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Abstract Let H be a locally compact group and K be a locally compact abelian
group. Also let G = H ×τ K denote the semidirect product group of H and K , respec-
tively. Then the unitary representation (U,L2(K)) on G defined by U(h,x)f (y) =
δ(h)

1
2 f (τh−1(yx−1)) is called the quasi regular representation. The properties of this

representation in the case K = (Rn,+), have been studied by many authors under
some specific assumptions. In this paper we aim to consider a general case and ex-
tend some of these properties when K is an arbitrary locally compact abelian group.
In particular we wish to show that the two conditions (i) δ�H �≡ 1, and (ii) the sta-
bilizers Hω are compact for a.e. ω ∈ ̂K; both are necessary for square integrability
of U . Furthermore, we shall consider some sufficient conditions for the square inte-
grability of U . Also, for the square integrability of subrepresentations of U , we will
introduce a concrete form of the Duflo-Moore operator.

Keywords Semidirect product · Fourier transform · Locally compact abelian (LCA)
group · Square integrable representation
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1 Preliminaries and Introduction

Throughout this article G will denote a locally compact group. It is very well known
that such a group possesses a left Haar measure μG, that is unique up to a mul-
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tiplication by constants. By Lp(G),1 ≤ p < ∞ will denote the Banach space of
all equivalent classes of a.e. defined complex valued μG measurable functions f

on G such that ‖f ‖p = (
∫

G
|f (x)|pdμG(x))1/p < ∞. For any locally compact

group G, there exists a continuous homomorphism �G : G −→ (0,+∞) such that
∫

G
f (xy)dμG(x) = �G(y−1)

∫

G
f (x)dμG(x), for all f ∈ L1(G); �G is called the

modular function of G, G is called unimodular if �G ≡ 1.
A unitary representation of G is a homomorphism π : G −→ U (H) where H

is a non-zero Hilbert space and U (H) is the group of all unitary operators on Hπ

which is continuous with respect to the strong operator topology. If M is a non-zero
closed and π -invariant subspace of H, the restriction of π to M , πM(x) := π(x)|M
defines a representation of G on M , called a subrepresentation of π . One of the
well known continuous unitary representation on a locally compact group is the left
regular representation which is defined as L : G −→ U (L2(G)), x 	−→ Lx where
Lxf (y) = f (x−1y) for all x, y ∈ G and all f ∈ L2(G). A unitary representation π

on a Hilbert space H is called irreducible if the only closed subspaces of H that are
invariant under π(x), for all x ∈ G are {0} and H. Usually the left regular represen-
tation is not irreducible, for more details one can refer to [6]. The irreducible unitary
representations of a locally compact group G are the basic building blocks of the
harmonic analysis associated to G. If π is an irreducible unitary representation of G

on a Hilbert space H, we wish to find a vector ψ in H such that
∫

G

〈η,π(x)ψ〉π(x)ψdμG(x) = η, ∀η ∈ H. (1)

Such a vector ψ is called an admissible vector. The existence of an admissible
vector is not generally guaranteed [13]. However, (1) is equivalent to
∫

G
|〈ψ,π(x)ψ〉|2dμG(x) < ∞ or

∫

G
|〈η,π(x)ψ〉|2dμG(x) < ∞ for all η ∈ H (for

more details see [2]). The irreducible unitary representation π is called square inte-
grable if at least one nonzero admissible vector in H exists. It can be shown that if
π is square integrable then there exists a dense set of admissible vectors in H. More-
over, if G is unimodular then every nonzero vector is admissible and consequently
(1) holds for all ψ in H.

Now fix an admissible vector ψ in H. If we define Wψ : H −→ L2(G) by

(Wψη)(x) = C
−1
2

ψ 〈η,π(x)ψ〉, η ∈ H, x ∈ G,

where Cψ = 1
‖ψ‖2

∫

G
|〈ψ,π(x)ψ〉|2dμG(x), then Wψ has the following proper-

ties [2]:

– Wψ is a linear isometry onto a closed subspace Hψ of L2(G).
– Wψ intertwines π and the left regular representation L, (i.e. Wψπ(x) = LxWψ,

∀x ∈ G).
– The adjoint of Wψ and W−1

ψ are coincide on Hψ .
– The inversion formula holds i.e.

