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1. Introduction

Let {X;; i > 1} be a sequence of iid continuous random variables. The first k observations in this sequence are called the
first partial sample of size k. To achieve the next partial samples, we add the other observations of the interested sequence
to the first partial sample one by one. The kth largest (smallest) observation in a partial sample is called the upper (lower)
k-record statistics, when its value is greater (smaller) than the corresponding observation in the previous partial sample.
Formally, let X;.,, denote the ith order statistic from a random sample of size m. Then, the upper k-record times T, ; and the
upper k-record values U,  are defined as follows: Ty, = k, Uiy = Xqxand form > 2, T = min{j : j > Tpo1 4, Xj >
XTypq =kt 1T o} AN Uy e = Xy j—k-+1:Ty, - LOWET k-record statistics can be defined analogously; see Arnold et al. (1998)
for more details. In the special case when k = 1, we have the usual records. One can imagine situations wherein the largest
and smallest observations are simultaneously recorded when a new record of either kind (upper or lower) occurs, such as
in the case of weather data. These statistics are referred to as current records in the records literature.

Now, suppose Ur’l,k and L}, , are the kth largest and kth smallest observations, respectively, when observing the nth k-
record (upper or lower) from the sequence {X,, n > 1}. We call such recent statistics current k-records. Of course, when
new observations become available, new current k-records can arise. In infinite sequences, every new observation that is
larger (smaller) than the recent upper (lower) current k-record will eventually become a current k-record. For example, let
us consider the following sequence of observations:

3,2,25,2.6,1,3.7,2.2,15,2.7,2.3,05, ....
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The current 3-records extracted from the above sequence are as follows:

n |1 2 3 4 5 6 71 8

U,|2 25 25 26 26 26 27 27
L,|3 26 25 25 22 2 2 15

Let X1.n < Xo.n < --- < Xu., denote the order statistics of a sample of size n (withn > 2k — 1). The spacing
Wi jn = Xj.n — Xin is a generalization of the sample range W, = X,.;, — Xj.n. A special case of W j., called the quasirange, is
Wien = Xn—k+1:n — Xk:n; see Arnold et al. (1992). Let Ry, x(m = k, k 4 1, .. .) denote the mth usual record in the sequence of
quasiranges {Wi.,, n > 2k — 1}. Then, it can be seen that R, x is the mth current k-record range in the {X,}-sequence given
by

Rmk_U — m=kk+1,....

m,k>

Clearly, R x = 0 and Riy1x = Wik Intuitively, for fixed m, Ry +1 < Rm i with probability one and for fixed k, Ry, x is
increasingly ordered. For fixed k, let N¢(c) denote the stopping time such that Ny(c) = inf{n > k; R, x > c}, where c is an
arbitrary fixed number. Then, Ni(c) is the waiting time until the k-record range of an iid sample exceeds a given value c. Some
works have been done for the special case k = 1; see, for example, Basak (2000), Houchens (1984), Ahmadi and Balakrishnan
(2004, 2005), and Raqab (in press). In this paper, we first develop the distribution theory for the current k-records and then
use it to develop some nonparametric inferential procedures based on current k-records.

The population quantile §, (0 < p < 1) of the distribution function F is defined by &, = inf{x : F(x) > p}. Letp
and g be any given real numbers such that 0 < p < g < 1; then, (ﬁgp, gq) is called a quantile interval and is given by
{x|p < F(x) < q}. Several authors have discussed construction of confidence intervals for these quantiles and quantile
intervals. Arnold et al. (1992, p. 183) have described how order statistics can be used to provide distribution-free confidence
intervals for population quantiles; see also David and Nagaraja (2003). Ahmadi and Arghami (2003) obtained similar results
based on record data. Ahmadi and Balakrishnan (2004, 2005) developed distribution-free confidence intervals for quantiles
and quantile intervals on the basis of current records. Construction of distribution-free confidence intervals for quantiles
and tolerance intervals on the basis of current k-records is the focus of this paper.

The rest of this paper is organized as follows. In Section 2, we derive some distributional results and in particular a general
expression for the joint pdf of the nth upper and lower current k-records. Confidence intervals for quantiles in terms of
current k-records are then derived in Section 3. In Section 4, we discuss the construction of tolerance intervals and limits on
the basis of current k-records. Finally, in Section 5, we present a numerical example to illustrate all the methods of inference
developed here.

