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A local approach to cleavage fracture in ferritic steels following
warm pre-stressing
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A B S T R A C T Quantification of the enhancement in cleavage fracture toughness of ferritic steels follow-
ing warm pre-stressing has received great interest in light of its significance in the integrity
assessment of such structures as pressure vessels. A Beremin type probability distribution
model, i.e., a local stress-based approach to cleavage fracture, has been developed and used
for estimating cleavage fracture following prior loading (or warm pre-stressing, WPS) in
two ferritic steels with different geometry configurations. Firstly, the Weibull parameters
required to match the experimental scatter in lower shelf toughness of the candidate steels
are identified. These parameters are then used in two- and three-dimensional finite ele-
ment simulations of prior loading on the upper shelf followed by unloading and cooling
to lower shelf temperatures (WPS) to determine the probability of failure. Using both
isotropic hardening and kinematic hardening material models, the effect of hardening
response on the predictions obtained from the suggested approach has been examined.
The predictions are consistent with experimental scatter in toughness following WPS
and provide a means of determining the importance of the crack tip residual stresses.
We demonstrate that for our steels the crack tip residual stress is the pivotal feature in
improving the fracture toughness following WPS. Predictions are compared with the
available experimental data. The paper finally discusses the results in the context of the
non-uniqueness of the Weibull parameters and investigates the sensitivity of predictions to
the Weibull exponent, m, and the relevance of m to the stress triaxiality factor as suggested
in the literature.

Keywords cleavage fracture; failure probability; local approach; residual stress; stress
triaxiality; WPS.

N O M E N C L A T U R E a = crack length (mm)
W = ligament (mm)

a/W = crack/ligament ratio
B = specimen thickness (mm)

B0 = reference thickness (mm)
B/B0 = thickness correction ratio

i = order number (ascending) of a specific specimen tested in a group (i = 1, . . . , N )
β = ‘shape parameter’ exponent for toughness-based distribution
m = Weibull exponent
N = total number of specimens tested under the same conditions (sample size)

K0f = reference fracture toughness (MPa√m)
K f = fracture toughness after WPS (MPa√m)

Kmin f = minimum (threshold) fracture toughness (MPa√m)
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K IC = mode-I fracture toughness for the as-received conditions (MPa√m)
Pf = experimental, calibrated or predicted probability of failure (%)
T f = triaxiality factor, maximum of the ratio of hydrostatic to von Mises stress
V 0 = reference volume in assessment of the fracture characteristic stress (mm3)
V p = plastic volume in calculation of Weibull characteristic stress (mm3)
σ f = fracture stress (average net section stress at fracture load) (MPa)

σ min = minimum (threshold) characteristic reference stress (GPa)
σ Y and σ 1 = yield stress (at specified temperature) and maximum principal stress (MPa)

σ u = mean characteristic reference stress (GPa)
σ w = Weibull fracture characteristic stress (GPa)

σ h and σ Mises = hydrostatic stress (mean of principals) and von Mises stress (MPa)

I N T R O D U C T I O N

The enhancement in cleavage fracture toughness of pres-
sure vessel steels loaded at lower shelf temperatures
following pre-stressing on the upper shelf and cooling
(known as the warm pre-stress, WPS effect) is backed by
extensive experimental evidence.1,2 Figure 1 provides a
schematic illustration of the WPS effect on toughness.
However, it is not known to what extent this effect is due
to localized residual stresses, crack tip blunting or a mix-
ture of the two generated during pre-stressing. Studies
by Reed and Knott3,4 and Fowler5 suggest that crack tip
residual stresses are the dominating factor. On the other
hand, Stöckl et al.6 compare finite element (FE) simula-
tions with experiments and link the WPS benefit with
crack tip blunting.

Experimental observations indicate considerable uncer-
tainty (wide scatter) in the cleavage fracture toughness of
ferritic pressure vessel steels before and after warm pre-
stressing.7,8 Statistical models mostly based on Weibull
three- and/or four-parameter distributions are used to de-
scribe the scatter in the test results. Examples of these ex-
pressions include K-based toughness distributions9 as well
as stress-based distributions.10 The latter will be discussed
in detail in this paper. Recent work by Smith et al.11,12
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Fig. 1 Schematic description of Warm pre-stressing effect on
cleavage fracture toughness.

also show that both K-based and/or stress-based distribu-
tions may be used to predict the WPS effect in cracked
components.

