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Abstract. In this article we show that if V is the variety of polynilpotent groups
of class row (c1,¢2,...,¢s)s Neyregroess ad G = Zpos ¥ Z oo ¥k Zpo, is the
nth nilpotent product of some cyclic p-groups, where ¢ > n, a1 > as > ... > o
and (¢,p) = 1 for all primes ¢ less than or equal to n, then [N, .. . M(G)| =
p?m if and only if G = Z, ¥ Z, ¥ oo x Z, (m-copies), where m = 22:1 a; and
dm = Xeat1 (- (Xea+1(2j=1 Xer+5(m))).--.). Also, we extend the result to the multiple
nilpotent product G = Z,e o /e (o Zyo., where ¢ > ng > .. > ny_g.
Finally a similar result is given for the c-nilpotent multiplier of G = Zp, ¥ Zer ¥

ok Z,0. with the different conditions n > ¢ and (¢,p) = 1 for all primes ¢ less than
or equal to n + c.
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1 Introduction and motivation

Let G be any group with a presentation G = F/R, where F is a free group. Then
the Baer invariant of G with respect to the variety of groups V, denoted by VM (G), is

defined to be ROV(F)
M(G) = ———~
VM) = v
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where V' is the set of words of the variety V, V(F) is the verbal subgroup of F' and

[RV*F] = <v(f1)"')fi—17fi7‘7 fi-i-lr-wfn)v(fl) "'7fi7 "'7fn)71|
reR, fie F,ueV,1<i<n,neN).

One may check that VM(G) is abelian and independent of the choice of the free
presentation of G. In particular, if V' is the variety of abelian groups, A, then the Baer
invariant of the group G will be (RN F’)/[R, F], which is isomorphic to the well-known
notion the Schur multiplier of G, denoted by M (G). If V is the variety of polynilpotent
groups of class row (c1,...,¢s), Nejeo,.. o then the Baer invariant of a group G with
respect to this variety, which is called a polynilpotent multiplier of G, is as follows:

R0 o110 00 Yoy 1 (F)

N SM G) = )
e ( ) [Ra 61F7 02761+1(F)""> csVes—14+1 © "'0761+1(F)]

where Ve, 410 .. 0 Yoy +1(F) = Yeotr1(Vee 141 (- (Ve 41 (F))...)) are the term of iterated
lower central series of F'. See Hekster [6] for the equality

[RN*017027~-~7CSF] = [Rv C1F7 02701+1(F)7 oy csVeg—1+1 O --- O’YC1+1(F)]'

In particular, if s = 1 and ¢; = ¢, then the Baer invariant of G with respect to the
variety N, which is called the c-nilpotent multiplier of G, is

RN ’}/c+1<F)

NM(G) = =3~ F

Historically, Green [4] showed that the order of the Schur multiplier of a finite p-

n(n—1)

group of order p™ is bounded by p~ 2 . Berkovich [2] showed that a finite p-group of
order p™ is an elementary abelian p-group if and only if the order of M (G) is pr(n=1/2,
Moghaddam [15,16] presented a bound for the polynilpotent multiplier of a finite p-
group. He showed that if V is the variety of polynilpotent groups of a given class row
and G is a finite d-generator group of order p™, then
VM(Z{)| < [VM(G)|IV(G)] < [VM(Z{V)],

where Z%m) denotes the direct sum of m copies of Z,. As a consequence, using the
structure of VM (Z;,n)) in [12], we can show that the order of the nilpotent multiplier of
a finite p-group of order p™ is bounded by pXe+1(™)  where Xe+1(n) is the number of basic
commutators of weight ¢ + 1 on n letters. The first author and Sanati [13] extended a
result of Berkovich to the c¢-nilpotent multiplier of a finite p-group. They showed that
for an abelian p-group G, |N.M(G)| = pX=+1(") if and only if G is an elementary abelian
p-group. Putting an additional condition on the kernel of the left natural map of the
generalized Stallings-Stammbach five-term exact sequence, they showed that an arbitrary
finite p-group with the c-nilpotent multiplier of maximum order is an elementary abelian
p-group.
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Unfortunately, there is a mistake in the proof of Theorem 3.5 in [13] due to using the
inequality ixc4+1(%) < Xe41(2 + 1) which is not correct in general. In this paper, first, we
give a correct proof for Theorem 3.5 in [13]. Second, we extend the result in different
directions. In fact, we show that if V is the variety of polynilpotent groups of class row
(€1,625,¢5), Neyea,ocsr a0d G =2 Zipey ¥ Y/ ¥o¥ Zc. is the nth nilpotent product
of some cyclic p-groups, where ¢; > n, a1 > ag > ... > oy and (q,p) = 1 for all primes
q less than or equal to n, then |Ng, ¢, . M(G)| = p?™ if and only if G = Z, % Z, %
K Z,, (m-copies), where m = S°_, a; and d,,, = Xeo+1 (- (Xeat1 (X221 Xer+5(m)))--.)-
Also, we extend the above result to the multiple nilpotent product of cyclic p-groups
G = Zpn ¥ YA . Zyoir, when ¢ > ny > ... > ns—1. As a consequence we
show that the polynilpotent multiplier of a finite abelian p-group G has maximum order
if and only if G is an elementary abelian p-group. Finally we give a similar result for
the c-nilpotent multiplier of G = Z, % Z s ¥ ¥ Z,e:, with the different conditions
n > c and (¢q,p) = 1 for all primes ¢ less than or equal to n + c.

