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STRONG IRREGULARITY OF BOUNDED BILINEAR
MAPPINGS

H. R. E. VISHKI

ABSTRACT. In this paper first we give a lower bound for the topological
centres of a bounded bilinear map, and then we characterize the topological
centres of certain bilinear mappings, say Banach module actions.

1. PRELIMINARIES

Suppose that f : X x ¥ — Z is a bounded bilinear mapping on the normed spaces X, )
and Z and let X" and X*" be the first and second dual of X, respectively. The adjoint of f
is the bounded bilinear mapping f* : Z* x X — Y* defined by

(f*(z"2),0) = (2", f(z,9)) (z€X,ye),2" € Z).

Continuing this method, the higher rank adjoints of f can be verified by setting f** = (f*)*
and so on.

The mapping f” will be considered as the bounded bilinear mapping from Y x X into Z
defined by f"(y,z) = f(z,y).

The first and second topological centers of f are defined as follows, respectively:

Z(f): = {z7ex"y" — @)Y — ZT s wt - continuous}

ZHf): = W eYTizT — T yT) AT — 2 s wt — continuous}.

When f is the product m of a Banach algebra A, we usually show its topological centers
by Z(A**) and Z*(A**). It can be shown that 7*** and «"***" are really the first and second
Arens products of A** which will be denoted by O and ¢, respectively.

The mapping f is called (Arens) regular when f*** = f™***". The Banach algebra A is
said to be Arens regular if its product mapping is regular.

The bilinear mapping f is said to be strongly left (resp. right) irregular if Z(f) = X
(resp. Z'(f) = V). The subject of Arens regularity of bilinear mappings are investigated in
(1, 2, 4, 5, 6, 8].
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2. MAIN RESULTS

A bounded bilinear mapping f:XX A— X is said to be approximately unital if there
exist a bounded net {ea} D A such that lima g(z,€a) = % for all T € X We commence

with the following result which describes the topologica\ centres of such a mapping-

Theorem 2.1 For every approzimately unital pounded bilinear mapping f xxA—X
on normed spaces A and X, Z(f) = X* and zZHf) = Ma; In which, Mx = (=" € X
Jxe=(a™) = (Jx)" (@)}

As an immeiate consequence we have:

Corollary 2.2. Letg: XxA— X be an approximately unital pounded bilinear mapping

on normed. spaces A and X, then g~ 18 reqular if and only if X 18 reflexive.

The next result studies the strong irregularity of mi* and 5, il which and w2 aré

Banach module actions.

Theorem 2.3. Let (m1, X) and (X, ma) be approm'mately unital left and right Banach A—modules,
respectively- Then

Z(m™) = x* = Z(m") and Z(E7) = Mx = Zt(m3)s
in particular, i and Ty GTE left strongly irreqular-

As an straightforward application of the latter theorem we have the next one which is 2

generalization of a result of [61-

Corollary 2.4 (See |6, Corollary 2.4]). For the multiplication ™ of a Banach algebra A
having @ right (respect'ively, left) bounded approzimate identity, " (respectively, ) s left
strongly regular; that 18, Z (") = A ( respectively; Z(r"™) = A*.)

As another application of Theorem 9.3 we deduce the next result of 13, (which in turn is

a genera\ization of (5, Proposition 4.5))

Corollary 2.5 (18, Proposition 3.6]). Let (71, X) and (X, m2) be approzimately unital left
and right Banach A—modules, respectively. Then the following assertions areé equivalent:
(i) wi" 18 regular;
(i1) w3 8 reqular;

(4d1) X is reflexive.
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