The ‘toughness-based’ approach

Theoretical models using near crack tip stress and strain
fields have been used to predict the WPS effect. Mod-
els describing the WPS effect, such as those developed
by Curry13 and Chell,14 combined with a local fracture
criterion as that developed by Ritchie, Knott and Rice
(RKR)15 were used by Fowler et al.8 to explore scatter in
the WPS effect. They used a three-parameter Wallin ex-
pression, Eq. (1), to predict the failure probability Pf of
two pressure vessel steels following warm pre-stressing,

Pf [Kf] = 1 − exp

[
− B

B0

(
Kf − Kmin f

K0f − Kmin f

)β
]

, (1)

where K f represents fracture toughness after WPS. If no
WPS has been applied then K f = K Ic, the as-received
fracture toughness. Thus, Eq. (1) may be interpreted as
providing the failure probability at a load corresponding
to the stress intensity factor K = K f in the WPS state. The
distribution parameters Kminf and K0f were calibrated for
the as-received conditions, so encapsulating the scatter in
the as-received fracture toughness values, and then mod-
ified for WPS using the Chell model.5,8 The shape pa-
rameter β was chosen by Fowler et al.8 as a constant equal
to 4. The ratio, B/B0, of specimen thickness to reference
length, is used to account for the thickness effect. The ref-
erence length B0 is determined as part of the calibration
procedure to the as-received toughness data.

The ‘stress-based’ approach

Local stress-based approaches to cleavage fracture use the
Weibull distribution model as proposed by Beremin.10,16

This method uses the Weibull parameters fitted to frac-
ture test results from round-notched bar (RNB) speci-
mens. In their round robin studies on micro-mechanical
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models, the European Structural Integrity Society (ESIS)
suggests using the parameters fitted to the RNB test re-
sults to predict cleavage fracture in pre-cracked compact
tension, C(T), specimens17 using

Pf [σf] = 1 − exp
[
−

(
σw

σu

)m]
. (2)

In this equation, σ f represents the net section stress at a
load level that is also used to evaluate the Weibull stress,
σ w. In using the local approach the Weibull stress, σ w,
is representative of failure conditions and is determined
from the following integral:

σw =
[

1
V0

∫
Vp

σ m
1 dV

] 1
m

. (3)

The model is based on a weakest link theory in the form
of a Weibull probability distribution, where the parameter
σ u is a reference characteristic stress corresponding to a
failure probability of 63.2%, and is referred to as the mean
reference stress. The Weibull exponent, m, characterizes
the spread of fracture data. Further modifications to the
above distribution can be made by introducing a threshold
stress, σ min, below which fracture is impossible and failure
does not occur unless σ w > σ min. Equation (2) is modified
so that

Pf [σf] = 1 − exp
[
−

(
σw − σmin

σu − σmin

)m]
. (4)

For both distributions, shown in Eqs (2) and (4), the
Weibull stress is calculated by integrating the maximum
principal stress, σ 1, over a volume of the material, V , and
the scale parameter V 0 is a reference volume used as a scal-
ing factor to express σ w in terms of stress. It is suggested
that when using these distributions as a local approach to
fracture, the integration volume should contain the near
crack tip plastic volume, V p.18

The Weibull parameters are determined from exper-
imental results. It should be noted that in both the
Beremin10,16 and the ESIS17 studies, the analyses were
conducted assuming σ min = 0. The Beremin group10 sug-
gests that the reference volume, V 0, is a volume equivalent
to about 10 grains of the material (e.g., V 0 = 0.001 mm3).
This model suggests that the maximum principal stress is
a characterizing parameter that determines the condition
of fracture. The local approaches are also used to predict
the WPS effect by Hadidimoud et al.18

Outlook of present work

In this paper, the influence of the local residual stresses
arising from WPS is explored using a local approach
for both pre-cracked specimens and round notched bars
(RNB). A stress-based model of the probability distribu-

tion, similar to the Beremin model, is used in FE analy-
ses together with the stress distribution under a specified
loading condition at the crack tip within the plastic vol-
ume to calculate a characteristic stress, the ‘Weibull stress’.
This in turn is used to estimate the probability of fail-
ure corresponding to the as-received state and the loading
state following warm pre-stressing. Firstly, we summarize
recent experimental results that explore the influence of
WPS on candidate pressure vessel steels. Then the results
of FE studies incorporating analyses for local failure prob-
ability are briefly described. These results are compared
with the experimental findings and discussed in relation
to the influence of the crack tip residual stresses.

