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Abstract: By using the reductive perturbation theory, the Kadomstev-Petviashvili (KP)
equation in unmagnetized dusty plasmas with variable dust charge, electrons with Boltzmann
distribution and nonthermal ions, is derived and the propagation of nonlinear waves is analyzed.
It is found that compressive and rarefactive solitons can be appeared. Amplitude of solitonic
solutions of KP equation becomes diverges at the critical densities.

1. Introduction

The study of dusty plasmas represents one of the most rapidly growing branches of plasma physics.
The dust grains are usually of micrometer or sub-micrometer size and their masses are very large.
Experimental observations have confirmed the existence of linear and nonlinear feature of both dust
acoustic waves (DAW) and dust ion acoustic waves (DIAW) [1]. DAWSs with nonthermal ions and
constant dust charge have been studied by Lin and Duan [2]. Duan have also investigated DAW with
hot dusty plasmas [3]. Also Duan et al. have studied the nonlinear Schrédinger equation and stability
of solitons in unmagnetized warm dusty plasmas and magnetized dusty plasma [4]. Also, Mamun and
Shukla have already studied spherical and cylindrical dust acoustic waves. Gao and Tian have
continued their works on DAW and DIAW. El.labany et al. have studied warm dusty plasmas with
vortex like distributed electrons and have obtained modified KdV equation for different orders of
dispersion terms. DAWSs in the presence of hot and cold dust have been worked [5]. Wang et al. have
studied the effects of negative ions on solitary waves in dusty plasmas by using the Sagdeev potential.
Cylindrical KP equation in warm dusty plasmas with two ions has been studied by Wang and Zhang.
Zhang and Xue have investigated dusty plasma systems containing dust charge fluctuation in which
densities of electrons and ions vary with x coordinate. They did it successfully and derived shock
waves and solitary waves in these mediums [6]. In above cases charge of dust particles is constant.
Solitary waves of the KdV equation have been studied in dusty plasma with variable dust charge in
[7,8]. Gill et al. have also analyzed solitons of KP equation for these plasmas with two temperature
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ions [9]. In present paper, we study the nonlinear waves in dusty plasmas with variable dust charge;
Boltzmann distributed electrons and the nonthermal ions. In section 2 the basic set of equations is
introduced. We derive the KP equation by using the reductive perturbation method in section 3. In
section 4 the modified KP equation is derived at the critical density. Finally, conclusions and remarks
are given in section 5.

2. Basic equations

We consider the propagation of dust acoustic waves in collisionless, unmagnetized dusty plasma
consisting of high negatively charged dust grains, variable dust charges, nonthermal ions and
Boltzmann distributed electrons. Total charge neutrality at equilibrium requires thatZ ,n,, +n,, =n,;,

where n,, , n,, and n,, are the equilibrium values of ions, electrons and dust number densities
respectively. Z, is the unperturbed number of charges on the dust particles. The following set of

normalized two dimensional equations of motion describes the dynamics of dust acoustic wave in the
variable dust charge plasmaS'

6L+ (ndud)+ (ngvg)=0 A +Uq A Yy Ao _ Z, o 1)
ot ox dy at ox dy ox
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in which u, and v, are velocity components of the dust particles in x and y-directions and
normalized by the dust acoustic speed Cc, = m where T, is the temperature of ions, m, is
the mass of dust particles. nyand ¢ are the dust number density and electrostatic potential that have
been normalized by n_; and T, /e and e is the magnitude of the electron charge, respectively. n, and
n, are the electron and ion number densities which are normalized by n,, andn,,, respectively. The

Space and Time variables are normalized by the Debye length A, = /T, /47zn0dZde2 and the inverse

of dust plasma frequency @ 4 = \/md /47znOd ZZe*, respectively. Normalized number densities for
Boltzmann distributed electrons and nonthermal distributed ions are [2]

n, = (ufl-me™ 0 =1-whe pp+ )k @
where £ =ny, /Ny , o; =T, /T, and S =4a/(1+3c) in which  is a parameter that determines
the population of nonthermal ions. The dust charge variable Q, = m,Z is obtained from the charge-

current balance equation (6/6t+§.\7)Qd =1, +1;, whereV = (Ug,vy) and 1, , |, are the electron
and ion currents. We further suppose that the streaming velocities of electrons and ions are much
smaller than the thermal velocities. Notice that the characteristic time for dust motion is around 10~°s
while the dust charging time is typically about 10~°s[9]. So the dust charge reaches its equilibrium
position quickly. Thus dQ, /dt << and charge-current balance equation reads [8]

