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Abstract: In this paper, a new nonlinear adaptive 
filter is presented. This filter consists of three main 
parts. In the first part, the input space is mapped into 
the high dimensional space, HDS, using the RBF 
kernel. The second part employs the Kalman filter as a 
smoother in HDS. The RLS adaptation algorithm is 
used for weight updating in the third part. The 
innovation of this work lies in using Kalman filter as 
the smoother in HDS. It is shown that HDS has a 
smaller mean square error, MSE, and in noisy 
environment has a smaller signal variance relative to 
the input space, therefore Kalman smoother was 
applied to HDS instead of the input space. 
Experimental results show better performance of the 
new structure compared to the conventional RLS in 
tracking a nonlinear noisy chirp sinusoid and for 
vehicle tracking in the analysis of traffic scene.   
 
Keywords: Nonlinear adaptive filter, RBF kernel, 
Kalman smoother, RLS algorithm, Vehicle tracking. 
 
1. Introduction 

The subject of adaptive signal processing has been 
one of the fastest growing fields of research in recent 
years. It has attained its popularity due to a broad range 
of useful applications in such diverse areas as solar 
systems, weather forecast, chemical reactions, 
communications, radar, sonar, seismology, navigation, 
control systems, biomedical electronics and 
surveillance systems [1, 2].  

Usually, the filter is assumed to be linear; the 
motivation for using linear filters is based on simple 
equations for describing the signal and noise. While 
this approach has led to great advances in the past 
years, the replacement of the linear filter with nonlinear 
ones should enable us to obtain an accurate description 
of the signal and noise. This may lead to better 
performance of practical signal processing applications. 
Nonlinear processing techniques are potentially useful 
in many scenarios. For example in vision-based 
surveillance, nonlinearities arise from the following, 

 The system that generates the video signal 
and/or the noise. 

 The signal acquisition system. 
 The transmission channel for video signal. 
 The behavior of the target. 

 The target trajectories.  
 The human perception mechanism for 

interpretation of the behavior of target. 
However some problems exist in using nonlinear 

adaptive filter [3-5] as, 
• Inutile of the many traditional linear methods 
• Difficulties in the analysis of nonlinear 

systems  
• Increased computational complexity compared 

to linear filters 
Fundamentally, there are two types of nonlinear 

adaptive filters, which are Volterra-based filters and 
neural networks [6]. The radial basis function, RBF, 
neural network has properties of each two 
aforementioned methods. RBF neural networks can be 
used for nonlinear system identification [7-8]. Also 
RBF is used in the prediction and tracking problems [9-
11]. 

For the RBF network development, both the center 
selection and weight parameter estimation are 
important. Gradient descent is a suitable method for 
weight learning [12]. In many applications, the LMS 
algorithm could still be too slow, especially when the 
input correlation matrix is ill-conditioned [13]. 
Superior alternatives have been proposed; for example 
those relying on orthogonalization procedures [14, 15]. 

It has been shown that the RBF neural network is 
based on recursive least squares learning, RLS, 
algorithm [16, 17]. The Kalman filter is used joined 
with RBF neural network. In [18] extended Kalman 
filter is used for learning procedure of RBF neural 
network at identification problem. 

In this work, smoothing of signal at high dimensional 
space in RBF net by a Kalman filter is presented. 
Section 2 is devoted to problem formulation. In section 
3, the proposed approach is described. Section 4 
contains experimental results in nonlinear noisy chirp 
tracking and also for vehicle tracking and the final 
section includes the conclusions. 
 
 
2. Problem formulation 

Tracking systems rely heavily upon statistical 
estimation theory. A simple description for nonlinear 
tracking is, 

( ) ( )),...,1),(()1( Nkxkxkxfkx −−=+  (1) 



 
Where, )1( +kx is state of the target in future time 

and (.)f  is nonlinear relation between the current and 
previous states with the future ones. We assume that 

)(kxm  is the actual state of the signal and 

)()()( kxkxke m −=  is the prediction or estimation 

error. The mean square error, MSE, is { }2eEMSE = . 
We exploit the radial basis function for nonlinear 

modeling of the input signal. In the high dimensional 
space generated by the Φ  function, the input space is 
mapped into Φ -space or )(XY Φ= . With regard to 
our theorems which   appeared in the Appendix, "the 
MSE at Φ -space is smaller than the input space", and 
"variance at Φ -space is smaller than variance at input 
space" so we apply a Kalman estimator in the Φ -space 
thereupon ],...,[ 1 kyyY = is filtered 

to ]ˆ,...,ˆ[ˆ
1 kyyY =  or Φ is smoothed to Φ̂ .  

