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Abstract 
This paper illustrates an application of intelligent 
control for a planar 3-RRR parallel manipulator. Unlike 
control of serial manipulators that has been vastly 
addressed in scientific literature, control of parallel 
manipulators has been only addressed by few. A GA 
optimized bi-level tuning fuzzy PD controller is 
designed here to control the manipulator. In order to 
consider the maximum allowable torque applied to 
motors, the maximum torque is assumed to be the same 
for both controllers. A bi-level tuning method is used 
for tuning the fuzzy controller. In the first level, the 
fuzzy PD controller’s normalizing parameters are 
determined similar to a linear PD controller.  In the 
second level, other parameters of the fuzzy controller 
are tuned using genetic algorithms. This fuzzy PD 
controller is compared by a simple linear PD controller. 
natural orthogonal compliment (NOC) method is used 
to simulate dynamics of the manipulator. Results 
indicate that the fuzzy PD controller has better 
performance over linear PD controller. 
Keywords: 3-RRR parallel manipulator, fuzzy control, 
genetic algorithms, Model-free control 
 
Introduction 
Parallel manipulators are customarily used for tasks 
requiring high payloads, high speed and high accuracy  
due to their close-loop kinematic chain architecture [1]. 
As a result of these advantages, since the 1990s, parallel 
manipulators have received significant attention within 
the literature and have been utilized in various industrial 
areas [1]. The early design of the parallel manipulator 
was a six-linear jack system devised as a tire-testing 
machine proposed by Gough and Whitehall [2]. Stewart 
[3] designed a general six-legged platform manipulator 
as an airplane simulator. Hunt [4] suggested the use of 
the Stewart platform mechanism as a robot manipulator. 
Since then, parallel mechanisms have been studied 
extensively by numerous researchers.  
Unlike control of serial manipulators that has been 
vastly addressed in scientific literature, control of 
parallel manipulators has only been addressed by few. 
This is due to the increased complexity in the dynamics 
and higher interaction between system components. A 
comprehensive summary on such techniques for parallel 

manipulators, in general, has recently appeared in [5]. In 
many industrial applications, such as some assembly 
and machining operations, parallel manipulators with 
fewer degrees of freedom than six are successfully used 
[6].  
In this paper, control of a 3-RRR planar three-degrees-
of-freedom parallel manipulator is studied. To the best 
of author's knowledge intelligent control methods, has 
not been applied to 3-RRR parallel robots.  A bi-level 
tuned PD fuzzy controller is developed. In the first 
level, a linear PD controller is independently applied to 
each actuator. Next, fuzzy rules are developed to design 
a fuzzy PD controller. Fuzzy controller normalizing 
parameters are regulated according to maximum PD 
control errors. This level of tuning is named linear 
tuning. Linear tuned fuzzy controller has similar 
properties to the PD controller which is named linear 
like fuzzy logic controller (LLFLC) [7]. In the second 
level, named nonlinear tuning, other parameters of the 
fuzzy controller are tuned using genetic algorithms.  
This step allows increasing the performance of fuzzy 
controller to have better performance in tracing a 
desired trajectory without any increase in maximum 
torque applied to manipulator. In order to compare 
performance of linear PD and fuzzy PD controllers, 
NOC method[8] is used to simulate the manipulator’s 
dynamics. At the end, a case study is performed to 
illustrate the performance of purposed controller against 
PD controller. 
 
The manipulator’s structure 
The manipulator is shown in “Figure 1”. The platform is 
connected with three legs to the base. Each leg has one 
active and two passive revolute joints and the three 
motors ܯଵ,  ଷ are fixed and placed on theܯ  ଶ andܯ
vertices of an equilateral triangle. This manipulator 
consists of a kinematic chain with three closed loops, 
namely ܯଵܯܧܤܣܦଶ ,  .ଵܯܦܣܥܨଷܯ ଷ  andܯܨܥܤܧଶܯ
The gripper is rigidly attached to the moving base, 
triangle ABC. The manipulator is supposed to be 
symmetric for simplification. 
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Figure 1: general form of a parallel 3-RRR manipulator  
 