∫

G

(Wψη)(x)π(x)ψdμG(x) = Cψη, ∀η ∈ H. (2)

Wψ is known as the continuous wavelet transform.
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For example when G is the Affine group, which is the semidirect product of the
two locally compact abelian (LCA) groups (R \ {0}, .) and (R,+) with the group
operations

(a, b)(c, d) = (ac, b + ad), (a, b)−1 =
(

1

a
,
−b

a

)

,

the quasi regular representation U of G on the Hilbert space L2(R) defined by

(U(a, b)f )(x) = a
−1
2 f (x−b

a
), is an irreducible unitary representation of G. A vec-

tor ψ ∈ L2(R) is an admissible vector for U if C2
ψ = ∫

R

|̂ψ(ω)|2
|ω| dω < ∞, where ̂ψ

denotes the Plancherel transform of ψ [13]. Hence according to [5] for an admissi-
ble vector ψ we can define the continuous wavelet transform Wψ by Wψf (a, b) =
〈f,U(a, b)ψ〉 where f ∈ L2(R), a ∈ R\{0}, b ∈ R and rewrite the inversion formula
(2) as follows:

∫

R\{0}

∫

R

〈f,U(a, b)ψ〉U(a,b)ψ
dadb

a2
= Cψf.

The wavelet transform has rich theoretical structures and is extremely useful as
tools for building signal transforms, adapted to various signal geometries, quantum
mechanics, . . . [2, 7]. Continuous wavelet transform admits a quite natural general-
ization to locally compact groups. Such a unified approach seems to be useful since
it emphasizes on a clear way the basic features of continuous wavelet transform and
includes all cases important for applications. Although a lot of the basic results also
hold for locally compact groups, the general theory for these groups is considerably
more complicated.

It should be noted that generally the quasi regular representation U is not irre-
ducible. For example, in the Affine group where G = (0,+∞) ×τ R, U is not irre-
ducible. But one can still find a class of square integrable subrepresentations of the
quasi regular representation (see Theorem 2.9 of [3]). H. Fuhr in [8] and S.T. Ali et al.
in [1] have considered the semidirect product H ×τ R

n when H is a closed subgroup
(but not necessarily abelian) of GL(n,R). They proved that compactness of some
special kinds of stabilizers are necessary for the square integrability of subrepresen-
tations of U . Moreover, they have shown in this case the Duflo-Moore operator can
be rewritten as a multiple of modular function of the group H ×τ R

n. In this article
we extend these results for the group H ×τ K where H and K are locally compact
groups, and K is also abelian.

2 Main Results

For two locally compact groups H and K where K is also abelian, let h 	−→ τh be
a homomorphism of H into the group of automorphisms of K denoted by Aut(K).
Also assume that the mapping (h, x) 	−→ τh(x) from H × K onto K is continuous.
Then the set H × K endowed with the product topology and the operations:

(h, x).(h′, x′) = (hh′, x.τh(x
′)),
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(h, x)−1 = (h−1, τh−1(x
−1))

is a locally compact group. This group is called the semidirect product of H and
K , respectively, and is denoted by H ×τ K . Let G = H ×τ K . Then the left Haar
measure of G is dμG(h,x) = δ(h)dμH (h)dμK(x) and �G(h,x) = δ(h)�H (h) is
its modular function, in which δ is a positive continuous homomorphism on H and is
given by

μK(E) = δ(h)μK(τh(E)), (3)

for all measurable subsets E of K . Next we define the quasi regular representation
on a semidirect product group.

Definition 2.1 According to the above notations, the quasi regular representation

(U,L2(K)) on G = H ×τ K is defined by U(h,x)f (y) = δ(h)
1
2 f (τh−1(yx−1))

where f ∈ L2(K), (h, x) ∈ G and y ∈ K .

U is not generally irreducible [13]. Consider ̂K as the dual group of the LCA
group K and denote its left Haar measure by dω. Then one can define a continuous
action from H on ̂K by (h,ω) 	→ ω ◦ τh. Now for a fix ω ∈ ̂K , the stabilizer and the
orbit of ω, that play a key role in our discussion are defined by

Hω := {h ∈ H ;ω ◦ τh = ω}, Oω := {ω ◦ τh;h ∈ H },
respectively. Hω is a closed subgroup of H and Oω is an H -invariant subset in ̂K .