E X P E R I M E N TA L P R O C E D U R E S
A N D T E S T R E S U LT S

The experimental data presented in this section, used
later to verify the predictions of the WPS effect based
on the proposed model, consist of results from two types
of specimens. The first series of data are those provided
by current research in which shallow and sharp-notched
round-notched bar, RNB, specimens of A508 steel are
used. The second are test data obtained in previous test
programmes2,5,7,19 where pre-cracked compact tension,
C(T), and single edge notched bend, SEN(B), speci-
mens were used. Distributions of test results are then
summarized.

A508 steel RNB test programme

Round notched bar (RNB) specimens of A508 steel were
manufactured with both shallow and sharp notches. The
steel used is identical to that used in earlier studies by
Swankie.19 The chemical composition and mechanical
properties are summarized in Tables 1 and 2, respectively.
The geometry of the RNB specimens and notch details are
shown in Fig. 2. A series of tests were carried out using
shallow and sharp notches with tip radii of 1.25 mm and
0.07 mm, respectively. Twenty shallow notch specimens
were tested at −120 ◦C, 10 in the as-received condition
and 10 following pre-stressing at room temperature. For
the WPS tests, the pre-load level was equivalent to a net
section stress of 995 MPa.

RNB tests were also carried out at −150 ◦C. Both shal-
low and sharp notched round bar specimens were tested.
Shallow notched specimens contained a circumferential
U-shape notch with a radius of 1.25 mm similar to those
tested at −120 ◦C. Nine specimens were tested at −150 ◦C
for the as-received (AR) condition and eight after warm
pre-stressing (WPS). The average applied pre-load level
for the WPS tests was equivalent to a net section stress
of 995 MPa. The fracture stress was determined using
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Table 1 Chemical analysis of A508 steel used in the experimental programme

Element C Si Mn P S Cr Mo Ni Al As

Weight% 0.15 0.23 1.3 0.004 0.003 0.18 0.52 0.72 0.012 0.018
Element Co Cu Nb Pb Sn Ti V W Sb
Weight% 0.013 0.07 <0.005 0.006 <0.005 <0.005 0.005 0.015 <0.005

Table 2 Uniaxial tensile properties of A508 steel at test
temperatures

Orientation Temperature E (GPa) ν σ yield

L 20 200 0.3 430
T −120 200 0.3 632
L,S −150 200 0.3 696

Fig. 2 Geometry and orientation for shallow and sharp notch A508
steel RNB specimens (all dimensions in millimetre).

the applied load divided by the measured final net section
area.

Sharp notches were introduced into 17 specimens by the
electro discharge machining (EDM) technique. Circum-
ferencial notches with a tip diameter between 0.05 and
0.07 mm were obtained. Ten specimens were tested in the
as-received condition at −150 ◦C and the remaining spec-
imens were fractured at −150 ◦C following pre-loading to
an equivalent average stress of 935 MPa at room temper-
ature. All of these specimens failed by cleavage.

Scanning electron microscopy (SEM) was used to ob-
serve the details of the fracture surfaces. Details of typical
fracture surfaces suggested that the specimens tested at

−150 ◦C and −120 ◦C had failed purely by cleavage and
predominantly by cleavage fracture, respectively. In fact,
only the shallow notched specimens displayed shear lips at
−120 ◦C. Typical observations are shown in Fig. 3. The
fracture surface in Fig. 3a belongs to a shallow notched
specimen tested at −120 ◦C with indication of shear lips
near the root of the notch and final cleavage fracture across
the remainder of the section. The detailed section shown
in Fig. 3b demonstrates strong evidence of cleavage failure
at −150 ◦C for both shallow and sharp notch specimens
throughout the section.

Test results from other experimental programmes

A533B pressure vessel steel was used in earlier test pro-
grammes by Smith and Garwood,2,7 Fowler,5 Fowler
et al.8 and Swankie.19 The test results were summarized
and used to study the WPS effect by Smith et al.11,12 For
the A533B steel, tests were carried out by Smith and Gar-
wood7 using single edge notch bend (SEN(B)) specimens
containing fatigue pre-cracks with nominal crack length
to width ratio, a/W = 0.5. Fourteen specimens in the
as-received conditions were fractured at −170 ◦C with
another fourteen pre-loaded and unloaded at room tem-
perature and then cooled and fractured at −170 ◦C (the
LUCF loading cycle). The pre-loading level was equiva-
lent to an elastic stress intensity factor of 120 MPa√m.
All tests at low temperature failed in a brittle manner by
cleavage fracture.