2. Distributions of current k-records

Let {X;; i > 1} be a sequence of iid continuous random variables. To get the first current k-record, the first partial sample
of size k, {X1, ..., Xi}, from the above sequence is needed. The kth largest (smallest) observation among them is defined
as the first upper (lower) current k-record. That is, U{,k = Xj. and L/Lk = Xk If Xpy1 < L/Lk or Xppq1 > U{,k}, then Xp1 4
creates the second current k-record. Since Uj , < L}, the aforementioned event occurs with probability 1, and therefore
Xk+1 certainly induces the second current k-record. Formally, we have U2 « = X241 and L2 « = Xik+1, and so U2 e < Ly
Therefore, the second current k-record arises by adding only one observation to the first partial sample of size k. The nth

current k-record arises in the same way when n < k + 1. For example, the (k — 1)th current k-record is then obtained from
the first 2k — 2 observations as U;_, & = Xk—1:2k—2 and L, & = Xk:2k—2. Note that for n < k, we have Un K < Ln o Similarly,
the kth current k-record arises from the first 2k — 1 observations such that the kth largest (smallest) observation is the kth
upper (lower) current k-record, i.e., Uy , = kak = Xj.2k—1. Since the event {Xy, < kak or Xor > Uy, } occurs with probability
1, X induces the (k+1)th current k-record. Thatis, Uy, ; , = Xkr12¢@and L ; . = Xiow, and hence i, < Uy, - Summing
up, we have
L r = Xikyn—1 and U,;,k = Xnsrn—1, 0 < k+ 1. (1)

n,

Consequently, when n < k + 1, each new observation after the first partial sample of size k induces a new current k-record,
but this may be false thereafter. Note thatif L , ; , < Xak+1 < Ug,q , then Xpi4q cannot induce a new current k-record and
we then have to wait for an observation X, (m > 2k + 1) such that X,, < LL+1 i OF X > U,:H .

Therefore, for n < k + 1, the joint pdf of the nth value of the kth current records, (L, ,, Uy ,), is readily obtained from
the distributions of order statistics. But, for n > k + 1, the distribution of the nth current k-record does not follow readily
from the distributions of order statistics (see Lemma 1). We therefore had to come up with a new way to derive the joint
pdf of (Ln o /Lk) whenn > k + 1. We obtained an expression for this joint density function and this is what is presented in
Theorem 1.
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Lemma 1 (Arnold et al., 1992). Let the ith order statistic from a random sample of size m from the uniform U (0, 1) distribution
be denoted by X} . Then, the marginal cdf of X}, is

m

in’:‘m(X)ZZ(T)XT(]_X)”—T, 0<x<1. )

r=i

For n > k 4 1, we have the following theorem for the joint density of the upper and lower current k-records. It may be
noted that for the special case k = 1, the result reduces to the known result for current records presented, for example, by
Houchens (1984).

Theorem 1. Let {X*,i > 1} be a sequence of iid U(0, 1) random variables. Then, the joint density of the nth (n > k + 1) lower

and upper current k-records (L, Uy ) is

y 1 Y 1
Jukx,y) :/x mfn—l,k(ﬁ}’)dt'f'/x‘ mfn—l,k(& s)ds, x <y. (3)

Proof. Houchens (1984) proved this result for the usual current records (case k = 1). Now, for the nth (n > k + 1) current
k-record, we have

L, x>=ty<s,
’ ! / / 12, X < t,y Z S,
P(Lyy <% Upy >yl g =t Uy, =9) = L, x<ty<s,
Iy, x>ty>s,
where0) < x <y < land0 <t < s < 1.Itisevidentthatl; = 1and I, = 0. Let Z; be the first observation after
(L, 4 U, ) from the U(0, 1) distribution. Then,
=PL, <x U >ylZy <t, I, =t.Ul,  =9PZ <t)
FPULE <X U >yt <Zi <s,Li =t Ul =9)P(t <Z; <5)
FPLE <X US> yIZy > s, Ly = 6 UL = S)P(Z) > s).