A measurable invariant subset A of ̂K with positive measure is called ergodic if the
only measurable invariant subset of A with positive measure is A. For any measurable
invariant subset A of ̂K with positive measure define

L2
A(K) := {f ∈ L2(K); supp( ̂f ) ⊆ A}.

It is a closed U -invariant subspace of L2(K) and therefore the restriction of U to
L2

A(K), denoted by UA, is a subrepresentation of U . Moreover, if A is ergodic then
UA is irreducible. In [3], it is shown that every irreducible subrepresentation of U is
equivalent to a representation of this form. Therefore the quasi regular representation
U is irreducible if there is any nontrivial invariant subset in ̂K . We are interested in
finding an equivalent condition depending on the structure of orbits. To do so, first
we need a couple of lemmas:

Lemma 2.2 Consider the semidirect product H ×τ K. Then for every g ∈ L1(K) ∩
L2(K),h ∈ H and ω ∈ ̂K we have;

(g ◦ τh)
̂(ω) = δ(h)ĝ(ω ◦ τh−1), (4)

d(ω ◦ τh−1) = δ(h)dω. (5)

Proof Let g ∈ L1(K) then there exists a sequence {gn} in Cc(K), the space of all
continuous and compact supported functions on K , such that gn −→ g in the norm
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topology of L1(K). It is clear that gn◦τh ∈ Cc(K) for all h ∈ H and n ∈ N. Moreover,
(3) implies that

‖gn ◦ τh − g ◦ τh‖1 = δ(h)‖gn − g‖1.

That is, g ◦ τh ∈ L1(K). Now a straightforward calculation gives (4). To obtain (5),
note that d(ω◦τh) is a translation invariant measure on ̂K and if g ∈ L1(K)∩L2(K),
then

∫

̂K

|̂g(ω)|2dω =
∫

K

|g(x)|2dμK(x) = δ(h−1)

∫

K

|g(τh(x))|2dμK(x)

= δ(h−1)

∫

̂K

|(g ◦ τh)
̂(ω)|2dω = δ(h)

∫

̂K

|̂g(ω ◦ τh−1)|2dω. �

Lemma 2.3 Let H be a locally compact group and f ∈ L1(H) be non-negative. If
∫

C
f (x)dμH (x) = 0, for every compact subset C of H, then f ≡ 0.

The proof is straightforward.

Definition 2.4 A nonzero ψ in L2(K) is called a wavelet vector for the quasi regu-
lar representation (U,L2(K)) if C2

ψ := ∫

H
|̂ψ(ω ◦ τh)|2dh < ∞ is constant for a.e.

ω ∈ ̂K .
It is worthwhile to note that every wavelet vector is an admissible vector [3].

For an LCA group K the mapping T (x) = x2 is a continuous homomorphism
from K onto K2 := T (K), a subgroup of K . This map is not open, in general. For
example, let K1 = ∏∞

i=1 Z2 be endowed with the product topology. Then consider
K = ∏∞

i=1 Z4 and regard K1 as a subgroup of K , where we identify the elements of
Z2 with the elements of Z4 of order ≤ 2. We endow K with the topology such that
K1 is an open and compact subgroup of K . Obviously (K1)

2 = {0} and K2 = K1.
Hence T is not open.

Nevertheless, a reasonably large class of continuous homomorphisms are automat-
ically open, as Theorem 5.29 of [11] shows. For instance, if K is a σ -compact locally
compact abelian group such that K2 is closed, then T is open. Recall that, every open
subgroup is automatically closed. Also it is worthwhile to note that for every LCA
group K with open component of identity, K2 is open, (combine Theorems 24.25
and 24.30 of [11]). In particular, K2 is open if K is an LCA Lie group.

The next proposition will be needed in the sequel.

Proposition 2.5 Let K be an LCA group such that the mapping T : K −→ K2;
x 	−→ x2 is a topological isomorphism. Then there exists a constant CK > 0 such
that μK(E) = CKμK(E2) for any measurable subset E of K. In this case, if M is an
open subgroup of K then CM = CK .