Summary of experimental results

Table 3 shows a summary of the experiments used in this
work. In all tests the failure probability was determined
from20

Pf = i − 0.5
N

, (5)

where N and i are the total number of specimens and the
order number, respectively.

Fracture stress results (i.e., average net section stress) ob-
tained from tests of A508 steel RNB specimens are sum-
marized in Fig. 4. Shallow-notched specimens tested at
−120 ◦C are shown in Fig. 4a while Figs 4b and c present
the results for specimens fractured at −150 ◦C for shallow
and sharp notches, respectively. Unlike the sharp notch
RNB test data, the experimental results from the shallow
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a b

Shear lips Cleavage failure

   a ) Evidence of shear slips at -120°C                     b) Indication of cleavage fracture at -150°C

Fig. 3 Fracture surfaces at the notch section for A508 steel RNB specimens. (a) Evidence of shear slips at −120 ◦C. (b) Indication of
cleavage fracture at −150 ◦C.

Table 3 Summary of test configurations

Material Specimen Test temperature (◦C) Test condition Sample size

A508 RNB (shallow) −120 AR/WPS 10/10
A508 RNB (shallow) −150 AR/WPS 9/8
A508 RNB (sharp) −150 AR/WPS 9/8
A533B SEN(B)–50 mm −170 AR/WPS 14/14

notched RNB tests show far less improvement follow-
ing warm pre-stressing. Rather the beneficial influence of
WPS appears to be limited in RNB specimens and yet only
at lower levels of failure stress. The reason for this contrast
between the pre-cracked specimens and the notched-RNB
specimens is explored later.

The fracture test results for A533B steel summarized in
the previous section were directly interpreted in terms
of failure probability against fracture toughness, with the
failure probability Pf determined using Eq. (5). The frac-
ture toughness (or stress intensity at fracture) was deter-
mined from the maximum load at fracture and the assumed
crack lengths. The results are shown in Fig. 5. The ex-
perimental results from the pre-cracked C(T) and SENB
specimens demonstrate that there is a considerable im-
provement in fracture toughness following WPS as shown
in Fig. 5 for A533B steel.

F I N I T E E L E M E N T S T U D I E S

Finite element models

Throughout the numerical FE studies, meshes were cre-
ated in ABAQUS/CAE and then the analysis performed
using the ABAQUS finite element code.21 For the pre-
cracked compact tension, C(T), specimens two- and
three-dimensional FE models with a refined mesh around
the crack tip were created. Due to symmetry only one half
of the specimen was modelled for two-dimensional anal-
ysis and one quarter for the three-dimensional analysis.

Eight node quadratic elements with reduced integration
were used for plane strain two-dimensional models where
the element size at the crack tip was 0.05 mm. Three-
dimensional models used eight-node elements with re-
duced integration (C3D8R) with similar mesh refine-
ment ahead of the crack tip and a larger element size
in the thickness direction. For the pre-cracked SEN(B)
specimens, only three-dimensional FE models were cre-
ated with similar features to the C(T) three-dimensional
model. Only three-dimensional model simulation results
were used in the model assessments. For the model of
the RNB specimen axial symmetry allowed the use of axi-
symmetric elements (iso-parametric quadratic eight-node
with reduced integration) and due to the plane of symme-
try across the section at the notch, only one half of the
specimen was modelled. The smallest element size was ap-
proximately 0.15 mm. For the assessment of the proposed
model, both materials post yield response were considered
as isotropic hardening. However, a kinematic hardening
elastic−plastic material law was also used to examine the
effect of the hardening law on the fracture toughness pre-
dictions. This is detailed later. For A533B steel, the yield
strengths (0.2% offset) are 530 MPa and 893 MPa at 20 ◦C
and −170 ◦C, respectively. Finally, for A508 steel, the yield
strengths are 430 MPa at 20 ◦C, 632 MPa at −120 ◦C and
696.0 MPa at −150 ◦C. Detailed material data for the
A508 steel is provided by Carassou.22