.1, =0 3)
The electron and ion currents for spherical dust grains with radius r are

|, = —ear?/8T, /am,n, exp(e®/T,)

I, = enr?/8T, /am,n, exp(ed/T,)

e'li

(4)
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in which @ denotes the dust grain surface potential relative to the plasma potential ¢ . If the thermal
velocities of electrons and ions are larger than their streaming velocities then from (3) we have

Jo [ L+ B+ ¢ |exo(-g)L-v) - uexp(o ) exp(oy) = 0 ©)
wherey =ed/T, and x4, =m, /m, =1840. The dust charge Q, = Ca is calculated by using (5) in which

C is capacitance of dust grains(C=r). Z, is defined as 7 - Y, where y, =y(¢=0) is the dust
Vo

surface floating potential with respect to the unperturbed plasma potential at an infinite region. By

substituting ¢ =0 into (5) we have

\/O_i//"i A-wo)—puexp(oy,) =0 (6)
Z, can be expanded respect to ¢ as
Zy =1+71¢+72¢2+73¢3+---- (7)
where y, =Y, 7, Eﬂ[S] and y, :1‘/’7{; come from expanding y near y, so we can write
Yo 2y, Yo
VAR O € a7 NP CL k00 €l 720 R Ul N e 29) U2 ek o A 2%
Vo 1+o,(I1-y,) ’ 1t o,(l-yp,)
e 3L-B-30 " L-vo)l+y)lyi-[B+48)we+0, L-y )1+v)°1-BA+1L-v,) (8)
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3. Derivation of the KP equation
According to the reductive perturbation method, we choose the independent variables as & = £(X — At),

n=e’yand 7 =&t where A is the phase velocity of waves and ¢ is a small parameter which is
characterized the strength of the nonlinearity. Dependent variables are expanded as follows
n, =l+&’n, +&*ny +.. Uy =&%Upy + &MUy +...
Vy =& +EVy, +... , p=c¢ +e'e, +... 9)
Z,=1+6°Z +&'Z,, +&°Z,,
By substituting (9) into (2) and collecting the terms in the different powers of ¢ we have

1 o, +1- ov. -0
nld:_%’ uld:_ﬁ’ _2:71+u, i_ld:—¢1
A A A 1-u o0& on
4 =2, +Nyy +ZygNyy + L[Giﬂ +(1- ﬂ)]¢2 + (uo? =g
os* 1-u 21— p)
on on ov
St +i(nlduld+u2d)+ =0
or o0& o0& on (10)
auld -2 auZd + u]_d auld — a¢2 + Zld %
or o0& o0& o0& o0&
Finally the KP equation is obtained
3 2
i%Jraqﬁl%+ba—¢3l +ca—¢21=0 (11)
o8| or Y. on

Coefficients of nonlinear and dispersion terms are
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Recently Zhang S. has derived generalized solutions of (3+1)-dimensional KP equation [10]. One-
solitonic solution for (11) is given by [9]

¢ = ¢ sech®(y/w) (13)
where ¥ =& + 17 —ur . The amplitude and width of the solitons are
4, =3(u—c)/a w=2,/b/(u—c) (14)

Now we can compare the above results with the other authors' results. The above mentioned equations
agree with [9] for dusty plasma containing one ion with Boltzmann distribution. Results of Zhang and
Xue [8] for warm dusty plasma with the external static magnetic field agree with our results.

Fory, =y, =0, the above solitonic solutions agree with those of Duan for warm dusty plasma with

Boltzmann distribution ion, and also are reduced to equation of wave propagation in one dimension
which mentioned in [2]. Lin and Duan [11] have studied this medium with two ions and N different
species of dust grains and our results are compatible with their results.