/

’ ’ . . / d
The event {Z; < t,L;_,, = t,U;_,, = s}isequivalent to {L;, < Lz/_l’k, Ur, = U:’_l’k, Ljik = U(0, t)}, where

means identical in distribution. Similarly, the event {Z; > s, L;ﬁ’_l,k =t, U:/_Lk = s} is equivalent to {L¥, = L;’;’_Lk, U:fk

\%

/

/od ' / .. .
U1 Upp = UGs, D). Theevent {t < Z; < s,L¥_;, = t,Ur_;, = s} indicates the fact that the first observation after
(Ly_1 4> Uy ) is not a new current record. Therefore,

X
I3=;><t+13><(s—t),

and so we obtain

o X
*Tr41-s
Similarly, we can show that

1-y
Iy = ————.
‘T +1-—s

Proceeding now on lines similar to those of Houchens (1984), the expression of the joint pdf of the nth lower and upper
current k-records in Eq. (3) can be derived. O

Forn > k + 1, using Theorem 1, the joint density of the nth upper and lower current k-records can be obtained for all n
in a sequential manner. Though the algebraic calculations are generally too cumbersome, we present here the expressions
for the special cases n = k + 2 and n = k + 3, in Lemmas 2 and 3, respectively, when the underlying distribution is U(0, 1).

Lemma 2. Under the assumptions of Theorem 1, we have the following:
(i) The joint pdf of (L;’;;z,k, U,j‘;z’k) is,for0O<x<y<l,

(2k)! _ _
ferakx,y) = kD {A=»""o1x,y. 0 + X011 =y, 1= x, 0}, (4)
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where
k—1 [1—x+1—y)
1%y, k) = —(y = D og(x+1—y) + Z ( ) - [(l”] : (5)
i=1
(ii) The marginal pdf of th;z,k is
f @ =@K k), 0<x<l,
k+2,k
where
(2k)!

D(x, k) = W(—UF] {XZkZ [1—x(1—logx)]

%k=2 /o1 _ o (_X)2k7i72 l_ .
+ZO:( i )W[l_xﬂ(l—(l—i—l)logx)]

N Xl: k—1 (_—l)i (1- X)Zk—i—] B i i xi—j(] _ X)Zk—H—j—l
‘ i i 2k —i—1 = j 2k —i+j—1

—_

-1 (k— 1) (—x)2k-i=2 |: X1 _ 1]}
+ — |1 —x+ — : (6)
=1 1 1 i+1

(iii) The marginal pdf of Uy, , is
for W) =01 —=xk), 0<x<1,
k+2.k

k-

where @ (x, k) is as defined in (6).
Lemma 3. Under the assumptions of Theorem 1, the joint pdf of (ij;&k, U,jﬂr&k) is,for0<x<y<l1,

(2k)!

Jerz k. y) = W

A= oy, 0+ X (1 —y, 1—x, b}, (7)

where

2%,y 1) = (v — D1 (log(x + 1 — y))? —log(x+1—y)Z(k”)cy—l)’H*fw

i=1

k—1 k—1 _-lkll
—Z<< . )%[1—<x+1—m
i=1

1

A=2 so1 o — k-1 .
+Z< ; )%[1—(X+1—y)’(1—ilog(x+1—y))]
i=1

2

k—1\ (=i X /2k—2 — - 1—yy
+Z<(z> )Z<< j l>0’—1)"‘1""—[ R4

i=1 J

_Z<<—1> Gl "<2k—2—i>(y_1)k_1_i_,»[1—<x+1—y>"+f]
0

= J i4]
The marginal densities can be readily obtained from (7) by integration.

R‘x.

For other values of n (n > k + 4), the joint density of the nth upper and lower current k-records can be obtained in a
similar recursive manner.

3. Distribution-free confidence intervals for quantiles

As mentioned in Section 2, for n less than, equal to, or greater than k, U k is less than, equal to, or greater than L,1 o

respectively, with probability 1. Therefore, for n < k, a confidence interval for a quantile is in the form (U,f‘ o L, k). Forn =k,
lower and upper current k-records coincide and consequently a confidence interval cannot be constructed in this case. For
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n > k, a confidence interval is in the form (L;’;:k, U;"/k). Next, the coverage probability of the confidence interval based on the
nth current k-record (whenn < k 4 1) for &, can be obtained easily from Eqs. (1) and (2). But, when n > k 4 1, we can
utilize Theorem 1 (and Lemmas 2 and 3) for determining the required coverage probabilities.