2 Notation and preliminaries

Definition 2.1. Let {G;}icr be a family of arbitrary groups. The nth nilpotent product
of the family {G;}icr is defined as follows:

f[G‘ _ Hre] G;
. ’Yn+1<H;keI Gi) N [Gi]fel’

where []7.; G; is the free product of the family {G;}icr, and
(Gilicr = ((Gi,Gjlli, j € 1, # j)llier &

is the cartesian subgroup of the free product er ; G which is the kernel of the natural
homomorphism from [[;.; G; to the direct product [];z; G;. For further properties of
the above notation see Neumann [17]. If {G;}ies is a family of cyclic groups, then

'YnJrl(H;'keI G;) C [G;]* and hence Hjef G = H:el Gi/Yn+1 (H:ef Gi).

Definition 2.2. A variety V is said to be a Schur-Baer variety if for any group G for
which the marginal factor group G/V*(G) is finite, then the verbal subgroup V(G) is
also finite and |V (G)| divides a power of |G/V*(G)|.

Schur proved that the variety of abelian groups, A, is a Schur-Baer variety (see [10]).
Also, Baer [1] proved that if u and v have Schur-Baer property, then the variety defined
by the word [u, v] has the above property.

The following theorem gives a very important property of Schur-Baer varieties.

Theorem 2.3. (Leedham-Green, McKay [11]). The following conditions on a variety V
are equivalent:
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(i) V is a Schur-Baer variety.
(ii) For every finite group G, its Baer invariant, VM (G), is of order dividing a power of
Gl

In the rest of this section we review some theorems required in the proofs of the main
results of the article.

Theorem 2.4. (Jones [9]). Let G be a finite d-generator group of order p™. Then
pIY |G M(G)] < pEn Y,

Theorem 2.5. (Berkovich [2]). Let G be a finite group of order p"”. Then |M(G)| =

p%”(”fl) if and only if GG is an elementary abelian p-group.

Theorem 2.6. (Moghaddam [15,16]). Let V be the variety of polynilpotent groups of
a given class row. Let G be a finite d-generator group of order p"™. Then

VM(Z{)| < VM (G)||[V(G)] < [VM(Z{V)].

We recall that the number of basic commutators of weight ¢ on n generators, denoted
by Xc(n), is determined by Witt formula (see [5]).

Theorem 2.7. (Moghaddam and Mashayekhy [14]). Let G = Z,,, ® Zy,, & ... & Z,, be
a finite abelian groups, where n; 1 divides n; for all 1 < ¢ < k — 1. Then for all ¢ > 1,
the c-nilpotent multiplier of G is

NM(G) =20 oz~ @ ozl Y,
where b; = xc+1(7).
The following result is an interesting consequence of Theorems 2.6 and 2.7.
Corollary 2.8. Let G be a finite d-generator p-group of order p™, then
P < NM(G)| e ()] < pXest (),
The following theorem is a generalization of Theorem 2.5.

Theorem 2.9. (Mashayekhy, Sanati [13]). Let G be an abelian group of order p™. Then
N.M(G) = pXe+1(") if and only if G is an elementary abelian p-group.

Let1 = N — G — @ — 1 be a V-central extension, where V is any variety of groups,
that is, the above sequence is exact and NN is contained in the marginal subgroup of G,
V*(G). Then the following five-term exact sequence exists (see Frohlich [3]):

VM(G) % VM(Q) - N — G/V(G) - Q/V(Q) — 1.