Proof First note that K2 is an open subgroup of K . Hence its Haar measure is the
restriction of μK to K2. On the other hand, if we define the set function ν on K2 by
ν(E) = μK(T −1(E)) for any Borel set E of K2, then ν is a Borel Radon measure
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which is also translation invariant, that is, ν(aE) = ν(E) for all a ∈ K2. Hence by
the uniqueness of the Haar measure, there is a constant CK > 0 such that ν = CKμK .
This completes the proof of the first part. For the second part, consider a non-empty
compact subset A of M then we have

CM = μK(A)

μK(A2)
= CK. �

Corollary 2.6 With assumptions in the Proposition 2.5

(i) If K is discrete then CK = 1.
(ii) If K has a compact subgroup with positive measure (in particular, K is compact)

then CK ≥ 1.

For the remainder, we assume that T : K −→ K2; x 	−→ x2, is a topological iso-
morphism, namely K is topologically isomorphic to its open subgroup K2.

It is worthwhile to recall that there exists a topological isomorphism T0 from R
n ×

L onto K where L is an LCA group containing a compact open subgroup L0 and the
unique nonnegative integer n is the covering dimension of K as a topological space
(see Theorem 24.30 of [11]). Let μRn and μL be the Haar measures of R

n and L,
respectively. Then by Proposition 2.5 there exists a constant CK > 0 such that

(μRn × μL)(E) = CKμK(T0E),

for all measurable subsets E of R
n × L. Put E = ∏n

i=1[ai, bi] × L0, then

CKμK((T0E)2) = CKμK(T0E
2) = (μRn × μL)(E2)

= μRn

(

n
∏

i=1

[2ai,2bi]
)

.μL(L2
0) = 2n 1

CL0

CKμK(T0E).

Therefore CK = ( 1
2 )nCL0 . Now assume that ω 	−→ ω2 is a topological isomorphism

from ̂K onto (̂K)2, then similarly C
̂K is also a multiple of two numbers; one of

them less than or equal to 1 and another one ≥ 1. For example, if K is topologically
isomorphic with R

n ×L0, in which L0 is a compact group, then Corollary 2.6 implies
that C

̂K = 1
2n . It is easy to see that if CK and C

̂K exist, then CK = C
̂K . Moreover

CK = C
̂K = 1 iff K is discrete or has a compact open subgroup.

In [14], R. S. Laugesen et al. have introduced necessary and sufficient conditions
to generate wavelet vectors associated to the quasi regular representation of H ×τ R

n.
The next theorem generalize this result.

Theorem 2.7 Let G = H ×τ K and (U,L2(K)) has a wavelet vector ψ . Then

(i) The stabilizer of ω is compact for a.e. ω ∈ ̂K .
(ii) δ�H �≡ 1, if C

̂K �= 1. In particular, G is non-unimodular.
(iii) For every ω ∈ ̂K that its orbit A := Oω has positive measure, the subrepresen-

tation UA is square integrable.
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Proof Let ψ be a wavelet vector. Then C2
ψ = ∫

H
|̂ψ(ω◦τh)|2dh < ∞, for a.e. ω ∈ ̂K .

By contrary, assume that Hω is not compact for some ω ∈ ̂K . Let C ⊂ H be compact
and h1 ∈ Hω. Then Hω �⊆ h1CC−1, so there exists h2 ∈ Hω such that h2 /∈ h1CC−1.
By induction we obtain a collection of mutually disjoint compact sets {hnC} with
hn ∈ Hω \ ⋃n−1

j=1 hjCC−1, n ≥ 2. Then

∞ > C2
ψ =

∫

H

|̂ψ(ω ◦ τh)|2dh ≥
∑

n

∫

hnC

|̂ψ(ω ◦ τh)|2dh =
∑

n

∫

C

|̂ψ(ω ◦ τh)|2dh.

Hence
∫

C
|̂ψ(ω ◦ τh)|2dh = 0 for all compact subsets C of H . Now Lemma 2.3

implies ̂ψ = 0 which is a contradiction. To prove (ii) assume that δ�H = 1 . Fix a
wavelet vector ψ ∈ L2(K); since the constant Cψ is independent of ω ∈ ̂K we have

C2
ψ‖ψ‖2

2 =
∫

H

|̂ψ(ω2 ◦ τh)|2dμH (h)

∫

̂K

|̂ψ(ω)|2dω

=
∫

̂K

∫

H

|̂ψ(ω2 ◦ τh)|2|̂ψ(ω)|2dμH (h)dω

=
∫

̂K

∫

H

|̂ψ(ω2)|2|̂ψ(ω ◦ τh−1)|2δ(h)dμH (h)dω

=
∫

̂K

|̂ψ(ω2)|2
∫

H

|̂ψ(ω ◦ τh)|2δ(h−1)�(h−1)dμH (h)dω

=
∫

̂K

|̂ψ(ω2)|2dω.C2
ψ

= C2
ψ‖ψ‖2

2Ĉk.