Lemma 4. Let {X;, i > 1} be a sequence of iid random variables with cdf F and pdf f.
(i) For n < k, the coverage probability of the event {U, | < &, <L} is

k—1

k—1
a(n kip) =Y <n+r )P’(l —pr (8)

r=n

(i) The coverage probability of the event (L, < & < Uy, ,}is
2k k k
ak+1,kp) = k pr(1—p. 9)
Proof. Let X = F(X;), then we immediately have
/ % d ,
nk (Ln,k> = F(U, (FI, ), (10)
where U:’/k (Lzlk) is the nth upper (lower) current k-record statistic associated with X*’s which are iid uniform U(0, 1)
random variables. On the other hand, from Eq. (1), we have forn < k
P{Uy < & <Ly} = P{F(U, ) <p <F(L )}
= PU, <p <L)
= P{U}, <p}—P{L;, <p}
= P{X::kJrnf] = p} - P{X]:F;kjLn,] =< p}-
Thus, the expression in (8) follows readily from (2). Eq. (9) can be obtained similarly. O

For n = k 4 2, we obtain the following result.

Lemma 5. Under the assumptions of Lemma 4, the coverage probability of the event {Li,, , < &, < Uy, }is

ak+2,kp) =@ k+2)+ (1 —-p;k+2)—1, (11)
where
(2k)! w1 | P2t pH 2k +1
Pk +2) = — =2 _(—1 _ —1
Wpik+2) = Y Yot T o e e
2k—2 i 2k—i—1 2k
2k — 2\ (—=1) p p 1 1
LAy
+;( i )i+1[(i+l)(2k—i—l) ok \ix1 Tk o8P
1

k—1 (_1)1' p2k7i71 i kafi p2k
- +
i ) i [Zk—i—lH—l 2k —i 2k(i+1)}

1
TS Y G 1 N xR oY ) P
i=1 i i @k—i—=1)Ck—1i) Z\j/2k—i+j-1

Zk—irf’fl dk—itj—1 1 piitst 1)
X -1y —— .
por S i—j+s+1

+
™7™
VS

Proof. As in the proof of Lemma 4, we first write
P(L;Lk = Sp = U,;,k) = P(L:,k <p) - P(U:,k <p), n>k
Next, by Lemma 2, we have

/ p ]717 !
P(Ug, <p) = / ®(1—x,kydx =1 —/ D (x, k)dx =1—P(L;,,, < 1—Dp). (13)
0 0
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Table 1
Values of @ (n, k; p) for some choices of n, k and p
p k n
1 2 3 4 5 6 7 8
1 - 0.180 0.323 0.486 0.647 0.782 0.878 0.938
0.1 2 0.181 = 0.015 0.176 0.337 0515 0.681 0.811
3 0.271 0.049 — 0.005 0.134 0.286 0.463 0.636
1 = 0.320 0.546 0.726 0.855 0.932 0.972 0.989
0.2 2 0.318 — 0.082 0.385 0.600 0.773 0.888 0.951
3 0.480 0.154 — 0.046 0.309 0.536 0.728 0.862
1 - 0.420 0.694 0.856 0.940 0.978 0.993 0.998
0.3 2 0.418 — 0.185 0.569 0.779 0.902 0.963 0.988
3 0.636 0.264 = 0.136 0.497 0.732 0.878 0.952
1 = 0.480 0.779 0.920 0.975 0.993 0.998 0.999
0.4 2 0.478 — 0.276 0.692 0.879 0.956 0.988 0.997
3 0.720 0.346 — 0.233 0.641 0.854 0.950 0.985
1 - 0.500 0.807 0.940 0.984 0.997 0.999 0.999
05 2 0.500 — 0.312 0.735 0912 0.976 0.995 0.999
3 0.750 0.372 = 0.274 0.695 0.896 0.971 0.993
On the other hand, by using (6), we have
p
/
P(Lypr <&) = / @ (x, k)dx
0
k p P
Qk)!I(—-1) _ _
= x%k 2dx— X ldx + x2k log xdx
[(k—D!] 0 0
2k—2 i
2k —2Y\ (=1) p p . p
+ Z ] — 2dx — | A+ i+ 1) | x*Vlogxdx
= 1 i+1 0 0
k—1 P 2k—1 P 2k—2—i
k—1 ( 1) p p dx — [ x dx
+Z . xk=2—igqy — x2k=1- ’dx+ .f : .[0
— i i 0 0 i+1
i=1
’Z k=1 (=D | 51 =»*"dx Z P\ [Pxi(1 — x) 2t 1dy
= i 2k —1—1i 2k—i+j—1
where
p 00
/ x*1(—logx)dx = / ze~ 2 dz = p?* (1 — 2klog p)
0 logp
and
» kT ol »
i S _l+J_1 o
[ X 1(1 _ X)zk H-14x = Z ( (_1)5 x5 dx.
0 =0 S 0
So, after some simplification, we obtain
PLiyap < &) = 0k(p; k+2). (14)

