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Abstract

The equivalence relation isologism partitions the class of all groups
into families, and it is a well-known fact that the Baer invariant is
a powerful tool for this classification. In this article, we provide an
explicit formula for the Baer invariant of a free nth nilpotent group
(the nth nilpotent product of infinite cyclic groups, Z

n∗ Z
n∗ . . .

n∗ Z)
with respect to the variety of polynilpotent groups of class row (c1, c2)
(which is called polynilpotent multiplier), when (c2 +1)n− (c2 +1) < c1

and c2 < 5. The conclusion actually generalizes [16].
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1 Motivation and a Historical Review

There exists a long history of interaction between Schur multipliers and other
mathematical concepts. This basic notion started by I. Schur [17] in 1904,
when he introduced multipliers in order to study projective representations of
groups. Since then, the notion of the Schur multiplier has been known as a
powerful tool in other areas, such as algebraic number theory, block theory
of group algebras, and classification of finite simple groups and some other
compass.

The first to create the generalization of the Schur multiplier to any variety
of groups was R. Baer [1]. It is well known fact that the recent concept is
useful in classifying groups into isologism classes.
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Many other problems may be arisen in order to knowing more structural
information about the Schur multiplier, and its generalization, the Baer invari-
ant. One of the more interesting and important concepts here, is the behavior
of these multiplier and invariant with respect to different products of groups.
For example the formula

M(A × B) ∼= M(A) ⊕ M(B) ⊕ [A,B]
[A,B,A∗B]

, where [A,B]
[A,B,A∗B]

∼= Aab ⊗ Bab.

which proved by I. Schur [18] in 1907 and J. Wiegold [20] in 1971, shows how
one may calculate the Schur multiplier of direct product of groups.

Many other works have been done in this area and a historical quick view
is given as follows.

A somehow similar formula to the above one, was introduced by M. R.
R. Moghaddam [13] in 1979 and G. Ellis [2] in 1998, for the Bear invariant
NcM(A×B), in which Nc is the variety of nilpotent groups of class at most c
(which sometimes called nilpotent multiplier or for more emphasize c-nilpotent
multiplier). Also in 1997 B. Mashayekhy [9] in a joint paper presented an
explicit formula for the c-nilpotent multiplier of a finite abelian group.

The study of the Schur multiplier of the semidirect product of two groups
and its generalization have been done by K. I. Tahara [19] in 1972, W. Haebich
[6] in 1977 and B. Mashayekhy [8,12] in 1997 and 2004.

On the other hand, in 1972 W. Haebich [5] presented a formula for the Schur
multiplier of a regular product of a family of groups. Since the regular product
is a generalization of the nilpotent product and this one is a generalization
of the direct product, so Haebich’s result is an interesting generalization of
the Schur-Wiegold result. A similar result to Haebich’s formula for the Schur
multiplier of a nilpotent product is given by M. R. R. Moghaddam [14] in 1979.
Besides these, in 1992, N. D. Gupta in his joint paper [3] tried to present an
explicit formula for the c-nilpotent multiplier of the nth nilpotent product
Z2

n∗ Z2.

The structure of the c-nilpotent multipliers of a nilpotent product for a
family of cyclic groups and also a free product of some cyclic groups was
studied by B. Mashayekhy [10,11] in 2001 and 2002, respectively. Finally B.
Mashayekhy and M. Parvizi [16] in their recent paper (2006) have concentrated
on the Baer invariant with respect to the variety of polynilpotent groups, for
the first time.

Now in this paper we intend to generalize the latest result to the polynilpo-
tent variety of class row (c1, c2).
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2 Preliminaries

In the following we present some definitions and theorems which are needed
in the main procedure.

Definition 2.1 Let G be a group with a free presentation G ∼= F/R, in
which F is a free group, and V be a variety of groups defined by the set of
laws V. Then the Baer invariant of G with respect to a variety V, denoted by
VM(G), is defined to be

VM(G) =
R ∩ V (F )

[RV ∗F ]
,

where V (F ) is the verbal subgroup of F with respect to V and

[RV ∗F ] =< v(f1, . . . , fi−1, fir, fi+1, . . . , fn)v(f1, . . . , fi, . . . , fn)−1 |
r ∈ R, 1 ≤ i ≤ n, v ∈ V, fi ∈ F, n ∈ N > .