Which it is impossible. Finally (iii) is a consequence of (i) and Theorem 2.10 of [3]. �

Note that the necessary conditions (i) and (ii) in the Theorem 2.7 are not sufficient.
In fact, let H = {2j a : j ∈ Z, a ∈ SL(2,Z)}. Then (U,L2(R2)) on H ×τ R

2 doesn’t
have any admissible vector. Moreover, �H δ �≡ 1 and for a.e. ω ∈ ̂R2 the stabilizer is
compact [14]. R.S. Laugesen et al. introduced the sufficient conditions when K = R

n

(see Theorem 4.1). It also holds when K is compactly generated abelian Lie group.
Now we are confronted with a question: When is the quasi regular representation

square integrable? To answer this question, we require some information about orbits.
If K is an LCA group then:

• O1
̂K

= {1
̂K}.

• For any ω ∈ ̂K , Oω is an H -invariant subset of ̂K .
• Oω = Oγ iff Oω ∩ Oγ �= φ.

• There exists ω ∈ ̂K such that Oω = ̂K \ {1
̂K} iff Oω = ̂K \ {1

̂K} for all ω �= 1
̂K .

Proposition 2.8 Let U be the quasi regular representation associated to the semi
direct product group G = H ×τ K and ̂K \ {1

̂K} = Oω for some ω ∈ ̂K . Then U
is irreducible. Moreover, if there exists an open orbit, then Oγ = ̂K a.e. for some
γ ∈ ̂K .
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Proof If Oω = ̂K \ {1
̂K} then U is irreducible since there is no nontrivial invariant

subset in ̂K (see [3]). If U is irreducible and the orbit of γ has positive measure for
some γ in ̂K , then A := Oγ is an ergodic subset in ̂K and L2

A(K) will be an U -
invariant closed subspace of L2(K). Now irreducibility of U implies that L2

A(K) =
L2(K), hence Oγ = A = ̂K a.e. �

Corollary 2.9 If there exists γ ∈ ̂K with open orbit then the quasi regular represen-
tation U is square integrable iff Oγ = ̂K \ {1

̂K} and the stabilizer of ω is compact
for a.e. ω ∈ ̂K .

Notice that the affine group R \ {0} ×τ R satisfies Corollary 2.9.

3 Duflo-Moore Operator for Square Integrable Subrepresentations of Quasi
Regular Representation

Let G be a locally compact group and U a square integrable representation of G

on the Hilbert space H. Then there exists a unique positive, self adjoint, invertible
operator C on H such that its domain is the set of all admissible vectors that is dense
in H. If ψ1 and ψ2 are two admissible vectors and φ1 and φ2 are arbitrary vectors in
H, then

∫

G

〈U(g)ψ1, φ1〉〈U(g)ψ2, φ2〉dμG(g) = 〈Cψ2,Cψ1〉〈φ1, φ2〉. (6)

Furthermore, G is unimodular iff C is a multiple of the identity. The operator C is
called the Duflo-Moore operator and (6) is referred as the orthogonality relation [1,
10].

Now assume that H is a locally compact group and K is an LCA group. Let
G = H ×τ K denote the semidirect product of H and K respectively, and let
(U,L2(K)) be the quasi regular representation of G. Fix γ ∈ ̂K and take A = Oγ .
In [3] it is shown that A has positive measure and the stabilizers of A are compact iff
the subrepresentation (UA,L2

A(K)) is square integrable. In this case every wavelet
vector in the sense of Definition 2.4 will be an admissible vector. Our aim is to find a
concrete form for Duflo-Moore operator associated to the square integrable subrep-
resentations of U . For the remainder of this section, we restrict our attention to the
case that the natural map hHγ −→ γ ◦ τh−1 is a homeomorphism. In [9] Glimm has
found some equivalent conditions to this property.