Kinematics analysis 
The analysis of manipulator kinematics consists of 
inverse kinematics and direct kinematics problems. In 
direct kinematics problem the platform position and 
orientation, ሾݔ௣, ,௣ݕ ߮ሿ், are obtained from active joint 
angles, ሾݍଵ, ,ଶݍ  ଷሿ், (see “Figure 1”). Direct kinematicsݍ
analysis is an essential part of control and simulation in 
parallel manipulators. In inverse kinematics problem the 
active joint angles are obtained from platform position 
and orientation. The inverse kinematics problem is also 
important since manipulation tasks are naturally 
formulated in terms of the expected end effector 
position and orientation while the desired trajectory 
needs to be expressed in terms of the motors angles for 
control applications. 
 
Inverse kinematics 
There are straight forward inverse kinematics closed 
solutions for this parallel manipulator. For 
simplification it is assumed that the triangle 321 MMM  
is equilateral and the distance between any two motors 
is set to unity, for normalization purposes. As is shown 
in “Figure 1”, origin is placed on point 1M . Solutions 
are studied in [6]. Following relations gives angles of 
the active joints: 
 
௜ߠ ൌ ௜ߙ േ ߰௜              ݂ݎ݋ ݅ ൌ 1,2,3 (1) 
 
௜ߙ ൌ ,ଶ௜ݔ2ሺ݊ܽݐܽ  ଶ௜ሻ (2)ݕ
 
Where ߰௜ is defined as following: 
 

߰௜ ൌ ଵିݏ݋ܿ ቎௟భ
మି௟మ

మା௫మ೔
మ ା௬మ೔

మ

ଶ௟భට௫మ೔
మ ା௬మ೔

మ
቏     0 ع ߰௜ ع  (3) ߨ

 
Defining ሼߔ௜ ሽଵ

ଷ, ሼݔ௢௜ ሽଵ
ଷ, ሼݕ௢௜ ሽଵ

ଷ, by Equations (4)-(8), 
 ଶ௜ could be obtained from Equations (9) andݕ ଶ௜ andݔ
(10): 
 
ଵߔ ൌ ߔ ൅  (4) 6/ߨ
 
ଶߔ ൌ ߔ ൅  (5) 6/ߨ5

 
ଷߔ ൌ ߔ െ  ሺ6ሻ 2/ߨ
 
ሼݔ௢௜ ሽ ൌ ሼ0,1,1/2ሽ (7) 
 
ሼݕ௢௜ ሽ ൌ ሼ0,0, √3/2ሽ (8) 
 
ଶ௜ݔ ൌ ௣ݔ െ ݈ଷܿߔݏ݋௜ െ  ௢௜ (9)ݔ
 
ଶ௜ݕ ൌ ௣ݕ െ ݈ଷߔ݊݅ݏ௜ െ  ௢௜ (10)ݕ
 
Direct kinematics 
The degree of difficulty involved in finding a solution to 
the direct kinematics problem of parallel manipulators is 
higher than the corresponding serial manipulators. 
Direct kinematics problem for 3-RRR parallel 
manipulator is studied in [6]. Generally a closed form 
solution for the direct kinematics is impossible to obtain 
[6].  Therefore, the solution for the 3-RRR manipulator 
requires utilization of a numerical method which in 
general is not unique. The problem leads to a maximum 
of 6 solutions [9]. Derivative methods such as Secant 
method [10] are usually suggested to solve these 
problems. A disadvantage of these methods is that the 
computation is time consuming. Additionally, these 
methods provide only one of the solutions which 
depends on the initial guess. As pointed out earlier, the 
direct kinematics problem has multiple solutions. 
However, due to trajectory following only one of the 
solutions fits the path and is the correct solution. In this 
study, the previous position of platform is used as the 
initial guess. By using this initial condition we have a 
better chance to find the correct solution.  
 