Now it is clear that, if V is the variety of abelian groups, A , then the Baer
invariant of G will be the Schur multiplier

M(G) =
R ∩ F ′

[R,F ]
,

and if V is the variety of nilpotent groups of class at most 1 ≤ c, Nc, then
the Baer invariant of G with respect to Nc is

NcM(G) =
R ∩ γc+1(F )

[R, cF ]
,

where γc+1(F ) is the (c + 1)-st term of the lower central series of F and
[R, 1F ] = [R,F ], [R, cF ] = [[R, c−1F ], F ], inductively. NcM(G) is called
the c-nilpotent multiplier of G.

A more general case is when to consider V being the variety of polynilpotent
groups of class row (c1, . . . , ct), Nc1,...,ct. Then the Baer invariant of a group G
with respect to this variety, is called a polynilpotent multiplier, and defined as
follows:

Nc1,...,ctM(G) ∼= R ∩ γct+1 ◦ . . . ◦ γc1+1(F )

[R, c1F, c2γc1+1(F ), . . . , ctγct−1+1 ◦ . . . ◦ γc1+1(F )]
, (�)

where γct+1 ◦ . . . ◦ γc1+1(F ) = γct+1(γct−1+1(. . . (γc1+1(F )) . . .)) are the terms of
iterated lower central series of F . For the equality

[R(Nc1,...,ct)
∗F ] = [R, c1F, c2γc1+1(F ), . . . , ctγct−1+1 ◦ . . . ◦ γc1+1(F )],

one may refer to [ 7, Corollary 6.14].



432 A. Kaheni and S. Kayvanfar

Definition 2.2 Basic commutators are defined in the usual way. If X is a
fully ordered independent subset of a free group, the basic commutators on X
are defined inductively over their weights as follows.
(i) All the members of X are basic commutators of weight one on X.
(ii) Assuming that 1 < n and that the basic commutators of weight less than
n on X have been defined and ordered.
(iii) A commutator [a, b] is a basic commutator of weight n on X if a and b
are basic on X, w(a) + w(b) = n, b < a, and if a = [a1, a2], then a2 ≤ b. The
ordering of basic commutators is then extended to include those of weight n in
any way such that those of weight less than n precede those of weight n. The
natural way to define the order on basic commutators of the same weight is
lexicographically, [a1, b1] < [a2, b2] if b1 < b2 or if b1 = b2 then a1 < a2.

The following theorems are vital in our main results.

Theorem 2.3 (P.Hall [4]). Let F =< x1, x2, . . . , xd > be a free group, then

γn(F )

γn+i(F )
, 1 ≤ i ≤ n

is the free abelian group freely generated by the basic commutators of weights
n, n + 1, . . . , n + i − 1 on the letters {x1, . . . , xd}.

Theorem 2.4 (Witt Formula [4]). The number of basic commutators of
weight n on d generators is given by the following formula:

χn(d) =
1

n

∑
m|n

μ(m)dn/m

where μ(m) is the Mobious function, and defined to be

μ(m) =

⎧⎪⎨
⎪⎩

1 if m = 1,
0 if m = pα1

1 . . . pαk
k ∃αi > 1,

(−1)s if m = p1 . . . ps.

3 The Main Results

As it is mentioned in Section 1, we intend to investigate the structure of

Nc1,c2M(G),
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where

G ∼= Z
n∗ Z

n∗ . . .
n∗ Z,

Z is the infinite cyclic group and is repeated m-times. It is known that G is the
free n-th nilpotent group of rank m, and so has the following free presentation

1 −→ γn+1(F ) −→ F −→ G −→ 1,

where F is a free group on a set X = {x1, x2, . . . , xm}. Now clearly the Baer
invariant of G with respect to the variety of polynilpotent groups of class row
(c1, c2), is defined as follows

Nc1,c2M(G) ∼= γn+1(F ) ∩ γc2+1(γc1+1(F ))

[γn+1(F ), c1 F, c2 γc1+1(F )]
.

In order to prove different lemmas and theorems, we have to put some con-
ditions on c1 and c2. Combining these conditions yield the assumption (c2 +
1)n − (c2 + 1) < c1 and c2 < 5. With these conditions, it is concluded that

Nc1,c2M(G) ∼= γc2+1(γc1+1(F ))

[γn+c1+1(F ), c2γc1+1(F )]
.

For the rest of the article, we need to define some suitable sets and some
technical lemmas and theorems.