The nonabelian version of Theorem 2.9 is as follows.
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Theorem 2.10. (Mashayekhy, Sanati [13]). Let G be a finite p-group of order p". If
N.M(G) = pXe+1(") | then

(i) There is an epimorphism NV M (G) L NoM (G/G") which is obtained from the Frohlich
sequence.

(ii) If ker(f) = 1, then G is an elementary abelian p-group.

Theorem 2.11. (Mashayekhy, Parvizi [12]). Let
G2Z™ @Zy @ Zny @ ... ® Zn,
be a finitely generated abelian group, where n;41 divides n; for all 1 <4 <k — 1. Then
Nov oo es M(G) = Z0m) @y ZPmer=Bm) @y gtk Fmskr),

where 3; = Xc,+1(Xeo—14+1 (- (Xe141(4))--)) for all m < i <m + k.
Theorems 2.6 and 2.11 imply the following useful inequalities.

Corollary 2.12. With the notation of previous theorem let G be a finite d-generator
p-group of order p”. Then

P < Neteaeiee MG oo (o1 (o (e 41(G))-)) | < p™

Theorem 2.13. (Hokmabadi, Mashayekhy, Mohammadzadeh [8]). Let G = Z ¥ XZ ¥

m—copies
Z,, ¥ox Z,,, be the nth nilpotent product of some cyclic groups, where ;41 divides
riforall 1 <i<t—1.If ¢ >n and (p,r;) =1 for all primes p less than or equal to n,

then the c-nilpotent multiplier of G is isomorphic to

2SI Xexs(m) gy 7 (it eri M) —Xers(m) gy gy (S (e (met)~Xeys (meH-1))

T1 Tt

Theorem 2.14. (Hokmabadi, Mashayekhy, Mohammadzadeh [8]). Let G = Z % ... % Z, &
—_—

m—copies
Z,, ¥ ¥ Z,, be the nth nilpotent product of some cyclic groups, where r;11 divides
ri forall 1 <¢<t—1. If (p,r1) = 1 for all primes p less than or equal to n, then the

structure of the polynilpotent multiplier of G is
Noy o M(G) = Z00) 5 2l ) 5 7fms ),

where d; = Xe,+1((Xea+1 (271 Xer+(9)))--), for all e > n and cp,...,cs > 1 and
m <1< m-+t.

Theorem 2.15. (Hokmabadi, Mashayekhy [7]). Let G = Z YA Y/ ¥ ok Z,,

be the nth nilpotent product of some cyclic groups such tl?ata;?iii divides r; for all
1<i<t—1.1If (p,r1) =1 for any prime p less than or equal to n + ¢, then

(i) if n > ¢, then N,M(G) = Z60) & Z\9' ™) g o Zl9—9-1),

(ii) if ¢ > n, then N,M(G) = Z2U0) @ 2/~ o gzt~ 11,

where fr, =Y " Xeri(m + k) and g =D i1 Xnti(m + k) for 0 < k < t.
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Theorem 2.16. (Hokmabadi, Mashayekhy, Mohammadzadeh [8]). Let G = A, YA R
L Agq1 such that A; = Z for 1 <i<tand Aj = Zy,, for t +1 <5 < k+ 1. Let
c1 >ny >ng > ... > ng and mgyq|mg...|mip1 and (p,myy1) = 1 for all primes p < nj.
Then the structure of the polynilpotent multiplier of G is

/\[61 e M(G) = 7,(€0) D 7 (et—eo) D..H Z(ek_ek—l)’

----- Mi4+1 ME+1

where €¢; = xc,+1 (- (Xept1(u + Z;:t hj))...), for all t <i <k, eg = Xe,41(..-

_ —9 i . ; .
(Xeo+1(w)).--), u = S Xertd (42002 D5 o1 Xerrg (i41) and by = 3757 (Xey 42 (54
1) - Xc1+A(]))'

3 Main results

As we mentioned before, there is a mistake in the proof of Theorem 2.9. More precisely,
in the proof of Theorem 3.5 in [13] it is assumed that G is a finite abelian d-generator
p-group of order p" and [N.M(G)| = pX-+1(™_ Then using the inequality ixei1(i) <
Xce+1(% + 1) it is proved that n = d and therefore G is an elementary abelian p-group.
Unfortunately, the inequality ixc+1(7) < Xct+1(i + 1) is not correct and so the proof is
not valid.

