gradients. The ceramic material provides the high-temperature resistance due to its 
low thermal conductivity, while the ductile metal constituent prevents fracture because of its greater 
toughness. 
Many studies are made for design of FGM, most of which are concerned with thermal stress, thermal 
bending, and vibration. Loy et al. [3] presented the natural frequency of FGM cylindrical shells using a 
theoretical method. Yang and Shen [4] analyzed the vibration characteristics and transient response of 
shear-deformable FGM plates made of temperature dependent materials in thermal environments. 
Also, they [5] investigated free vibration and dynamic instability of FGM cylindrical panels subjected 
to combined static and periodic axial forces and in thermal environment. However, they considered 



only uniform temperature rise through the thickness. Vel and Batra [6] presented a three-dimensional 
exact solution for free and forced vibrations of simply supported functionally graded rectangular 
plates. Kim [7] provided an analytical solution for the vibration characteristics of FGM plates under 
temperature field. The temperature was assumed to be constant in the plane of the plate. Woo et al. [8] 
provided an analytical solution for the nonlinear free vibration behavior of plates made of FGMs. The 
single study on optimization of FGM structures under free vibration was done by Gunes et al. [9]. 
They carried out three-dimensional free vibration and stress analyses of an adhesively bonded 
functionally graded single lap joint (SLJ) using both finite element and artificial neural network (ANN) 
methods. In their studies, the FEM has been employed to generate several sets of design outputs. These 
results are then used to train ANN procedure which, in turn, predicts free vibration parameters of the 
FGM structure under study. The training season for ANN, however, requires a large amount of CPU 
time, and therefore is inefficient. The genetic algorithm (GA) optimization procedure was applied to 
the problem.  
Although there is a large body of research in the areas of design of FGM structures, there is lack of 
investigation on free vibration optimization of FGMs. Therefore, in this paper an optimization study is 
made towards free vibration of functionally graded single lap joints. 
Optimization is one of the most important issues in designing different structures. Due to financial and 
safety considerations, optimum design of structures has received much attention in the literature [10]. 
Since many optimization problems, including those of FGM structures, involve many design variables 
and are highly nonlinear with many local optima, traditional optimization methods usually fail to find 
the global optimum or are too slow to solve such complicated problems. Therefore, the heuristic 
methods have been developed and improved during the past few decades. The heuristic algorithms, 
such as genetic algorithm and simulated annealing, are inspired by natural phenomena in physics and 
biology. Simulated Annealing, first proposed by Kirkpartick et al. [11], is a method suitable for solving 
optimization problems of large scales. This algorithm is also convenient for solving complicated 
problems where global optimum is hidden among many local optima. Based on the physical process of 
annealing, a succession of options is assumed to decrease their configuration energy by decreasing 
temperature, and form a low energy crystal.  
In this study, the finite element method has been used to determine the first natural frequency and 
corresponding modal strain energy values of adhesively bonded functionally graded single lap joints 
with different geometrical and mechanical properties. Using design of experiment and regression 
analysis, the mathematical models are developed to relate important design variables including 
adhesive thickness, adherends thickness, overlap length, and compositional gradient exponent of FGM 
plates to free vibration parameters (natural frequency and corresponding modal strain energy). Similar 
to ANN, these models establish a one to one relationship between design variables and free vibration 
responses. By doing so, the large computational time for tuning and training the ANN may be avoided. 
The developed models are then embedded into a simulated annealing procedure to solve the optimal 
design problem of minimizing a weighted objective function. 
 
 
2. Problem statement 

 
Free vibration of FGM single lap joint structures is mainly affected by geometric characteristics and 
mechanical properties of the materials. The design variables in such structures are usually adherends 
thickness (t), adhesive thickness (h), overlap length (C), and volume fraction distribution of 
components in FGM plates. Figure 1 shows a schematic representation of such structures. 
 

 
 

Figure 1: Adhesive functionally graded single lap joint. 



One of the most important issues in FGM is their mechanical properties. In FGM, as illustrated in 
Figure 2, the metal volume fraction Vm linearly varies from 100% at the bottom surface to 0% at the 
top surface. 
 