To estimate the probability of fracture based on Eqs (3)
and (4), a routine (‘Local’) was written to perform the
analysis using the results from the FE simulations. The
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 b) Shallow notch at -150°C
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c) sharp notch at -150°C
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Fig. 4 Distribution of fracture-test data for as-received and WPS
tests for A508 steel RNB specimens. (a) Shallow notch at −120 ◦C
(b) shallow notch at −150 ◦C and (c) sharp notch at −150◦C.

integration volume was chosen such that the region (ele-
ments) where plastic straining took place was included in
the calculation of probability and σ 1, the maximum prin-
cipal stress, was used to calculate the Weibull stress. Ele-
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Fig. 5 Distribution of test data for as-received and prediction of
WPS effect for A533B steel SEN(B) specimens at −170 ◦C with
calibrate three-dimensional Weibull parameters.

ments at the boundary of the plastic region were also in-
cluded if integration points within the elements exceeded
the yield strength. The procedure for determining the
probability of failure was repeated for each load increment
in the FE analysis. To ensure that the plastic volume was
included completely in the integration process, required
for calculation of the Weibull stress, all elements in the
model were checked for plasticity.

To implement Eqs (3) and (4), details of four Weibull
parameters (m, V 0, σ u and σ min) were required. The pro-
cedure for determining these parameters is described in
the next section and later we describe results obtained
from simulating WPS conditions.

Calibration of Weibull parameters

The calibration process for the determination of the
Weibull parameters using the fracture toughness test data
has been also studied by Gao and co-workers.22,23 Their
results demonstrate that the four parameters (m, V 0, σ u

and σ min) cannot be uniquely defined. They set V 0 equal to
1 and calibrate the other parameters using test data for two
different levels of constraint. The shape parameter m has
also been shown by Milella and Bonora24 to be a function
of the notch tip geometry (or alternatively local triaxial
stress-state). For blunt notches in ferritic steels m is in the
range of 20 or higher while it decreases to approximately
four for sharp cracks. For pre-cracked specimens, and to
maintain consistency between Eqs (1) and (3), we select
m = β = 4 and calibrate the remaining parameters us-
ing the fracture toughness results for the as-received tests
shown in Fig. 5. Throughout the FE calibration studies it
was assumed that the materials exhibited isotropic hard-
ening. The effect of material hardening on the predictions
is presented later.
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The Weibull stress (σ w) is a function of V 0 and m and
for a given value of V 0 the remaining parameters (σ u

and σ min) were determined by obtaining failure probabil-
ities from the three-dimensional FE analysis that visually
best matched the experimental as-received data for A533B
steel. The distribution parameters were non-unique and
two sets (1 and 2) of the Weibull parameters, σ u and
σ min, were obtained for two values of V 0. The results of
the three-dimensional calibration study are illustrated in
Fig. 5 where the estimated probability of failure is shown
for the two sets of parameters. For set 1, with V 0 = 0.01
mm3, the calibrated values of σ u and σ min are 8.75 GPa
and 3.25 GPa, respectively. Similarly for set 2, with V 0 =
0.1 mm3, σ u = 4.5 GPa and σ min = 1 GPa also provided
an excellent estimate of failure probability, almost identi-
cal to those obtained from set 1. As shown, the two sets
of parameters result in very similar distributions for both
the as-received and WPS tests.

For the A508 steel RNB tests, the as-received data
were used to calibrate the Weibull parameters. The four
Weibull parameters in the distribution function are inter-
dependent and thus one has to be pre-selected for the cal-
ibration process. Unlike the analysis for the pre-cracked
data, V 0, was arbitrarily fixed to be 0.001 mm3 while m
was considered a free parameter. An initial estimate for the
exponent, m = 23, was taken from earlier analyses17 and
then the distribution parameters were calibrated for A508
steel using as-received data using the same procedure de-
scribed for the cracked specimens. The parameter values
that provided the best agreement with the as-received ex-
perimental results for the shallow notch tests at −120 ◦C
are m = 23, σ u = 2.78 GPa and σ min = 0 GPa. The cali-
brated parameters for the shallow notch tests at −150 ◦C
are m = 24, σ u = 3.16 GPa and σ min = 0.8 GPa. Similar
procedures were followed to determine the parameters
that best matched the as-received data for sharp notch
RNB tests at −150 ◦C. The calibrated parameters are
m = 8.0, σ u = 4.98 GPa and σ min = 0.0 GPa. Using these
values the estimated curves for probability of fracture for
the RNB tests with shallow notches tested at −120 ◦C and
−150 ◦C are shown in Figs 4a–c. The calibrated Weibull
parameters are summarized in Table 4.