Define Y to be the set of all basic commutators of weights c1 + 1, ..., c1 + n
on X and define <′ on Y as follows; for each y and y′ in Y we say y <′ y′ on
Y , if y < y′ on X. It is clear that (Y, <′) is a totally ordered set. Now using
Definition 2.2, put Yi (i ≤ 5) to be the set of all basic commutators of weight i
on Y and keep all these assumptions and notations throughout the rest of the
paper.

Lemma 3.1 Let yi ∈ Yi and n − 1 ≤ c1. Then yi or yi
−1 is a basic com-

mutator on X.

Proof. For i = 2, see [16]. Let y3 ∈ Y3, thus y3 = [a1, a2, a3] such that
ai ∈ Y, [a1, a2] ∈ Y2 and a2 ≤ a3 on X. Since [a1, a2] ∈ Y2 then [a1, a2] is a
basic commutator on X, and w(a3) ≤ c1 + n < 2c1 + 2 ≤ w([a1, a2]). Thus
a3 < [a1, a2] on X. Therefore y3 is a basic commutator on X. Now let y4 ∈ Y4,
then two cases happened;
I) y4 = [a1, a2, a3, a4], in which ai ∈ Y, [a1, a2, a3] ∈ Y3 and a3 ≤ a4 on X, or
II) y4 = [[a1, a2], [a3, a4]], where [a1, a2] and [a3, a4] are elements of Y2 such
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that [a3, a4] <′ [a1, a2].
Assume that y4 = [a1, a2, a3, a4]. Since w(a4) ≤ c1+n < 3c1+3 ≤ w([a1, a2, a3]),
thus a4 < [a1, a2, a3] on X. Also every element of Y3 is a basic commutator
on X. Therefore in this case y4 is a basic commutator on X. Now if y4 =
[[a1, a2], [a3, a4]], we know that [a1, a2] and [a3, a4] are basic commutators on
X. But note that if 1 < n the relation [a3, a4] < [a1, a2] on X is not deduced
from [a3, a4] <′ [a1, a2] (for example in the above commutators if w(ai) = c1+1
for i �= 3, w(a3) = c1 + 2 and a4 < a2, then we have w([a1, a2]) < w([a3, a4]),
and so [a1, a2] < [a3, a4] on X). Therefore it is easy to see that y4 is a basic
commutator on X if [a3, a4] < [a1, a2] on X, otherwise y−1

4 is so. Similarly for
i = 5, one can see that every element of Y5 is a basic commutator on X.

Theorem 3.2 Let Yi be as above and n − 1 ≤ c1. Then

γc2+1(γc1+1(F )) ≡< Yc2+1 > (mod [γc1+n+1(F ), c2γc1+1(F )]).

Proof. We use induction on c2. For c2 = 1, see [16]. Let α be a generator
of γc2+1(γc1+1(F )), so α = [a, b] in which a ∈ γc2(γc1+1(F )) and b ∈ γc1+1(F ).
Induction hypothesis and P. Hall’s Theorem imply that a = a1

α1 ...ar
αrμ and

b = b1
β1...bs

βsη, in which ai ∈ Yc2, αi = ±1, μ ∈ [γc1+n+1(F ), c2−1γc1+1(F )],
bj ∈ Y = Y1, βj = ±1 and η ∈ γc1+n+1(F ). Now a simple computation
shows that α = [a, b] =

∏
i,j([ai, bj]

fij)εij([ai, η]hi)αi([μ, bj ]
gj)βj [μ, η]k, where

fij , hi, gj, k ∈ γc1+1(F ) and εij = αiβj.
It is easy to see that [ai, bj , fij], [ai, η]hi, [μ, bj]

gj , [η, μ]k ∈ [γc1+n+1(F ), c2γc1+1(F )]
and so α ≡ ∏

i,j([ai, bj ])
εij modulo [γc1+n+1(F ), c2γc1+1(F )]. Now putting F1 to

be the free group on Y, we have [ai, bj] ∈ γc2+1(F1), and by P. Hall’s Theorem
[ai, bj] ≡ ∏

r yr
λr modulo γc2+2(F1), in which yr is a basic commutator of weight

c2 + 1 on Y and λr = ±1. But, since n − 1 ≤ c1

γc2+2(F1) ⊆ γc2+2(γc1+1(F )) ⊆ [γc1+n+1(F ), c2γc1+1(F )].

Thus α ≡ ∏
r yr

λr modulo [γc1+n+1(F ), c2γc1+1(F )], for which yr ∈ Yc2+1.