Dynamic analysis 
Using NOC method introduced by Ma and Angeles [8], 
dynamic model of the 3-RRR parallel manipulator is 
expressed in the following compact form: 
 
ሷݍሻݍሺܯ ௔ሺݐሻ ൅ ,ݍሺܥ ሶݍ ሻݍሶ ௔ሺݐሻ ൌ ߬௔ (11) 
 
Where ݍ௔ ൌ ሾݍଵ, ,ଶݍ  ଷሿ் is the generalized coordinatesݍ
that ݍ௜, 1 ൑ ݅ ൑ 3  denotes the angles of active joints 
(motors) and ݍ ൌ ሾݍଵ, ,ଶݍ … , ,௜ݍ ଽሿ் whereݍ 4 ൑ ݅ ൑ 9  
denotes relative angels of passive joints. In this equation 
ሻݍሺܯ א Ըଷൈଷ  is the inertia matrix, ܥሺݍ, ሶݍ ሻ א Ըଷൈଷ is 
the coefficient matrix of Coriolis and centrifugal forces 
and ߬௔ א Ըଷൈଵ denotes the actuation torques of the 
motors.  
If the value of ݍ, ሶݍ   and ݍሷ ௔ are known one can easily 
find ߬௔  by Equation (11). This procedure is named 
inverse dynamics. Direct dynamic problem is defined as 
finding the ݍሷ ௔, when we know values of ݍ, ሶݍ   and ߬௔ . In 
this study direct dynamics is used to simulate the 
manipulator. When we don’t have a real robot, 
simulation helps us to calculate feedback values. But in 
simulating process we just have ߬௔, angles of active 
joints (ݍ௜

௔) and their angular velocities (ݍሶ௜௔). Therefore 
direct kinematics is utilized to calculate ݍ and ݍሶ . In 
direct dynamic problem Equation (11) should be solved 
as a differential equation, therefore, a numerical method 
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dimensional 
en membership
med in triangle
ontroller ( e ) 
e& ) can chang
value of ሺ ௜ܵሻଵ

welve triangle 
(See “Figure 
configuration
ze 7 by 7 is de

݀ ሶ݁መ ݅ܧ  ݏ௪௜ ݄݁ݐ

put membersh
e indices for i
as the numbe
membership 

unction for f
number of th
mplete rule b

a 

ctors ܵ௘ and ܵ
ization purpo
ized by using 

ameters will 
oller output af
imilarly the F

dition ݑ ൌ ܵ௨ݑො
normalizing 

uzzy controller

nputs and outp
oller 
and its deriva
type fuzzy 
p functions fo
e form. Value
and ሺ ௜ܵሻଵ for 
ge the shape 
ଵ and ሺ ௜ܵሻଶ, w
membership 
4b").   For th

n in “Figure 4
efined as: 

  ௜ܷା௝ ݏ݅ ොݑ ݊݁

hip function u
input member
er of inputs 
functions (݅).
fuzzy control
he membersh
base would co

ܵ௖௘ for inputs
ses. The error
the following

(15)

(16)

be used as
fter the fuzzy
FLC output is
ොݑ . “Figure 3”

inputs and
r in a control

puts of fuzzy 

atives, ê& , as
rule base is

or each of two
es of ሺ ௜ܵሻଵ for

second input
of triangles.

we have i= 1, 2
functions are

he two inputs
”, a complete

(17)

used for fuzzy
rship function
and the (ݓ)
 ௜ܷ is output
ller where ݅

hip functions.
onsist of 7 ൈ

 

s 
r 
g 

) 

) 

s 
y 
s 
” 
d 
l 

 

s 
s 
o 
r 
t 
. 

2 
e 
s 
e 

) 

y 
n 
e 
t 
݅ 
. 