Table 4 Summary of calibrated Weibull parameters based on as-received test data

Material Specimen Temperature (◦C) V 0 (mm3) M σ u (GPa) σmin (GPa)

A508 RNB (shallow) −120 0.001 23 2.78 0.0
A508 RNB (shallow) −150 0.001 24 3.16 0.8
A508 RNB (sharp) −150 0.001 8 4.98 0.0
A533B SEN(B)-50 mm −170 0.01 4 8.75 3.25

0.10 4 4.5 1.0

Simulation of WPS

The calibrated sets of Weibull parameters for different
specimen configurations and test temperatures were then
used to predict the enhancement in cleavage fracture
toughness following the LUCF cycle for both pre-cracked
SEN(B) and RNB specimens. Pre-loading and unloading
at room temperature was simulated using elastic–plastic
material properties at room temperature. The material
properties were then transformed from room temperature
values to their low-temperature values. This was accom-
plished in one step of the analysis during which the resid-
ual stress field was allowed to redistribute and adjust prior
to reloading to fracture at a low temperature. The sim-
ulation was then continued using the elastic–plastic me-
chanical properties at the lower fracture temperature. The
probability of failure was determined using the ‘Local’
subroutine together with the calibrated Weibull param-
eters from the as-received fracture behaviour described
above. It should be noted that the ‘Local’ subroutine was
used to determine Pf only during the final reloading at
low temperature and not during the prior loading and
unloading at room temperature. Also, no changes to the
Weibull parameters were made as a result of prior load-
ing. On reloading to fracture at low temperature the stress
field in the newly developing plastic zone will be different
from the as-received tests. This effect is presented later.
A key feature in the ‘Local’ analysis following WPS was
to identify the ‘active’ plastic volume. The initial plastic
zone (arising from WPS) was assumed not to be reacti-
vated until the plastic strain on reloading exceeded the
plastic strain arising from WPS.

F I N I T E E L E M E N T R E S U LT S

Probability of failure

The results from the WPS simulations for A508 steel
RNB specimens with shallow notches at −120 ◦C and
−150 ◦C are shown in Figs 4a and b, respectively. Pre-
dictions compare well with the experimental results and
notably at −120 ◦C. The simulations illustrate that there
is no change in fracture stress after WPS. In contrast,
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for shallow notch tests at −150 ◦C the model predicted a
shift in fracture stress corresponding to lower experimen-
tal fracture stresses and yet for higher fracture stresses
predicted no improvement as suggested by the experi-
mental data. In both cases, significant plasticity occurred
prior to fracture that resulted in much less improvement,
if any, especially for high fracture loads. Predicted failure
probabilities after WPS for sharp-notched RNB tests at
−150 ◦C, shown in Fig. 4c, illustrate less improvement in
fracture stress compared to the experimental data.

For the pre-cracked SEN(B) A533B specimens two sets
of Weibull parameters, shown in Fig. 5, were used to
predict failure of probability following WPS using three-
dimensional analyses. The resulting predictions for WPS
are shown in Fig. 5 for A533B. Significant improvement
in toughness following WPS is predicted, consistent with
the experimental results. It is apparent that both sets (1
and 2) of Weibull parameters provide essentially iden-
tical predictions of the WPS effect illustrating that the
Weibull parameters are non-unique. The Weibull char-
acteristic stress evaluation is affected by mesh refinement,
the region included in the plastic volume in calculation
of the integral, and more importantly the through thick-
ness stress distribution. These parameters explain the dif-
ference in two-dimensional and three-dimensional model
predictions as seen in Fig. 6a. The differences between
two-dimensional and three-dimensional predictions are
consistent with the corresponding AR fits.

The effect of the hardening response of the material in
the predictions was also examined by applying the pre-
dictive approach for a specific configuration with both
isotropic and kinematic hardening models. Firstly, the
isotropic hardening model was used in conjunction with
the FE analysis simulating the as-received conditions to
estimate calibration parameters that provided a close fit
to the experimental data. The same parameters were then
used in a second analysis using a kinematic hardening ma-
terial model. The predicted as-received distribution was
virtually the same as that calibrated based on isotropic
hardening material data. Furthermore, the calibrated pa-
rameters were used in the WPS simulations using both
hardening models. Very similar results with good agree-
ment to the experimental WPS data were obtained. It was
therefore concluded that the hardening effect with regard
to the WPS effect was quite marginal. Results are shown
in Fig. 6b.