Using Lemma 3.1, let Mi be the set of all those basic commutators of the form
yi or y−1

i on X and let n − 1 ≤ c1. Then

γc2+1(γc1+1(F )) ≡< Mc2+1 > (mod [γc1+n+1(F ), c2γc1+1(F )]).

We are going to show that M̄c2+1 = {m[γc1+n+1(F ), c2γc1+1(F )] | m ∈ Mc2+1}
freely generates the group Nc1,c2M(G) when (c2 + 1)n − (c2 + 1) < c1 and
c2 < 5. In the following we intend to verify two basic and important facts;
First, by the above assumptions, there exists a set of basic commutators on X,
Zc2+1, say; with [γc1+n+1(F ), c2γc1+1(F )] ⊆< Zc2+1 > modulo γ(c2+1)c1+(c2+1)n+2(F ).
Second Zc2+1 ∩ Mc2+1 = ∅.
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The following lemmas shorten the way to attain to these statements.

Lemma 3.3 Let F be the free group on X = {x1, x2, . . . , xd}, a = [xλ1 , . . . , xλn ]
(with any bracketing) be a non trivial element of F and Ja = {λi | xλi

appears
in a}. Then a can be written as

a ≡ ∏
k

cαk
k (mod γ2n(F )),

in which ck’s are the basic commutators of weights n, n + 1, . . . , 2n − 1 on X
and every xj (j ∈ Ja) appears in each ck.

Proof. By Theorem 2.3, it is enough to show that every ck contains all xj ’s
(j ∈ Ja), and this will be concluded by the following fact.
Let for some i0 ∈ Ja, cj contains xi0whereas xi0 /∈ cj+1, then since

c
αj

j c
αj+1

j+1 ≡ c
αj+1

j+1 c
αj

j (mod γ2n(F )),

one can order a as the product of
∏

t c
αt
t

∏
u cαu

u such that t indicates the indices
for which xi0 /∈ ct and u indicates the indices for which xi0 ∈ cu. Now consider
the homomorphism θj : F → F with

θj(xi) =

{
xi i �= j,
1 i = j.

Clearly the image of every commutator contains xj is trivial under θj . Therefore
θi0(a) = 1 and so

θi0(a) ≡ θi0(
∏
t

cαt
t )θi0(

∏
u

cαu
u ) ≡ ∏

t

cαt
t (mod γ2n(F )).

Hence a ≡ ∏
u cαu

u modulo γ2n(F ). In other words, the commutators in a which
do not contain xi0 , are omitted in the decomposition of a. Now the result
follows using the contradictory assumption.

Let H be the set of all basic commutators of weights c1 +1, ..., 2c1 +1 on X, F2

be the free group on H and c be a basic commutator on H of weight at most
5. With a similar argument used in the proof of Lemma 3.1, one can verify
that c or c−1 is a basic commutator on X. Thus the element c = [c1, . . . , c5]
(with any bracketing) of γ5(F2) can be decomposed as

∏
k vk

λk modulo γ6(F2),
where vi is a basic commutator on X and contains all ci’s.

Lemma 3.4 Using the above definitions and notations, assume that
2 ≤ c2 < 5, (c2 + 1)n − (c2 + 1) < c1, K is the set of all basic commutators of
weights c2c1 + n + c2, ..., c2c1 + c2n + 1 on X and
Ac2+1 = {[z, h] | z ∈ K , h ∈ H}. Then there exists a set Ec2+1 of basic
commutators on X such that Ac2+1 ⊆< Ec2+1 > modulo γ(c2+1)c1+(c2+1)n+2(F ).
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Proof. Using the Definition 2.2 and Hall-Witt identity, we will show that
Ec2+1 contains basic commutators tij , say, on X.
Let [z, h] be an element of the set Ac2+1. If it is basic, then it is shown by t11.
Otherwise z = [z1, z2], in which h < z2 < z1. Therefore
[z1, z2, h] ≡ [z1, h, z2][z2, h, z1]

−1 modulo γ(c2+1)c1+(c2+1)n+2(F ).
In the following it will be shown that [z1, h, z2] and [z2, h, z1] are generated by
basic commutators on X. The proof is done in three cases.
(I) [z1, h] is a basic commutator on X (which implies that [z2, h] is a basic
commutator on X). The commutator [z1, h, z2] is denoted by t21, and t22 is
considered for [z2, h, z1] if z1 < [z2, h], and for [z2, h, z1]