ൈ



Figure 4: In
membersh

 
Tuning the f
A two level t
Gosine [13] 
the first lev
input and ou
ܵ௨ ) are regu
like a linear
performance 
maximum to
level of tuni
In this level, 
ሺ ௜ܵሻ௪, ݅ ൌ 1
should be adj
for finding th
parameters. 
Step 1: linear
The linear t
linear PD ga
When a fuzz
the FLC will
defined as a
Using the E
arranged in th
 
ݑ ൌ .௉ܭ ݁ ൅ 
 
Where ܭ௉ an
FLC system.
partition of 
named as a 
[7]. The EL
deriving the 
fuzzy PD ty
defined by 
subsets for 
relations bet
and ܭ௉ and ܭ
 
ܵ௨ ൌ 2 ൈ ௉ܭ
 
ܵ௖௘ ൌ 4 ൈ ௉ܭ
 
ܵ௘ ൌ ݋ݎݎ݁/1
 
Where,  ݁݋ݎݎ
an actuator 
controller. 
Step 2: nonli
The nonlinea
nonlinearity 
normalized F
and ሺܵଶሻ௪ w

nput members
hip functions (

fuzzy control
tuning method
used to tune

vel, called lin
utput normali
ulated which 
r PD control

of the contr
orque applied
ng, named no
four nonlinea
, 2 and ݓ ൌ

djusted. A gen
he optimum v

r tuning 
tuning is def
ains based on 
zy system is se
l become a lin
an equivalent
ELC output t
he following f

.஽ܭ ሶ݁ 

nd  ܭ஽ are def
 A FLC havin
universe of 
linear-like fu

LC defined f
linear tuning

ypes in the p
considering 
all the fuzz

tween norma
஽ are as folloܭ

 

௉ ൈ  ஽ܭ

 ௠௔௫ݎ݋

௠௔௫ is the mݎ݋
is controlle

inear tuning 
ar tuning is de
tuning param
FLC output. 

where ݓ ൌ 1,2

b 
ship functions
(b) for fuzzy lo

ller 
d introduced b
e fuzzy system
near tuning, 
izing paramet
makes fuzzy 

ller. In order 
roller without
d to manipula
onlinear tunin
ar tuning para
1, 2, of FLC 
etic algorithm
values of the 

fined as the d
linear control

et to produce 
near type PD 
t linear contr
the linear PD
form: 

fined as the A
ng linear rule b
discourse of 

uzzy logic con
for the LLF
g variables. T
paper, the E
uniformly p

zy variables 
lizing parame

owing [7]: 

maximum abs
ed by a sim

efined as the 
meters for obta

These param
. An alternativ

 

s (a) and outpu
ogic controlle

by Mann, Hu 
m parameters
fuzzy contro

ters (ܵ௘, ܵ௖௘
controller to 
to increase 

t any increase
ator, the sec
ng,  is perform
meters ሺ ௜ܵሻ௪
(see “Figure 

ms method is u
nonlinear tun

determination
ller performan
a linear functi
controller an

roller (ELC) 
D output can 

(

ALG terms of 
base and unifo

f all variables
ntroller (LLFL
LC is used 

Therefore, for
ELC systems 
partitioned fu
as follows. T
eters, ܵ௘, ܵ௖௘,

(

(

(

solute error w
mple linear 

determination
aining the desi
meters are ሺܵ
ve instruction

4 
 

ut 
er 

and 
. In 

oller 
and 
act 
the 

e in 
ond 

med. 
and 
2”) 

used 
ning 

n of 
nce. 
ion, 
d is 
[7]. 
be 

(18) 

f the 
orm 
s is 
LC) 
for 

r all 
are 

uzzy 
The 
, ܵ௨, 

(19) 

(20) 

(21) 

when 
PD 

n of 
ired 
ଵܵሻ௪ 

n for 

tun
her
to 
 
Sim
NO
ma
con
Ca
of 
ass
kin
obt
sup
des
and
sub
nor
ܵଶ௪
the
fol
coo
tha
not
fitn
me
 

Op

Cro
Cro
Eli
Ini
Mu
Pen
Pop
Pop
Pop
Sel

 
All
2” 
the
sim
 

 

Par
val

 

ning these par
re, a genetic a
find optimum

mulation resu
OC method w
anipulator. Th
ntrollers were

artesian traject
platform. Fo

sumed to b
nematics, angl
tained. The 
pplied to both
sired input. M
d 1 respective
bstitution KP
rmalizing par
௪ parameters 
e fitness func
llowing the tr
ordinates. For
an ܵଶ௪ as it 
ted that the 
ness. Propert
ethod are given

ption 

ossover functi
ossover fractio
ite number 
itial penalty 
utation functio
nalty factor 
pulation initia
pulation size
pulation type
lection functio

l considered p
and “Table 3

e three actu
mplification. 