Lemma 3.1 If (UA,L2
A(K)) is a square integrable subrepresentation of U and ψ ∈

L2
A(K) is an admissible vector, then

C2
ψ = c0

∫

A

|̂ψ(ω)|2c(ω)dω, (7)

where c(ω) = �(h)δ(h) defines a continuous function on A and c0 is a constant.
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Proof The map Tγ : H −→ Oγ ;h 	→ γ ◦ τh transfer μH to a measure on Oγ . In fact
ν(E) = μH (T −1

γ (E)) for measurable subsets E of Oγ defines a regular Borel mea-

sure ν on Oγ . Moreover a straightforward calculation gives T −1
γ (E ◦ τh) = T −1

γ (E)h

where E ◦ τh = {ω ◦ τh;ω ∈ E} is the image of Borel measurable subset E of Oγ

under the natural action of H on ̂K . Hence, if νh is defined by νh(E) = ν(E ◦ τh−1)

then the Radon-Nikodym derivative is given by

dνh

dν
= �(h−1).

For a moment let us denote by λ the Haar measure of LCA group ̂K . Then by (3) we
have:

dλh

dλ
= δ(h).

On the other hand, since H/Hγ and Oγ are homeomorphic, one can consider
the strongly quasi invariant measures ν̃ and ˜λ on the homogeneous space H/Hγ

as the image of ν and λ, respectively. But by Theorem 2.59 of [6] every strongly
quasi invariant measure arises from a rho-function on H . Therefore, there are two
rho-functions ρν and ρλ such that

∫

H

f (γ ◦ τh−1)ρν(h)dμH (h) =
∫

H/Hγ

∫

Hγ

f (γ ◦ τa−1h−1)dadν̃(hHγ )

=
∫

H/Hγ

f (γ ◦ τh−1)dν̃(hHγ ) =
∫

Oγ

f (ω)dν(ω),

in which f is measurable function on Oγ and da is the normalized Haar measure on
compact group Hγ . A similar expression holds for ρλ, hence by Theorem 2.56 of [6]

ρν(h) = ρν(1H )�H (h−1), ρλ(h) = ρλ(1H )δ(h).

Furthermore, the Radon-Nikodym derivative can be calculated as dν
dλ

(γ ◦ τh) =
ρλ(1H )
ρν(1H )

�(h)δ(h). Finally take c0 = ρλ(1H ) then we have:

C2
ψ =

∫

H

|̂ψ(γ ◦ τh)|2dμH (h) = 1

ρν(1H )

∫

Oγ

|̂ψ(ω)|2dν(ω)

= c0

∫

A

|̂ψ(ω)|2�(h)δ(h)dλ(ω). �

Now by combining (6) and (7) we can obtain the Duflo-Moore operator as follows;

Theorem 3.2 If A = Oγ is an open orbit for some γ ∈ ̂K and C is the Duflo-Moore
operator associated to square integrable subrepresentation (UA,L2

A(K)) then there
exits a c0 > 0 such that

(Cψ)̂(γ ◦ τh) = (c0δ(h)�(h))
1
2 ̂ψ(γ ◦ τh),

for all ψ in L2
A(K) and h ∈ H .
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4 Examples

In this section we review some examples of semidirect products. Let H be a locally
compact group and there exists a continuous homomorphism τ from H to GL(n,R).
Many authors have been studied the quasi regular representation associated to the
group H ×τ R

n, see [1, 4, 7, 12]. In this case the best results are due to Laugesen and
et al. [14].

Theorem 4.1 (R.S. Laugesen et al. [14]) Let H be a σ -compact, locally compact
group, and h 	−→ τh from H to GL(n,R) be a continuous homomorphism. Take G =
H ×τ R

n, for ω ∈ ̂Rn and ε > 0 let

Hω
ε = {h ∈ H ; ‖ω ◦ τh − ω‖ ≤ ε}

be the ε-stabilizer of ω. Then

(i) If the quasi regular representation of G is square integrable, then �H �≡ δ−1 and
Hω

0 , the stabilizer of ω, is compact for a.e. ω ∈ R
n.

(ii) If �H �≡ δ−1 and for a.e. ω ∈ R
n there exists an ε > 0 such that the ε-stabilizer

of ω is compact, then the quasi regular representation of G has an admissible
vector.

By using Theorem 4.1, we can construct some examples of semidirect products
H ×τ R

n that satisfy the Theorem 2.7 (see also [3, 14]).