In this section, first, we intend to present a new proof for Theorem 2.9 in order to
remedy the above mentioned mistake. Second, using this new method, we extend the
result to polynilpotent multipliers of nilpotent products of cyclic p-groups with some
conditions.

Proof of Theorem 2.9.

Proof. Let G be an elementary abelian p-group of order p™. Then by Theorem 2.7
we have N.M(G) = Z,(ng) ® Z,(jb3_b2) D ..d Zl(jb"_b"_l), where b; = X¢+1(i), and hence
IN.M(G)| = pXetr(m),

Conversely, suppose that |[N.M(G)| = pX+1("). Since G is an abelian p-group of
order p", we can consider G as follows:

G = Zyor @ Lpor @ ... ® Lpeu,

where a1 > ag > ... > ag and ag + ag + ...ag = n. By Theorem 2.7 N.M(G) = ZS@) $3)
Zg?g_bQ) @...@Z;de_bd_l) and so |[N.M(G)| = p*2b2tes(bs=b2)+.+aa(ba=bi-1)  On the other

hand by hypothesis [N.M (G)| = p®». Therefore b, = asba+as(b3—ba)+...+ag(bg—bg_1).
AlS0 by = (b — bp—1) + (bu1 — bn_2) + .. + (bg — by) + by. Thus

(b, —bp—1)+ (bp—1—bp—2)+...+ (b3 —b2) + b = agba+as(bs —b2) +... + ag(bg—bg_1) =

b2 4+ ...+ b%—l- (b3 — b2) + ...+ (bg — bg) ...+ (bd — bd—l) + ...+ (bd — bd—l) .

Qi —copies as—copies ag—copies
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So we have the following equality:
(bn - bn—l) + (bn—l - bn—2) + (bd+1 - bd) -

bQ 4+ ...+ b2 + (bg — bg) + ...+ (bg — bg) “+... 4+ (bd — bd—l) + ...+ (bd — bd—l) (I)

-~

ag—1—copies asz—1—copies ag—1—copies

One can easily see that for any i > 1, (b; —b;—1) is the number of basic commutators
of weight ¢ + 1 on ¢ letters such that z; does appear in it. So (b; — bj—1) > (b; — bi—1)
whenever j > i. Now, assume a3 > 2. Then n — 1 > n — a3 and so the left-hand side
of the above equality has more terms than the right-hand side. Also each term of the
left-hand side of the above equality is greater than of any term of the right-hand side.
These facts imply that the equality (I) dose not hold which is a contradiction. Thus
we must have a; = 1 and hence d = n, a1 = as = ... = a,, = 1. Therefore the result
holds. O

The next theorem is a generalization of Theorem 2.9. Note that the nilpotent product
of finitely many finite p-groups is also a finite p-group.

Theorem 3.1. Let G = Z,m ¥ Z s ook Z,: be the nth nilpotent product of some
cyclic groups, where a1 > ag > ... > a4 and (¢,p) = 1 for all primes ¢ less than or
equal to n. Let Ncl,%m,cg be a variety of polynilpotent groups such that ¢; > n. Then

Ner o ca M(G)| = pm if and only if G =2 Z, * Zy * ... ¥ Z, where m = Y>'_ oy and

m—copies

= Xeot1 (- (Xea+1 (2 j21 Xer+5(m)))-2)-

Proof. Let G = Z, ¥ Z, Yo% Z, and (q,p) = 1 for all primes ¢ less than or equal to n.

m—copies

Then by Theorem 2.14,
Netogyoea M(G) = Z2) @ .. @ Z{Pm—m-1)
where d; = Xe,+1(-(Xea+1(D0j=1 Xer+4(2)))--), for all ¢; > n. Hence
|N01702,~~-,CSM(G)| = pdm-

Conversely, suppose that [N, ¢, ¢, M(G)| = p®. By the hypothesis G = Zpo ¥
n n
Zpos * ... x Lpar where a1 > ag > ... > oy and a1 +ag + ... + a¢ = m. Now Theorem
2.14 implies that

d ds—d di—dy_
Noriorne. M(G) = By @ 2™ @ 27"
where d; = Xe,+1(-(Xea+1(Q2j=1 Xer+4(7)))--.). Thus

|Nc1 o C,M(G) — pa2d2+a3(d37d2)+...+at(dﬁdt71)'
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On the other hand by hypothesis | Nz, cy....c. M(G)| = p?m. Therefore

dpm, = aody + as(ds — da) + ... + ay(dy — di—1). Now applying a similar method to the
proof of Theorem 2.9, it is enough to show that if j > 4, then (d;j — dj—1) > (d; — d;—1).
In order to prove this fact consider the following sets:

A1 = {a]a is a basic commutator of weight ¢y +1,...,c1 +non x1,...,2; }
and inductively for all 2 < k < s
Ay, = {a|a is a basic commutator of weight ¢ +1 on Ag_1}.
Clearly d; = |Ag|. Tt is easy to see that
d; — d;i—1 = {a|a is a basic commutator of weight cs + 1 on

As_1 such that z; does appear in o }|.

