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ABSTRACT. In this talk, we show that if G=Z * Z,x ok Z o is the nth nilpo-
tent product of some cyclic p-groups, where ¢y >n, o) > op > ... > oy and (¢, p) =1

Zp# Ly ... % Ly, whete m =Y 0 and dpy = Foy+1---(Xey1 (Zmy Xey 4 (m)...).
N— ————

m—copies

1. INTRODUCTION

Let G be any group with a free presentation G = F /R. Then the Baer invariant
of G with respect to the variety of groups ¥, denoted by ¥’ M(G), is defined to be
YM(G) = (RNV(F))/[RV*F], where V is the set of words of the variety ¥, V(F) is
the verbal subgroup of F' and

[RVFF] = (W(f1yeeos fimts il fi s evos T )V( 1 eves fiyeoes ) '
reR fieFveV,1<i<nnéeN).

One may check that ¥’ M(G) is abelian and independent of the choice of the free
presentation of G. In particular, if ¥ is the variety of abelian groups, <7, then the
Baer invariant of the group G will be (RNF’)/[R, F], which is isomorphic to the well-
known notion the Schur multiplier of G, denoted by M(G). If ¥ is the variety of
polynilpotent groups of class row (c1,...,¢;), A¢,.c,,....c;» then the Baer invariant of a
group G with respect to this variety, which is called a polynilpotent multiplier of G, is
as follows:

Rﬁ’)/ct_H o"'OYL‘H-l(F)
[Rv ok 02YC1+1(F)7~-~7 e Yer1+1 O"'OYCH-I(F)]

where Y, 410 ... 0 Ye,+1(F) = Ye,+1(Ye,_,+1(..(¥e,+1(F))...)) are the term of iterated
lower central series of F. In particular, if # = 1 and c¢; = c then the Bear invariant of

CrM(G) = )
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G with respect to the variety .4, which is called the c-nilpotent multiplier of G, is
AeM(G) = (RN Yer1 (F))/[R, oF].
Historically, in 1956, J.A. Green [2] showed that the order of the Schur multiplier

of a finite p-group of order p” is bounded by pn(n; l). In 1991, Ya.G. Berkovich [1]

showed that a finite p-group of order p" is an elementary ablian p-group if and only
if the order of M(G) is p""~1)/2, In 1981, M.R.R. Moghaddam (see theorem 3.2 [5])
presented a bound for the polynilpotent multiplier of a finite p-group. He showed that
if ¥ is the variety of polynilpotent groups of a given class row and G is a finite d-
generator group of order p”, then |¥M(G)||V(G)| < |¥YM (ZE,”))|, where Z" denotes
the direct sum of m copies of Z,. In 2005, the second author and M.A. Sanati [5]
extended the result of Ya.G. Berkovich to the c-nilpotent multiplier of a finite p-group.
They showed that for an abelian p-group G, | A4:M(G)| = pX+1() if and only if G is
an elementary ablian p-group, where X, (n) is the number of basic commutators of
weight ¢ + 1 on n letters.

We show that if ¥ is the variety of polynilpotent groups of class row (cy,c¢2, ..., s),

e/%l’%,_,vcs, andG=7Z % Y7 P Yok Zptxt is the nth nilpotent product of some cyclic

p-groups, where ¢; >n, a; > ap > ... > oy and (¢, p) = 1 for all prime ¢ less than or

equal to n, then | A7, o, - M(G)| = pn if and only if G = Z, “ z, ¥ ¥ Z,, where
| N

m—copies
m= Z?:] ¢; and dy, = Xes+1 -~-(XL‘2+1 (Z?:l Xcl-‘rj(m)“‘)'
Definition 1.1. Let {G;}cs be a family of arbitrary groups. The nth nilpotent product
of the family {G;}e; is defined as follows:

ﬁ G = [Tic; Gi
icl Y1 (ITies Gi) N [Giligg

where [Ti.; G is the free product of the family {G;};cs, and

(Gl = (Gi, G|, j € 1,i # j)Tlier G

is the cartesian subgroup of the free product [T;; G; which is the kernel of the natural
homomorphism from []j; G; to the direct product ]_[I-XE ;Gi. If {Gi}ies is a family of

cyclic groups, then ¥,11(ITic; Gi) C [Gi]* and hence [Ti; Gi = [Tic; Gi/ Yot+1(ITic; Gi)
Theorem 1.2. [5] Let G be a finite d-generator p-group of order p", then
plr+l(d) < AMM(G)||7e41(G)| < pxﬁl(n).

Theorem 1.3. [5] Let G be an abelian group of order p". Then | N:M(G)| = pXe+1(n)
if and only if G is an elementary abelian p-group.

Az a conculosion of Theorem 3.2 of [5] and 2.3 of [4] we have :

Theorem 1.4. [45] Let G=Z,, ©Z,, D ... D Z,, be a finite d-generator p-group of
order p" and V' be the variety of polynilpotent groups of a given class row, then

[7M(G)||V(G)| < p™,
where fi = Xe,+1(Xe, 1+1(o-(Xey+1(0))...)) forall 1 <i < d.
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2. MAIN RESULTS

n

In a joint paper the second author [3], showed that if G =Z %o xZ % Z, .. %
—_—
m—copies
Z,, is the nth nilpotent product of some cyclic groups, where c; > n, ri;1 divides
riforall 1 <i<r—1 and (p,r;) =1 for all prime p less than or equal to n, then

*/%1.,62,---,CSM(G) — 7.(dm) @Zgﬂlimﬂ—dm) ... @ngimﬁ— m+z—1), where

n
di = X1 (- (Ao +1 (Y Xey (D))
j=1
In this section, we use the structure of polynilpotent multipliers of nilpotent product
to extend Theorem 1.3 to the polynilpotent multiplier of nilpotent products of cyclic
p-groups with some conditions.

Theorem 2.1. Let G =Z,« “ Z,x Yook Z,o: be the nth nilpotent product of some
cyclic groups, where o > 0p > ... > oy and (q,p) = 1 for all prime g less than or
equal to n. Let N, ., . ., be avariety of polynilpotent groups such that ¢y > n. Then

| ey e90ceM(G)| = pn if and only if G =7, % Z, Yok Z,, where Y, a; = m and
—_—————

m—copies

dm = Xegt1---(Xer+1 (K= Xey+j(m)...).

With the assumption and notation of Theorem 2.1, let n = 1, then the nth nilpotent
product of Zpa,» (1 <i<t)is the direct product of Zpai. So G is a finite abelian p-
group of order p™. Also d; will be equal to f; in Theorem 1.4. Therefore the following
corollary is a consequence of the above Theorem.

Theorem 2.2. Let G be an abelian group of order p™. Then |4 M (G)| = p/m

if and only if G is an elementary abelian p-group
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