−1 if [z2, h] < z1. Now
it is clear that t21 and t22 are basic commutators on X.
(II) [z1, h] and [z2, h] are not basic on X. Therefore z1 = [z3, z4] and z2 = [z5, z6]
in which h < z4 < z3 and h < z6 < z5. Since h ∈ H, then c1 + 1 ≤ w(zi).
On the other hand w(z) ≤ c2c1 + c2n + 1. Thus [z1, h, z2] and [z2, h, z1] are
elements of γ5(F2), in which F2 is the one defined above. Therefore there ex-
ist basic commutators t4i on X so that [z1, z2, h] can be written as

∏k
i t4i

αi

modulo γ6(F2), αi = ±1 and each t4i contains h and zi’s for i = 3, 4, 5, 6.
Whence [z1, z2, h] ≡ ∏k

i t4i
αi modulo γ(c2+1)c1+(c2+1)n+2(F ), since γ6(F2) ⊆

γ6(γc1+1(F )) ⊆ γ(c2+1)c1+(c2+1)n+2(F ), and so the result follows in this case.
(III) [z2, h] is a basic commutator on X, but [z1, h] is not. Case I implies that
[z2, h, z1] is generated by t22. Hence to prove the claim, it is enough to show
that [z1, h, z2] is generated by basic commutators on X. Since [z1, h] is not ba-
sic, then z1 = [z3, z4], in which h < z4 < z3. Thus we deduce that [z3, z4, h] =
[z3, h, z4][z4, h, z3]

−1η, in which η ∈ γt+c1+1(F ) and t = w(z3) + w(z4) + w(h).
Therefore

[z1, h, z2] ≡ [z3, h, z4, z2][z4, h, z3, z2]
−1 (mod γ(c2+1)c1+(c2+1)n+2(F )) (∗).

From now on, two cases may happened depends on being basic the [z3, h] on
X.
If [z3, h] is basic on X, then using (∗) and commutator manipulations we can
show that whenever z3 ≤ z2, [z1, h, z2] = t31t

−1
32 , in which t31 = [z3, h, z4, z2],

t32 = [z4, h, z3, z2] and whenever z2 < z3 [z1, h, z2] = t31t33t
−1
34 , so that t33 =

[z3, z2, [z4, h]] and t34 = [z4, h, z2, z3]. But since t3j for each 1 ≤ j ≤ 4 is basic
on X, then the result follows in this case.
Now assume [z3, h] is not basic on X. Therefore z3 = [z5, z6], in which h <
z6 < z5 and so
[z1, h, z2] ≡ [z5, z6, h, z4, z2][z4, h, [z5, z6], z2]

−1modulo γ(c2+1)c1+(c2+1)n+2(F ), which
shows [z1, h, z2] ∈ γ5(F2). Now the result holds from case II. Finally assuming
Ec2+1 to be the set of all tij ’s, the proof is completed.

The following Lemma is proved in [16].

Lemma 3.5 Assume
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W2 = { [a, b] | a and b are basic commutators on X such that
c1 + n + 1 ≤ w(a), c1 + 1 ≤ w(b), w(a) + w(b) ≤ 2c1 + 2n + 1}.

If 2n − 2 < c1, then
(i) every element of W2 is a basic commutator on X,
(ii) [γc1+n+1(F ), γc1+1(F )] ≡< W2 > (mod γ2c1+2n+2(F )).

We are now ready to prove the claims which are stated before Lemma 3.3.

Theorem 3.6 If (c2 + 1)n − (c2 + 1) < c1 and c2 < 5, then there exists a
set of basic commutators on X, Zc2+1 say; such that
[γc1+n+1(F ),c2 γc1+1(F )] ⊆< Zc2+1 > modulo γ(c2+1)c1+(c2+1)n+2(F ).

Proof. This is also done by induction on c2. For c2 = 1, let Z2 = W2. Now
suppose α is a generator of the group [γc1+n+1(F ),c2 γc1+1(F )], hence we have
α = [a, b] in which a ∈ [γc1+n+1(F ),c2−1 γc1+1(F )] and b ∈ γc1+1(F ). Using the
induction hypothesis a can be written zε1

1 . . . zεr
r η, in which zi ∈ Zc2, εi = ±1

and η ∈ γc2c1+c2n+2(F ). By Theorem 2.3, η = aα1
1 . . . aαs

s μ, in which aj satisfies
c2c1 + c2n +2 ≤ w(aj) ≤ c2c1 + (c2 + 1)n, αj = ±1 and μ ∈ γc2c1+(c2+1)n+1(F ).
Therefore

a = zε1
1 . . . zεr

r aα1
1 . . . aαs

s μ.