Hence the required inequality holds. ]

Using Theorem 2.16 and a similar proof to the above and noting that j > ¢ implies
ej —ej—1 > €; — ej_1, we can state the following theorem.

ng—1

Theorem 3.2. Let G = Z,m ¥ Z s - Z,o; be the nth nilpotent product of
some cyclic groups, where a1 > ag > ... > a4 and (g, p) = 1 for all primes ¢ less than or
equal to n. Let ./\/'01,02,,,,,65 be a variety of polynilpotent groups such that ¢; > ny. Then

Nm—1

Ner s e M(G)| = pm—tifand only if G = Z, % Zy % ... "%  Zyp, wherem = S2'_ | ay,

m—copies

€Em—1 = Xcs-i-l('“(XCQ-i-l(ZT:_Ol h])))7 and hj = ZZL1(XC1+)\(.7. + 1) - X01+>\(j))'

The following result is a consequence of Theorem 2.15 and the above mentioned
method with different condition n > c.

Theorem 3.3. Let G = Zjm ¥ Z s Yok Z,: be the nth nilpotent product of some
cyclic groups, where ay > ag > ... > oy, n > c and (¢,p) = 1 for all primes ¢ less than

or equal to n 4+ ¢. Then N,M(G) = p9 if and only if G = Z, ¥ Z, ¥ ¥ Z,, where

m—copies
m= Zﬁzl a; and gm = Y74 Xnti(m).

With the assumption and notation of Theorem 3.1, let n = 1. Then the nth nilpotent
product of Zpe; (1 < i < t) is the direct product of Zpe;. So G is a finite abelian p-
group of order p™. Also d; will be equal to §; in Theorem 2.12. Therefore the following
corollary is a consequence of Theorem 3.1.

Corollary 3.4. Let G be an abelian group of order p™. Then [N, ¢,.. . M(G)| = pPm
if and only if G is an elementary abelian p-group, where

Bm = Xest1 (- (Xeat1 (Xer +1(m)))-.)-
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Note that according to Corollary 2.12 the polynilpotent multiplier of G in the above
result has its maximum order. So the above corollary is a vast generalization of Theorem
2.5.

Finally in order to deal with a non-abelian case we present the following theorem.
This theorem is a generalization of Theorem 2.10.

Theorem 3.5. With the previous notation let G be a finite p-group of order p™. If

Neteo,es M(G) = pPm then the following statements holds.

(i) There is an epimorphism N, ¢, . . M(G) LA c1.c9,.cs M(G/G") which is obtained

from the Frohlich sequence.
(ii) If ker(f) = 1, then G is an elementary abelian p-group.

Proof. (i) Let V be the variety of polynilpotent groups of class row (ci, ca, ..., Cs),

Neyesca- By Corollary 2.12 we have |[VM(G)||V(G)| < p®»,. Also by the hypothesis
INey eonca M(G)| = pPm. Therefore |V(G)| = 1. Now set N = G’ and consider the exact
sequence 1 - G’ — G — G/G’ — 1. Since |V(G)| = 1, the above sequence is an V-
central extension. Therefore by Frohlich five-term exact sequence we have the following

exact sequence:

YM(@G) LyvmG/ah L6 a6 —G/6 1.

Clearly « is a monomorphism and so Im(3) = 1 . This means that € is an epimorphism.
(i1) Let ker(f) = 1. Then |[VM(G/G")| = [VM(G)| = p® (). Since |G| = p™ then
|G/G'| < p™. Hence |G/G'| = p™, otherwise, if |G/G’| = p*, where k < m, then
VM(G/G")| < [VM(G/G)||V(G/G")| < pP < pPn, which is a contradiction to (*).
Hence |G/G'| = p™ which implies that G is an abelian p-group. Now by Corollary 3.4
the result holds. O
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