Finally, upon using (13), the expression in Eq. (11) is obtained. O

For other values of n (> k + 3), the coverage probabilities of the confidence intervals based on the nth current k-record
for &, can be derived in a similar manner. Table 1 presents the values of «(n, k; p) for some choices of p, k and n up to 8.
From Egs. (8), (9) and (11), it can be shown that for all possible n(n < k + 2), a(n, k; p) is symmetric with respect to

p = 0.5. For other values of n, this can be easily deduced. That is, for n > k,

Py <& <Up) =y © P < E1p < Uy ) = w0

a similar result can be deduced for n < k. For the special case when k = 1, this corresponds to the results of Ahmadi and

Balakr

ishnan (2004).
From Table 1, the following points may be observed:

1. For fixed p and k, «(n, k; p) is decreasing for n < k and increasing for n > k;
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2. For fixed p and n, a(n, k; p) is decreasing for k < n and increasing for k > n;
3. For fixed n and k, «(n, k; p) is increasing for p < 0.5 and decreasing for p > 0.5.

Remark 1. It may be noted that for fixed n, the expected width of the confidence interval, viz., E(R, ), decreases as k
increases and for fixed k, it increases with n.

4. Tolerance intervals and limits

An interval (A, B) is said to be a 1008% tolerance interval with probability level v if
P(F(B) —F(A) > B) =,

where v is the tolerance coefficient and the end-points A and B are the tolerance limits. Letting A = —oo or B = oo, we
simply obtain the upper or lower tolerance limits, respectively. Here, in this section, we show how the current k-records
can be used to construct tolerance intervals and lower and upper tolerance limits. As was already noted before, for the cases
n < kand n = k4 1, tolerance intervals can be readily obtained from the order statistics literature; see Arnold et al. (1992)
for more details. For the case when n > k + 1, we can use Theorem 1 for this purpose. For example, for the special case of
n = k + 2, the corresponding result is presented in Lemma 6. For other values of n (viz.,n > k 4 3), a similar result can be
presented, although the ensuing algebraic calculations are quite cumbersome.

Lemma 6. Let {X;, i > 1} be a sequence of iid random variables with cdf F; then, (L;(Jrzyk, U,Q+2Yk) is a 1008% tolerance interval
for population F with tolerance coefficient given by

CROU=DT | (11— p*
[(k— D% | 4k22k — 1)

k=1 k—1 (_1)i 1-— ,B)Zk_i a-— ﬁ)zk-H—i
+Z< i )i(Zk—i—l)[ 2k—i  2k+1—i ] ‘ (15)

i=1

vk +2,k) =2 [1—2klog(1— B)]

Proof. By using Eqgs. (4) and (10), we have

vk+2.0) = P (FU) = L0 > B) =P (U — Ly > B)