Table 2

P

v

Table 3: 

rameter ሺܵ
lue 0.06

rameters is su
algorithms opt

m values of  ሺܵ

ults 
was used fo
he designed 
e tested durin
tory in terms o
r simplificatio

be zero alon
les of actuator
calculated a

h PD and fuzzy
Magnitude of K
ely using the tr
P and KD in
rameters will 
were optimize
tion is the m
rajectory for 
r each input 
is shown in 
used GA me

ties of the 
n in “Table 1”

Table
 

ion 
on 

on 

al range 

on 

parameters fo
3”. Parameters
uators are 

2: FLC linear 
 

Parameter ܵ௘

value 10

FLC nonlinea
 

ଵܵሻଵ ሺܵଶ

625 0.437

uggested by [
timizing meth
ଵሻ௪ and ሺܵଶሻ௪

or dynamic s
linear PD an
ng simulation
of time is cho
on orientation
ng path. U
rs as function
angles of ac
y PD close loo
KP and KD ar
rial and error 
n Equations 
be obtained. 

ed by GA algo
maximum abso

center of pla
of FLC  ଵܵ௪
“Figure 4a”. 
ethod finds t
used geneti

”: 

e 1 

Value 

Heuristic 
0.8 
2 
10 
Adaptive feas
100 
[-1,1] 
100 
Bit string 
Stochastic un

or FLC are lis
s of all three 
chosen the 

tuning parame

௘ ܵ௖௘ ܵ௨ 
0 1 2 

ar tuning param

ሻଵ  ሺ ଵܵሻଶ

75 0.3594

[7]. However,
hod is applied
௪. 

simulating of
nd fuzzy PD
n. A specific
sen for center
n of platform

Using inverse
n of time were
ctuators were
op systems as
re selected 10
approach. By
(19-21) the

The ଵܵ௪ and
orithms while
olute error of
atform in x-y
௪ should less

It should be
the minimum
c algorithms

sible 

niform 

sted in “Table
controllers of

same, for

eters 

meters 

ଶ ሺܵଶሻଶ

 0.3750 

, 
d 

f 
D 
c 
r 

m 
e 
e 
e 
s 
0 
y 
e 
d 
e 
f 
y 
s 
e 

m 
s 

e 
f 
r 



Results are 
fuzzy PD con
PD controlle

Figure 5: 
resul

   

shown in “F
ntroller perfor
r. 

Comparison o
lts for followin

Figure 3” whi
rms with less 

 
of PD and fuz
ng a specific t

 

a 

b 

c 

ich indicates 
error than sim

zzy controllers
trajectory 

5 
 

the 
mple 

 

s 

 

 

 

Li
Fu

“Fi
mo
abs
con
ma
som
fuz
PD
 
Co
In 
con
ma
a t
for
thr
lev
par
is 
fuz
con
opt
obt
fun
the
Th
aga
Re
per
Ad
con
con
 
Lis
Cሺ

E୵
 
e୧ 
eሶ ୧ 
err
KP
KD
lଵ 
lଶ 
lଷ 

Mሺ
qୢୣ

ୟ

 qa

Figure 6: Com
fuz

Table 

  M

inear PD 
uzzy PD 

igure 6” show
otor by the two
solute torques
ntroller are 
aximum torqu
mewhat the sa
zzy PD contro

D controller in 

onclusion 
this paper a G
ntroller is a
anipulator. Tw
total of three 
r each actuator
ree independe
vel tuning m
rameters. In fi
implemented

zzy controller
ntroller. In 
timum value
tained using 
nction for the 
e maximum ab
he performanc
ainst the PD

esults indicate 
rformance i
dditionally, the
ntroller does 
ntroller.  