Figuresl and 2 show the strength of nonlinear term of the KP equation and the solitonic profiles with

different values of the parameters, respectively. The y,and y, are zero in all the cases. From (12) one
can find that "a" is always negative for & = 0 when dust charge is constant. Also Figure 1 clearly
shows that "a" can be positive or negative for different values of «, zand o, . Figuresl and 2 present
that the parameter "a" is negative fora = 0.5 and 0 < < 0.43. Thus we have rarefactive soliton in
this range of parameters. Also for x> 0.43 "a" is positive so the compressive soliton can be appeared.

Figure 2 shows this situation too. These results show that the parameter & has important role. Also, it
is clear that the amplitude of compressive (rarefactive) solitons increases (decreases) as u

and o, increases and amplitude of compressive (rarefactive) solitons decreases (increases) as «
increases. The width of soliton decreases when s and o; increase and increases when « increases.
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Figure 1: Parameter “a” as a function of «, zand o, .In figure-a o; = 0.3 and in figure-b
a=05

4-76-5-4-3-21012345¢6T78
X

(c)

Figure2. The soliton profiles for different values of parameters. y,and y, are zero and u=1.1 in all
plots.

4. The modified KP equation

From (14) it is clear that the amplitude of solitons is highly depends on "a" which is a function
of u, B ,0o,,y, andy,. There exist values of density (which we called it the critical density) for which
the coefficient "a" becomes zero and thus ¢,, increases to infinity. Some researchers have studied KP

and KdV equations at the critical density and have obtained modified KP and modified KdV equations
[2,11,12]. Here with y; =y, =0, the critical density is

1
_[60,(1-B)+1+ 5" 1+{[60,(1- B) +1+5,']* —80," (2+ 35 —6 )
luc 4O_i2
In this case we save the stretching coordinates transform in section 3, but we use the new perturbation
expansions as

(15)

Ny =1+en, +&°n,, +&°ng +... : Uy = &l +&°Uyy +&Ugy +...
Vy =&V + &V, +EVy, +... : P=cd +&°d, +E%P +... (16)

Z, :1+5271¢1+54(71¢2 +72¢1)+56(71¢3 +27,0.9, +73¢13)
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Substituting the above expansions into (2) and collecting different orders of £ we can derive the

following equation
0|0 p,0208 0 4|, 0 17
— | A ApP T E— B—2L|+C—L=0 (17)
ag{ar ERACIPIPY (%i62) + oe* | o

where A, E, B and C are

N
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For critical density () "E" becomes zero and in this situation (17) reduces into the modified KP
equation
3 2
2 %+A¢f%+86—¢; +C8—¢§=O (19)
o¢| or o0& o0& on
This equation has solitonic solutions. One solitonic solution for this equation is [2,9]

¢ = ¢, sech[(§ +7-ur) /W] (20)
where u, ¢, =./6(u—C)/A and w =./B/(u—C) are velocity, amplitude and width of solitary wave.
The above results for one dimensional propagation with y; = 7, = 7, =0 can be compared with
results of [2]. Figures 3 show the parameter "A" as functions of #, ¢ ando;. They,,y;andy, are
zero in these Figures. It is clear that “A” is always positive.

Figure3: Parameter "A" as a function of 4,  and o,. In figure(a) o; = 0.3, in
figure(b) ¢ = 0.3
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5. Conclusion and remark
The KP equation was obtained in unmagnetized dusty plasma with variable dust charge; Boltzmann

distributed electrons and nonthermal ions. In this equation y, and y, are appeared and the effects of

non-thermal ions, relative density and relative temperature on the behavior of the solitons are
discussed. Since the nonlinear coefficient of the KP equation "a" can be positive or negative, it can

also be zero at a critical density ( 4 ). In critical density the amplitude of solitons diverges. In order to

find definite solutions, the new perturbation expansions are introduced so that the modified KP
equation is derived. In the mKP equation, a new parameter (y,) is appeared. It can be concluded that

when  — u., solitary waves of mKP equation has finite amplitudes at the critical density. Some

results which are presented in this paper can be compared with [2, 8, and 9]. The stability and energy
of the solitons of mKP equation and variations of them with respect to charge of dust particles can be
investigated in further works.
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