By P.Hall’s Theorem we have b = hβ1
1 ...hβt

t λ with hi ∈ H, βi = ±1 and
λ ∈ γ2c1+2(F ). Whence

α = [a, b] ≡ ∏
i,j,k

[zi, hj]
εiβj [ak, hj ]

αkβj (mod γ(c2+1)c1+(c2+1)n+2(F )),

and so
[γc1+n+1(F ),c2 γc1+1(F )] ⊆< Dc2+1 ∪ Bc2+1 >

in which Dc2+1 = {[z, h] | z ∈ Zc2 , h ∈ H } and

Bc2+1 = {[a, b] | a and b are basic commutators on X
and c2c1 + c2n + 2 ≤ w(a) and c1 + 1 ≤ w(b)

and w(a) + w(b) ≤ (c2 + 1)c1 + (c2 + 1)n + 1}.
In the Lemma 3.4, we show that each element of Dc2+1 is generated by basic
commutators on X modulo γ(c2+1)c1+(c2+1)n+2(F ). For the elements of Bc2+1

the proof is similar. Considering that {lik | 1 ≤ i ≤ c2, k ∈ I} is the set of all
basic commutators on X, where generates Bc2+1 modulo γ(c2+1)c1+(c2+1)n+2(F ),
we have [γc1+n+1(F ),c2 γc1+1(F )] ⊆< Zc2+1 >, in which Zc2+1 = {tij , lik | 1 ≤
i ≤ c2, j, k ∈ I}.

Using the notations and definitions applied in Theorem 3.6 and after The-
orem 3.2, we have;
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Theorem 3.7
Zc2+1 ∩ Mc2+1 = ∅

Proof. The proof is done by induction on c2. If c2 = 1, then clearly Z2∩M2 =
W2 ∩ M2 = ∅. Now let z = [z1, z2] be an element of Zc2. If there exists j such
that z1 = yj, for some yj ∈ Yj, then assuming k = c2 − j, we conclude that
z2 �= yk, for all yk ∈ Yk.

On the other hand, if w is an element of Bc2+1, then w = [a, b], in which
c2c1 + c2n+2 ≤ w(a). Therefore yc2 < a for all yc2 ∈ Yc2. So if a = [a1, a2], and
there exists an s, such that a1 = ys, for some ys ∈ Ys, then assuming l = c2−s,
it is deduced that yl < a2, for each yl ∈ Yl. Now by the description used for
Zc2+1 in Theorem 3.6 and Definition 2.2, one may easily follows the result.

Now it is time to state and prove the main proposition of the paper.

Proposition 3.8 With the above notations and assumptions we have

Nc1,c2M( Z
n∗ Z

n∗ . . .
n∗ Z) ∼=

d⊕
i=1

Z

in which d = χc2+1(χc1+1(m) + ... + χc1+n(m)) and m is the number of
copies of Z.

Proof. We have proved that

γc2+1(γc1+1(F )) ≡< Mc2+1 > (mod [γc1+n+1(F ), c2γc1+1(F )]).

It is easy to see that |Mc2+1| = |Yc2+1| = χc2+1(χc1+1(m) + ... + χc1+n(m)). So
it is enough to show that M̄c2+1 is linearly independent.

Let
∑

αib̄i = 0̄, in the group Nc1,c2M( Z
n∗ Z

n∗ . . .
n∗ Z) where bi ∈ Mc2+1

and αi ∈ Z. Therefore
∑

αibi ∈ [γc1+n+1(F ), c2γc1+1(F )]. Considering Theorem
3.6, we have ∑

αibi ≡
∑

βici (mod γ(c2+1)c1+(c2+1)n+2(F )),

for some ci ∈ Zc2+1 and βi ∈ Z. So
∑

αibi − ∑
βici ≡ 0. On the other hand

Zc2+1 ∩ Mc2+1 = ∅, and also Zc2+1 ∪ Mc2+1 forms a part of a basis of the free
abelian group

γ(c2+1)c1+(c2+1)(F )

γ(c2+1)c1+(c2+1)n+2(F )
.

Therefore αi = 0 and the result holds.

It is easy to see that Proposition 3.8 generalizes the main result of [16] to
the variety of polynilpotent groups of class row (c1, c2) for c2 < 5.
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