st of symbols
q, qሶ ሻ 

୵୧  The ith mem

D
ror୫ୟ୶ 

P୧ 
D୧ 

The dista

ሺqሻ 
ୣୱ୧୰ୣୢሺtሻ  
ሺtሻ  

mparing maxim
zzy optimized 

 
4: maximum 

 
Maximum 
absolute 
torque of 
motor 1 

0.21 
0.36 

 
ws the torques
o controllers. 
s for linear PD

compared. 
ue for linear
ame. Therefor
oller has bette
a same condi

GA optimized
applied to a
wo control app

independent 
r, are consider
ent fuzzy log

method is use
first level, nam
d to fined n
r from gains 
next level, 

es of other 
genetic algor
genetic algor

bsolute error f
ce of the optim
D controller 

that the fuzzy
in tracking 
e maximum to

not exceed 

The coeffic

mbership funct

Control 
Derivative of c

Th
Proport

Deriv
Length o

Length of th
ance between 

Vector of
V

mum torques 
PD controller

absolute torq

Maximum 
absolute 
torque of 
motor 2 

0.53 
0.26 

s which are ap
In “Table 4” t
D controller a
Results sho

r PD and fu
re, it can be c
er performanc
ition.  

d Bi-level tun
a 3-RRR pla
proaches are s
linear PD co
red.  Second a

gic PD contro
ed to tune f

med linear tuni
ormalizing p
of a specifi

named nonli
parameters 

ithms method
rithms method
for following t
mized FLC w
for a specif

y PD controlle
a desired

orque applied
that applied

cient matrix o
centr

tion for w୲୦ in

error vector o
control error o
he maximum a
tional gain of 
vative gain of 
of the first link
he second link
moving platfo

it’s cen
The i

f desired activ
Vector of activ

for PD and 
r 

ues 

Maximum 
absolute 
torque of 
motor 3 

0.58 
0.58 

pplied to each
the maximum
and fuzzy PD
ow that the
uzzy PD are
oncluded that
ce than linear

ning fuzzy PD
anar parallel
studied. First,

ontrollers, one
approach uses
ollers. A two
fuzzy system
ing, a method

parameters of
ed linear PD
inear tuning,
of FLC are

d. The fitness
d was selected
the trajectory.

was compared
fic trajectory.
er has a better
d trajectory.
d by the fuzzy
d by the PD

f coriolis and
rifugal forces
nput of fuzzy

controller
of ith actuator
of ith actuator
absolute error
ith controller
ith controller

ks in each leg
ks in each leg
orm’s apex to

ntre of surface
inertia matrix
e joint angles
e joint angles

h 
m 
D 
e 
e 
t 
r 

D 
l 
, 
e 
s 
o 

m 
d 
f 

D 
, 
e 
s 
d 
. 

d 
. 
r 
. 
y 
D 



6 
 

qሶ ୟሺtሻ   Vector of active joint angular velocities 
qሷ ୟሺtሻ   Vector of active joint angular accelerations 
q୳  Vector of active joint angles 
Sୣ  Scale factor of first input of fuzzy controller  
Sୡୣ  Scale factor of first input of fuzzy controller 
S୳  Scale factor of output of fuzzy controller 
u୧  Applied torque to the ith actuator 
uො୧  Normalized applied torque of ith actuator 
U୧  The ith membership function for output of fuzzy 
 controller 
xଶ୧  The x coordinate of the third joint on each leg 
yଶ୧  The y coordinate of the third joint on each leg 
ሼx୭୧ ሽ  The x coordinate of ith active joint position 
ሼy୭୧ ሽ  The y coordinate of ith active joint position 
x୮  The x coordinate of moving platform position 
y୮  The y coordinate of moving platform position 
θ୧  Defined in text 
α୧  Defined in text 
τୟ  Vector of actuation torques of the motors 
φ  Moving platform pure rotation about z direction 
ሼΦ୧ ሽ  Defined in text 
ψ୧  Defined in text 
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