1 1—r
/ / Fira (6 x + P)dxdr
s Jo

(2k)! 1 opler . .
— o nE ), J, 10X e+ (1 —x = 1 —x o dar,

where ¢, (x, y, k) is as defined in (5). Since

1 1-r 1 1-r
/ / 1—x- r)k”(pz(x, X+, k)dxdr = / / x"”(pz(l —x—r,1—x, k)dxdr,
B JO B Jo

we get
(2k)!
[(k— D2

= & _ 1k ! b v \2k=2 _
= k- 1)/‘3/0 (1—x—1*log(1 - r)dxdr

k=1 1 pl-r
k—1
+ E ‘ ) (=R (1 —x—r)*21og(1 — r)dxdr.
1 I 0

i=1

1 1-r
vk+2,k) =2 / / (1 —x—1)*"0,(x, x + 1, k)dxdr
B Jo

Now, after some algebraic calculations, the expression in (15) is obtained. O

Corollary 1. Under the assumptions of Lemma 6,

(i) (Lypy > +00) is a lower tolerance limit, and
(ii) (=00, Uy, ) is an upper tolerance limit
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Table 2
Current k-records extracted from the data set in Arnold et al. (1998, p. 180)
n L Uy L, Uy o L Uy 3 n L, Up ., L3 Uy s
1 12.69 12.69 12.84 12.69 18.72 12.69 14 4.89 23.92 7.51 21.96
2 12.69 12.84 12.84 12.84 18.72 12.84 15 4.89 27.16 7.51 23.21
3 12.69 18.72 12.84 18.72 12.84 12.84 16 4383 27.16 6.25 23.21
4 12.69 21.96 12.69 18.72 12.69 12.84 17 4.13 27.16 6.25 23.29
5 7.51 21.96 12.55 18.72 12.55 12.84 18 4.13 30.57 6.25 23.92
6 4383 21.96 11.80 18.72 12.55 14.28 19 4.13 31.28 4.89 23.92
7 483 23.92 7.51 18.72 11.80 14.28 20 - - 4.89 24.95
8 483 27.16 7.51 19.19 8.69 14.28 21 - - 483 24.95
9 413 27.16 7.51 21.46 8.69 14.77 22 - - 4.83 26.81
10 4.13 31.28 7.51 21.96 8.69 18.72 23 - - 483 27.16
11 4.08 31.28 4.89 21.96 8.69 19.19 24 - - 4383 30.57
12 4.08 34.04 4.89 23.21 8.69 21.46 25 - - 4.56 30.57
13 - - 4.89 23.29 7.51 21.46 26 - - - -
Table 3
Confidence intervals for &, based on the current k-record data in Table 2, with confidence at least 95%
p k L U a1 (n, k; p) p k Lk Ung) a1(n, k; p)
0.2 1 (4.83,23.92) 0.972 0.4 1 (7.51,21.96) 0.975
2 (7.51, 19.19) 0.951 2 (11.80, 18.72) 0.956
3 - - 3 (11.80, 14.28) 0.950
0.3 1 (4.83,21.96) 0.978 0.5 1 (7.51,21.96) 0.984
2 (7.51, 18.72) 0.963 2 (11.80, 18.72) 0.976
3 (8.69, 14.28) 0.952 3 (11.80, 14.28) 0.971

for population F, whose tolerance coefficients are free of F and are given by
vi(k+2,kp) = (1 - B k+2),
where 9, (1 — B; k + 2) is as defined in (14).

Proof. Note that (L}, , +00) is a lower tolerance limit whose coefficient can be calculated as follows. From (14), we get

P{1 = F(Lig24) > B} = P(Liae < &1-p) = Du(Bs k +2).

Using (13), (—oo, U1§+2,1<) is an upper tolerance limit with coefficient

P{F(Upyz) > B} =P(Liyok < &1-p) = H(Bi k +2).

Thus, the required result readily follows. O

5. Illustrative example

To illustrate the nonparametric inferential methods developed in the preceding sections, we use the following data which
represent the records of the amount of annual rainfall in inches at the Los Angeles Civic Center during the 100-year period
from 1890 until 1989; see Arnold et al. (1998, p. 180). The current k-records extracted from these data are tabulated in
Table 2.

From Tables 1 and 2, the confidence intervals with confidence coefficient at least 95% for &, are obtained for p =
0.2(0.1)0.5, and these are presented in Table 3.
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