Local crack tip stresses

The stress distribution along the crack line of fracture
specimens, or across the section in the case of RNB speci-
mens, is affected by warm pre-stressing. This is due to the
presence of the initial stress field (i.e., residual stresses),
especially in the vicinity of the crack tip, resulting from
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KIc , Kf

0 20 40 60 80 100 120 140 160

F
ai

lu
re

 P
ro

ba
bi

lit
y,

 %

0

10

20

30

40

50

60

70

80

90

100

Experiments
AR, 3D(Calibrate)
AR, 2D(Predict)

Experiments
3D(Predict)
2D(Predict)

WPS

AR

b) The effect of material hardening on the local approach predictions
ISO=isotropic Hardening, KH=Kinematic Hardening 

KI, MPa-m0.5

0 20 40 60 80 100 120 140 160

F
ai

lu
re

 P
ro

ba
bi

lit
y,

 %

0

10

20

30

40

50

60

70

80

90

100

Experiments

Experiments

Calibrated, ISO

Predicted, ISO

Predicted, KH

Predicted, KH

WPS

AR

Fig. 6 Comparison of experimental results with finite element
simulations for as-received and WPS condition for A533B steel at
−170 ◦C. (a) Two- and three-dimensional model predictions. (b)
The effect of material hardening on the local approach predictions.

plastic deformation induced through pre-loading. This
does not exist in the case of as-received conditions. An
understanding can be gained of the influence of WPS by
examining the notch and near crack tip stresses. Figure 7
shows the distributions of the normal stress, σ yy, at the
onset of brittle failure in the RNB, with (a) shallow notch,
(b) sharp notch and (c) fracture specimens. For the pre-
cracked SENB or C(T) specimens, the stress distribution
corresponds to a combined elastic–plastic state ahead of
the crack tip. In contrast to the RNB specimens there
is much more widespread plasticity and in particular for
shallow notched RNB specimens, analysis indicates that
the stress distribution is associated with a fully plastic state
across the net section. Also shown in Fig. 7 are the stress
distributions at lower load-levels.

c© 2004 Blackwell Publishing Ltd. Fatigue Fract Engng Mater Struct 27, 931–942



A LOCAL APPROACH TO CLEAVAGE FRACTURE IN FERRIT IC STEELS 939

a) A508 steel RN(B) at -150C with shallow notch
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b) A508 steel RN(B) at -150C with sharp notch

 c) A533B steel C(T) model at -170C
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Fig. 7 Normal to the crack line stress distributions near the crack
tip for as-received and WPS conditions (a) A508 steel RN(B) at
−150 ◦C with shallow and (b) sharp notch (c) A533B steel C(T)
model at −170 ◦C.

Using the results of FE simulations for warm pre-
stressing residual stress distributions ahead of the crack
and notch tips were obtained as shown in Figs 7a–c as func-

tions of the distance from the crack tip. Results show that a
compressive residual stress field extends to distances ahead
of the crack and notch tip of about 1 mm. On reloading
at lower temperatures, the local residual stress field com-
bined with the stress field induced by the applied loading is
lower than the stress field associated with applied loading
alone. This is particularly true near the crack and notch
tips. Further away, the combined stress is greater than
that for applied loading alone. For the pre-cracked C(T)
specimen a greater applied load (i.e., 70 kN in the case of
A533B at −170 ◦C) is required after WPS to match the
stress distribution for the failure load (i.e., 58 kN for the
same steel/temperature) in the as-received state (Fig. 7c).
A similar argument applies to the RNB tests with a sharp
notch fractured at −150 ◦C (Fig. 7b). In contrast, for the
RNB specimen with a shallow notch at an applied load
(61 kN) after WPS, equal to the applied load for failure
in the as-received state, the stress distribution ahead of
the notch tip is essentially the same as that without WPS
(Fig. 7a). There is little or no influence of the residual
stress field following WPS for the RNB with a shallow
notch particularly at higher fracture loads.