The linear combination of Ŷ  elements yields the 
desired output.  

Briefly, based on what we discussed above, 
Φ=+ ˆ)1( T
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Where, the optimum weight vector 

T
kopt wwW ],...[ 1=  is found by the RLS algorithm. 

Φ̂ is a smoothed version of Φ  by Kalman smoother. 
The above formulation will be applied to practical 
tracking problem in the next section.  

 
3. The proposed nonlinear tracking system 

The proposed nonlinear adaptive filter contains three 
main parts. At first, nonlinear input space is converted 
into the linear space using the RBF kernel. The second 
part uses Kalman filter as smoother in high dimensional 
space, HDS. The RLS adaptation algorithm is used for 
weights updating in the third part. Innovation of this 
work is applying Kalman filter as smoother in HDS. 
Three parts of the proposed system are shown in Fig 1. 

 
a) Using the RBF kernel for converting space 

Let )](),...,([ ntxtxX −=  be the buffered data in 
the input space, Φ  is the output of a set of real-valued 
functions ),( icxϕ  (i=1,…,k) at HDS, as shown by, 
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Where ic  is ith center and σ  is standard deviation of 
learning sample of signal that can be obtained by K-
means or fuzzy K-means algorithms. Thus, input space 
X  is converted to HDS using RBF kernel, which this 

space according to Cover theorem [19] is linear relative 
to X .  
 
b) Kalman smoother in Φ  space 

Nonlinear formulation of input signal and linear 
behavior of Φ  space are two main properties of Φ  
space. In addition, any dimension of Φ  space has 
smaller MSE relative to that of the input space 
according to the Appendix.  These ingredients 
encourage us to utilize Kalman smoother, KS, in Φ  
space, HDS, instead of applying KS in the input space 
[20, 21]. The Kalman filter is well-known estimation 
procedure to minimize error from available measured 
data. This filter need to the dynamical system for state 
or process equation, 
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where T is the sampling period which in vehicle 

tracking in video is 0.04 second, )(kx is the state 
vector, )(kv is the random acceleration disturbance and  

)(kF is a known squared state transition matrix 
relating the states of the system at time (k) which is 
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and  measurement equation is 

)()()( kxkCky =  (5) 

where )(ky is the observation vector and )(kC is 
measurement matrix.  Fig 1 shows the proposed 
procedure. 

 
Fig.1: The proposed nonlinear adaptive filter, KS 

block is a Kalman smoother 
 

c) The RLS adaptation algorithm 
Recursive least squares, RLS, filter is an adaptive, 

time-update, version of the Wiener filter. Fast 
convergence of the RLS is one of reasons to its usage 
in weight updating algorithm. The weight update 
equation can be written as, 
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Where, ],...[ 1 kk wwW =  is the weight vector of the 
RLS filter with input signal 

)],(),...,,(),,([ 21 Kkkkk cxcxcx ϕϕϕ=Φ   and ke  is 

the error signal, k
T
kkk Wde Φ−= . kR 1−  is the 

inverse autocorrelation function at Φ  space can be 
written as, 
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Where, λ  is the forgetting factor, 10 ≤≤ λ and 
this paper set to 0.42. This approach is better than using 
Green function for obtaining weights in [13], because 
of utilizing from recursive inverse autocorrelation 
function Eq.(7).  
 
4. Experimental results  

In this section, the proposed nonlinear tracking 
system is used for noise reduction from a noisy chirp 
sinusoid and also for tracking vehicles in traffic scenes. 
 
4.1. Nonlinear tracking of a noisy chirp 
sinusoid 

Adaptive recovery of a chirp sinusoid buried in noise 
is of special interest to researchers because the chirp 
sinusoid represents a well-defined form of 
nonstationarity. In this experiment, we present 
nonlinear chirp sinusoid. The nonlinear chirped is given 
by: 

( ) ]))2/2[exp(()( ϕψπ ++= kkfjpgkx cs
 (8) 

Where, sp denotes the signal amplitude, cf  is the 
center frequency, ψ  is the chirp rate and ϕ  is an 
arbitrary phase shift.  (.)g  is a nonlinear function (e.g. 

exp(.)sin(.) + ). The signal )(kx  is deterministic 
but nonstationary because of the chirping.  

According to theorem that appeared in the appendix 
"MSE in Φ -space is smaller than MSE in input space" 
we measure MSE of input space and Φ -space at 
different SNRs whose results are shown in Fig 2. We 
conclude from Fig 2 and the Appendix that Φ -space 
has a smaller MSE and signal variance relative to the 
input space, so it is reasonable to applying KS at Φ -
space. 