 
 

Figure 2: Functionally graded adherend. 
 

There exist several proposed functions for defining Vm, among which the following equations are most 
widely employed [2]:  
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In the above, n is a non-negative real number and the rest of parameters are defined in Figure 2. As 
shown in Figure 3, the volume fraction of metal is significantly affected by the values of compositional 
gradient exponent (n), through the plate thickness.  
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Figure 3: Metal volume fraction distribution with various compositional gradient exponents. 
 

The mechanical properties of the adherends are usually determined by two estimating methods; 1) the 
linear rule of mixtures and 2) the modified rule of mixtures. These properties of constituents of single 
lap joint are listed in Table 1 [2]. 
The adhesive joints are usually designed to have a high strength with maximum possible first bending 
natural frequency and minimum corresponding modal strain energy [9]. In this paper, a FGM adhesive 
single lap joint structure, under free vibration, is optimized in both categories of geometry and 
mechanical properties.  

 
 
3. Solution procedure 
 
To implement the optimization technique in solving the stated problem, a mathematical model is 



developed to relate the design variables to the free vibration parameters. To develop the mathematical 
models with the minimum number of trial experiments, a design matrix has been constructed using 
design of experiment approach. Trial runs are then conducted based on this matrix by varying one 
design parameters at a time; while keeping the rest of them constant. The selected design matrix is a 
standard central composite rotatable four-factor five-level factorial design with 31 experimental runs. 
 

Table 1: Mechanical properties of adhesive single lap joint components 
 

 

SLJ components 
 

 
 

Mechanical properties 

  

SLJ constituents 

Young’s modulus, 

E (GPa) 

Poisson’s ration, 

υ  

Density, 

ρ (kg/m3) 

Ni (Metal) 199.5 0.3 8908 FGM adherends 
Al2O3 (Ceramic) 393 0.25 3900 

Adhesive Epoxy 4.39 0.34 2500 

 
The ranges of input data for the experiments are as follows: 0.1≤h≤0.5, 0.5≤t≤5, 10≤C≤50 and 
0.1≤n≤10. Also constant length (L) and width (W) of adherends are 160 and 20 mm respectively. 
Using the results of these 31 experimental runs and regression analysis, different regression models, 
including linear, curvilinear, and logarithmic, can be developed to relate vibration parameters to the 
design variables. Analysis of variance (ANOVA) technique has proved that logarithmic regression 
models provide the best fit to our data and are as follows: 

 
           )ln001.0ln999.0ln173.0ln088.0981.1exp( htCnω −+++=  (3)

           )ln001.0ln997.1ln345.0ln176.095.6exp( htCnU −+++=  (4)

 
The above models can predict the first natural frequency and corresponding strain energy for any given 
set of input design parameters. 
Figure 4 demonstrate a good agreement between the regression models and FEM results. 
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Figure 4: Comparison between mathematical models and FEM, (a) natural frequency, (b) modal strain 

energy. 
 
After developing the mathematical models, to determine optimal design variables for design problem, 



an objective function should be described. In order to achieve this goal, a weighted min-max objective 
function is defined as follows:  
 
           ωBUAf ×−×=  (5)
 
This equation is used as the performance measure in the simulated annealing optimization procedure. 
The simulated annealing method is based on the concept of metallurgical annealing of solids and 
metals. In the annealing process, a solid is melted at high temperature and then a cooling process is 
performed until thermal mobility is lost. The perfect crystal is the one in which all the atoms are 
arranged in a low level lattice, and so the crystal reaches the minimum energy [11]. 
In the simulated annealing optimization technique, the probability function is based on the Boltzmann 
distribution function as follows:  
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where Z(T) is a suitable normalization factor and kb is the Boltzmann constant. Eq denotes the system 
energy in a configuration q at time t, and Er shows the system energy in a new randomly generated 
configuration r at time t+1.  
If Er-Eq<0, then the configuration r is accepted as the next configuration at time t+1. Otherwise, the 
acceptance of this new configuration is decided by the probability function. That is to say, the system 
state may be on a higher energy state. This procedure continues until the temperature receives the 
freezing temperature or the number of iterations becomes equal to the total number of configurations 
which is defined from the beginning [10].  
In this study, the objective function fi, which is defined through an investigation, is known as the 
system energy function Ei for each configuration in Boltzmann distribution function. 
 