Example 4.2 Let H be a σ -compact, locally compact connected group and for all
h ∈ H , τh : R

n −→ R
n is given by x 	−→ �H (h)x. Then G = H ×τ R

n is a locally
compact group with δ = �−1. So that G is unimodular and so by Theorem 2.7(ii)
the quasi regular representation U is not square integrable. Also, one can check this
directly. Indeed, it is clear that for every ω �= 0 in ̂Rn, the orbit of ω is the straight line
that passes from ω and (0,0, . . . ,0) without the origin. Let α and β be two nonzero
points in ̂Rn with different orbits. Then the cone obtained by Oα and Oβ in ̂Rn is
an invariant set. Hence, by [3] there are many reducible subrepresentations of U . In
particular U is not irreducible.

Example 4.3 It is easy to see that for every compact group H , the semidirect product
H ×τ R

n is unimodular. Hence, the quasi regular representation associated to H ×τ

R
n is not square integrable.

Example 4.4 Let

H =
{

⎛

⎝

x 0 y

0 x−1 0
0 0 1

⎞

⎠ : x �= 0, y ∈ R

}

.

We observe that left Haar measure is x−2dxdy while right Haar measure is
|x|−1dxdy. So H is not unimodular and �H �≡ δ−1. It is also clear that if
(ω1,ω2,ω3) ∈ R

3 with ω1ω2 �= 0, then the ε-stabilizer Hω
ε is compact for ε > 0
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sufficiently small. Hence, part (ii) of Theorem 4.1 shows that the quasi regular repre-
sentation of H ×τ R

3 has an admissible vector.

Now we discuss an important example of semidirect product groups, i.e. the
Heisenberg group, see [1, 3]. First we review H(G), the Heisenberg group of an LCA
group G, then we show that quasi regular representation on H(G) is not square inte-
grable. Note that the second component of this group is not R

n, hence Theorem 4.1
would certainly fail this requirement.

Example 4.5 (The Heisenberg group) For every LCA group G, the Heisenberg group
of G, is defined by H(G) = G×τ (̂G×T ) in which for any x ∈ G the automorphism
τx on ̂G × T is τx(ω, z) = (ω, zω(x)). Also, the operations of H(G) are defined as
follows:

(x1,ω1, z1).(x2,ω2, z2) = (x1x2,ω1ω2, z1z2ω2(x1)),

(x,ω, z)−1 = (x−1,ω, zω(x)).

A straightforward calculation gives that δ ≡ 1. Hence H(G) is unimodular and
dxdωdz is its Haar measure. Now we are going to show that the quasi regular repre-
sentation of H(G) is not square integrable. To see this, we define the representation
(π,L2(̂G)) on H(G) by

(π(x,ω, z)f )(γ ) = zγ (x)ω(x)f (γω), for (x,ω, z) ∈ H(G),f ∈ L2(̂G).

Lemma 4.6 The above representation (π,L2(̂G)) is square integrable.

Proof Assume that f,g ∈ L2(̂G) and Tω is the translation operator on L2(̂G). Then
by Plancherel Theorem (4.25 of [6]) we have;

∫

H(G)

|〈f,π(x,ω, z)g〉|2dzdxdω

=
∫

̂G

∫

G

∫

T

∣

∣

∣

∣

∫

̂G

f (γ )zγ (x)ω(x)g(γω−1)dγ

∣

∣

∣

∣

2

dzdxdω

=
∫

̂G

∫

G

∣

∣

∣

∣

∫

̂G

f (γ )γ (x)(Tω−1g)(γ )dγ

∣

∣

∣

∣

2

dxdω

=
∫

̂G

∫

G

|(f.Tω−1g)̂(x)|2dxdω

=
∫

̂G

∫

̂G

|(f.Tω−1g)(γ )|2dγ dω

=
∫

̂G

∫

̂G

|f (γ )|2|g(γω−1)|2dγ dω = ‖f ‖2
2‖g‖2

2.

It follows that every element in L2(̂G) is cyclic and admissible. Hence (π,L2(̂G)) is
square integrable by Schur’s Lemma (3.5 of [6]) [6]. �
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If we consider L2(̂G) as a closed subspace of L2(̂G × T ) via the embedding map
f 	→ ˜f where ˜f (ω, z) = zf (ω) for all f ∈ L2(̂G), then π is a non-trivial square
integrable subrepresentation of the quasi regular representation U on H(G) and so U

is not square integrable.
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