According to the proposed nonlinear adaptive filter 
shown in Fig 1, )(kx that is generated by Eq.(8) is 
buffered and applied to the proposed system. The 
obtained results of three algorithms are illustrated in 
Fig 3. The conventional RLS and nonlinear RLS 
without KS block and nonlinear RLS with KS are 
compared at signal to noise ratio, SNR, of 23 dB. The 
proposed system gives a better result in prediction of 
next state of signal relative to other methods.  
 

 
Fig.2:  Comparing MSE at different SNR 

 

 
Fig.3: Comparing predictors at SNR ratio of 23 

dB 
 
The Kalman filter gives smoothed signal in HDS as 

shown in Fig 4. 
 

 
Fig.4: The Kalman operation in HDS in one 

dimension 
 

We compare MSEs of three algorithms, conventional 
RLS, nonlinear RLS and nonlinear RLS with KS, the 
proposed approach, for different SNRs on signal with 
length 201 samples. The result of the simulation is 
shown in Fig 5.  



 

 
Fig.5: Comparing of MSE for three algorithm at 

different SNR 
 

The above figure shows that the Kalman smoother 
clearly increases the performance of the nonlinear RLS. 
The next section is devoted to tracking vehicles by the 
proposed approach. 
 
4.2. Vehicle tracking 

Considerable research has been undertaken in the 
field of estimation theory in relation to the multi-object 
tracking problem. This is of interest in both military 
and civilian applications. In the traffic scene, the 
estimated trajectories are used to check collision 
avoidance and regularity of traffic flow and validity 
check of behavior of drivers.  

Vehicle tracking has been studied despite many 
difficulties such as full or partial occlusion [22, 23, 24]. 
For vehicle tracking, after detection, similar blobs of 
the image are found in two consecutive frames and 
their centers of gravity are obtained. These locations 
are also applied to an RLS or modified RLS algorithm 
[6], [25] or nonlinear adaptive filter such as the one that 
is proposed in this paper.  

If prediction error is smaller than 7 pixel in x,y 
direction, we assume that predictor has converged. 
Then, the predictor can help after convergence of the 
predictor for each blob. The predictor corrects the 
unsuitable assigning of the blobs. Briefly, after arrival 
of each vehicle to the scene, it is labeled and tracked in 
the area of interest inside the scene by detection and 
prediction algorithm.  

A classic technique in vehicle detection is the 
background subtraction. Background is obtained by 
combining of non-moving blobs in the scene. Each 
pixel in the background image is combined with the 
corresponding pixels of the received non-moving image 
blob. This work is done using the coefficient (0.9) of 
the effect of last background and coefficient (0.1) of the 
received non-moving blob. Fig 6 shows the result of 
above detection method including main figure, result of 
background subtraction and blobs. 

 

 
(a) 

 
(b) 

 
(c) 

Fig.6: Detection method using adaptive background 
subtraction a) main image b) removing background 
c) blob detection 
 

After performing the background subtraction and 
finding the existing objects in the scene, vehicle 
localization is used for determining the object 
boundaries. Localization helps to solve the partial 
occlusion problem which is done by finding feature 
points and grouping them. We use corners as features 
and extract those according to [26].  
After corner detection, grouping technique based on 
distance criteria is used for finding vehicle boundary. 
Fig 7 shows grouping technique for car localization, 
despite partial occlusion. 
 



 
Fig.7: Car localization using feature grouping 

 
After finding the vehicle boundary, a color histogram 

is used for the similarity measurement in consecutive 
frames. For each detected boundary, an HSV color 
histogram is achieved and quantized to 6618 ××  bins, 
such that one vector of length 648 is obtained. 
Matching is obtained when the Euclidean distance 
between each two vectors is smaller than 0.05. 
Minimum distance is given in search rectangular 
windows with length of 50 pixels. Then center of 
gravity of finding vehicle is applied to an estimator or 
predictor in order that after the convergence of the 
predictor for each vehicle can help for attribution of 
similar blobs to an object and generating a smoothed 
trajectory. 

Different types of noise are observed in car tracking 
that is an incentive for using adaptive filtering for noise 
reduction. Several sources of noise is presented as 
follows,  
A) Attributing the whole or part of the vehicle to other 
vehicles because of shadow and partial occlusion 
B) Detection of different parts of vehcile because of 
type of segmentation method. 
C) variation of the vehicle position because of partial 
occlusion. 
 

Thus, we use the predictor algorithm for filtering the 
vehicle position. In this paper, we discussed only the 
predictor. We are interested in two types of trajectory, 
namely, forward and turning motions.  