Table 2: Optimum design variables for different coefficients of A in Eq. (5). 
 

A (×10-4) 2 2.9 3 5 7 

f CE -57.197 -43.604 -42.151 -25.286 -18.056 

 SA -57.192 -43.590 -42.151 -25.282 -18.051 

n CE 10 9.7 6.6 0.1 0.1 
 SA 10 9.6 6.6 0.2 0.2 

C CE 50 50 50 47 50 
 SA 50 50 50 48 45 

t CE 5 5 5 4.4 3.1 
 SA 5 5 5 4.1 3 

h CE 0.1 0.1 0.1 0.1 0.1 
 SA 0.11 0.14 0.1 0.11 0.1 

 
 
Results and discussions 
 
In the optimization process, B is set to unity and A is given different values (see Eq. (5)), to evaluate 
the effects of the relative importance of the first natural frequency against modal strain energy on the 
design parameters. In addition, the global optima of design variables are obtained by complete 
enumeration of entire solution space. The results of optimization algorithm (SA) are compared with 
those of complete enumeration (CE) in Table 2. This comparison illustrates that SA algorithm can 



provide very good solutions in much shorter search times. 
 
 
Conclusions 
 
In this study, using mathematical models, an optimization procedure has been developed to determine 
the best design parameters for a FGM adhesive single lap joint. The simulated annealing algorithm, 
which is employed in this approach, is a suitable and effective method that requires much less time 
than other procedures, such as GA, to optimize a complicated problem.  
The good agreement between results of finite element method and mathematical models approved that 
this procedure can be applied instead of any other approaches which are too complicated or hard to 
use. With respect to the outputs from both mathematical models and finite element method, it can be 
observed that the most important variable is adherend thickness; while adhesive thickness has a 
negligible effect on the free vibration characteristics.  
The results also demonstrate that the optimal design parameters may vary significantly if the relative 
importance (i.e., A and B) of the first natural frequency and corresponding modal strain energy is 
changed. To investigate the performance of proposed optimization procedure, the results of simulated 
annealing algorithm are compared with direct enumeration of all possible solutions. This comparison 
shows that the proposed optimization procedure is quite capable of solving such complicated problems 
effectively and efficiently.  
 
 
References  
 
[1] He, X. and Oyadiji, S.O. (2001), Journal of Material Processing Technology 119, 366–373.  
[2] Cho, J.R. and Ha, D.Y. (2001), Material Science and Engineering A 302, 187–196. 
[3] Loy, C.T., Lam, K.Y., and Reddy, J.N. (1999), International Journal of Mechanical Sciences 41, 
309-424. 
[4] Yang, J. and Shen, H.S. (2002), Journal of Sound and Vibration 255, 579-602. 
[5] Yang, J. and Shen, H.S. (2003), Journal of Sound and Vibration 261, 871-893. 
[6] Vel, S.S. and Batra, R.C. (2004), Journal of Sound and Vibration 272,703–730. 
[7] Kim, Y. (2005), Journal of Sound and Vibration 284, 531–549. 
[8] Woo, J., Meguid, S.A., and Ong, L.S. (2006), Journal of Sound and Vibration 289, 595-611. 
[9] Gunes, R., Apalak, M.K., and Yildrim, M. (2007), International Journal of Mechanical Sciences 
49, 479–499. 
[10] Kolahan, f., Tavakoli, A., Abachizadeh, M., Soheili, S., and Tadayon, G.S. (2007), WSEAS 
Transactions on Computers 6, 907-912. 
[11] Kirkpatrik, S., Gelatt, C.D., and Vecchi, M.P. (1982), Optimization by simulated annealing, IBM 
Research Report RC 9355. 
 


	CCFA-643472.pdf
	Local Disk
	Microsoft Word - CCFA-643472.doc