The main arguments that show the evidence of 
nonlinearities in the vehicles tracking or generally 
target tracking are as follows, 

a) nonlinear behavior of the drivers 
b) nonlinear dynamics of vehicles during turn 
c) sudden starts and stops of vehicles 
d) problems in detection algorithms 

d-1) imperfect detection 
d-2) vehicles occlusion phenomena 
d-3) lighting condition 

 
4.2.1 Results  

Our experiments are concerned with congestion in 
junctions of highway to highway, highway to square 
and locations similar to Fig 10 that contains turning. 
Experimental results are obtained over about 10000 
frames which are selected from set of 140000 frames 
database. At least 100 vehicles were tracked in 
sequences with length of about 70 frames. 

By adding different simulation noises, we obtain 
many types of SNR environments. Fig 8 shows that for 

the forward motion, the RLS algorithm is suitable 
because of similar MSE relative to the proposed 
approach and low computational complexity compared 
to the proposed approach.  

However, the nonlinear adaptive filter has better 
performance for turn motions especially in low SNRs 
according to Fig 9. Nonlinearities of turn motion have 
caused superiority of the proposed approach relative to 
other methods. Many vehicles were tracked; show that 
tracking of vehicles in highlight locations of Fig 10 by 
the proposed algorithm give better results comparing 
with conventional RLS. So detected vehicles in 
highlight location must be tracked by the proposed 
algorithm and others are tracked by conventional RLS. 

 

 
Fig.8:  MSE of tracking for forward motion 

 

 
Fig.9: MSE of tracking in turn motions 

 
 



 
Fig.10-a: The proposed places for tracking using the 

proposed algorithm 

 
Fig.10-b: The proposed places for tracking using the 
proposed algorithm 
 
5. Conclusions 

We have developed a nonlinear tracking algorithm 
for handling nonlinear behavior of drivers, nonlinear 
dynamics of vehicles during turn motion, sudden starts 
and stops of vehicles and problems in detection 
algorithms in traffic scenes. Thus, we proposed a 
nonlinear adaptive filter for tracking. The proposed 
algorithm contains three main parts. First, non-linear 
input space is converted into the linear space using the 
RBF kernel. The second part is using Kalman filter as 
a smoother in high dimensional space, HDS. The RLS 
adaptation algorithm is used for weight updating in the 
third part. The innovation of this work lies in using 
Kalman filter as the smoother in HDS. It is shown that 
HDS has a higher signal to noise ratio, SNR, relative to 
the input space, so a Kalman smoother is applied to 
HDS instead of the input space. Experimental results 
showed better performance of the new structure 
compared to the conventional RLS in tracking noisy 
chirp sinusoid and in vehicles tracking.   
 
6. Appendix 
A. MSE analysis 

Theorem: If we assume that { }2eEMSEi = is the 
mean square error in the input space, then the MSE at 
Φ -space will be smaller than the input space.  

 
The proof: the mapping is according to  

)(XY Φ=  (a-1) 
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With assumption of )(kem is small enough we can 

betake ( )2)(exp kem− term. Also we know 

( )2)(exp kxm−  is the desired output in each 
dimension at Φ -space. For simplification, we 
substitute )),(( ickxy ϕ= , thus we have, 

( ))()(2exp kxkeyy mmm −=  (a-3) 

Where, ( )( )2kxey mm −= . 
The Taylor series of term ( ))()(2exp kxke mm− is, 
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2 −=α  always is smaller than one. 
So we have, 
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The above equation shows that iMSEMSE <Φ  or 

"MSE in Φ -space is smaller than MSE in the input 
space". 
 
B. Variance analysis 



Theorem: If we assume that 2
xσ is the variance in 

the input space, then the variance at Φ -space, 2
Φσ , 

will be smaller than 2
xσ .  

 
The proof:  
According to aforementioned mapping 

)(XY Φ= and relation (a-6) in appendix-a, we can 
write:  

( ){ }
( )( ){ }2

22

mmmm eyeyE

yyE

αα

σ

−−−=

−=Φ  
 
(b-1) 

Where { }yEy =  and substituting  xxe mm −=  
(b-1) can be written as, 

( ) ( ) ( )[ ]{ }22 xxxxyyE mmmm −−−−−=Φ αασ  
(b-2) 

 
In noisy environment we assume that ( )mm yy − and 

( )mm xx − are small enough so 

( ) ( )mmmm xxyy −−− α is venial term. In this case 
we can write (b-2) to following form, 
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Or   
222
xσασ =Φ  (b-4) 

Because of 2α is smaller than one we have, 
22
xσσ ≤Φ  (b-5) 

Or "variance in Φ -space is smaller than variance at 
input space". 
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