Role of stress triaxiality

One possible route to include the role of constraint in the
failure prediction model is to correlate the stress triaxial-
ity factor, T f, with the Weibull exponent, m. Milella and
Bonora24 investigated this issue. In their study T f, the ratio
of hydrostatic stress to Mises stress was plotted against the
calibrated Weibull exponent, m, determined at the frac-
ture load. Calibration of m was based on the as-received
fracture data for a wide range of fracture test configura-
tions as well as RNB s with various notch tip radii. T f was
defined by Eq. (6),

Tf = Max(σh/σMises), (6)

as the maximum of the ratio of hydrostatic to von Mises
stress within the plastic volume. They suggested that the
exponent m, which influences the slope of the distribution
of fracture data, can be related to T f as

m = 55.4 − 22.4 (Tf) . (7)

To investigate the suggested linear relationship between
the two parameters, the stress results obtained from FE
analyses were used to determine T f for the various con-
figurations studied in this work. In cases where the model
predictions are consistent with the experimental data, m–
T f pairs shown in Fig. 8 appear very close to the empirical
Milella–Bonora line, whereas for the sharp notch RNB
model this is not the case. For example, a value of m = 4
suggested in the local approach for crack is lower than the
value corresponding to its triaxiality factor on the empir-
ical line. It can be seen that T f values for as-received and

c© 2004 Blackwell Publishing Ltd. Fatigue Fract Engng Mater Struct 27, 931–942



940 S. HADID I -MOUD et al.

Triaxiality factor, Tf

0.0 0.5 1.0 1.5 2.0 2.5

W
ei

bu
ll 

ex
po

ne
nt

; m

0

5

10

15

20

25

30

35

40

45

50

55
Bonora approximation (equation 6)

A508 steel, RNB

Shallow notch, -150oC
Sharp notch, -150oC

a/W=0.5, -170oC, SEN(B)   
a/W=0.5, -170oC, C(T)   

A533B

Shallow notch, -120oC

Fig. 8 Weibull exponent plotted against stress triaxiality factors
corresponding to various configurations compared with the
empirical relationship suggested by Milella and Bonora.

WPS conditions of the same test configuration are gener-
ally very similar, while for sharp notch RNB the distribu-
tion of experimental data are in favour of higher m values
for the WPS results as compared with the as-received data.

D I S C U S S I O N

The local approach presented here is based on a weakest
link theory and assumes that should the maximum prin-
cipal stress reach a critical level sufficient to activate any
crack initiator, failure will occur. Stress distributions de-
scribed for different types of cracked specimens fractured
in both the as-received and the warm pre-stressed condi-
tions suggest that at the fracture load the maximum prin-
cipal stress attained its maximum value very close to the
crack tip. The local approach is associated with the max-
imum principal stress within a localized plastic volume
at the crack tip. The crack tip region is also where, in the
case of WPS conditions, the residual stress field generated
on pre-loading and unloading mostly suppresses stresses
on reloading and thus acquires a higher level of fracture
load or ‘apparent toughness’. The distribution of normal
(to the crack plane) stress from the as-received and WPS
analyses, shown in Fig. 7c, supports this argument. The
level of enhancement in cleavage fracture toughness, how-
ever, depends on how dominantly the maximum principal
stress characterizes the onset of failure. In other words,
this depends on how descriptive this stress component is
of the failure conditions and whether and how other stress
components may contribute to the occurrence of cleavage
fracture.

Application of a local approach that uses maximum prin-
cipal stress within the plastic volume as a failure criterion

to RNB specimens showed less improvement in toughness
after WPS than seen in the experiments. On the other
hand, the extent of plasticity at failure for these cases is
rather high compared with the high constraint geometries
such as C(T) or SEN(B). The normal stress distributions
across the section of shallow and sharp notch RNB speci-
mens are shown in Figs 7a and b. It can be concluded that
the local stress-based approach in the form presented is ap-
plicable to high constraint problems only, whereas further
modifications may be required to validate the suggested
predictive model for the effect of WPS on low constraint
problems.

For shallow notch tests the maximum principal stress has
its maximum value at the centre of the cross section, and
not at the notch tip, as shown in Fig. 7a. Thus, accord-
ing to the above discussion, it is not expected for WPS
to influence the conditions of failure especially at higher
fracture loads where plasticity is contained throughout the
section. Experimental data and model predictions consis-
tently support this conclusion.

Under-predicted failure probabilities shown in Fig. 4c
for sharp notch RNB strengthen the argument that fur-
ther modifications to the local approach are necessary. As
mentioned earlier, for RNB specimens the fracture con-
dition is associated with significant plastic deformation of
much larger extent than the highly constrained fracture
specimens. Furthermore, the degree of crack tip-blunting
upon loading and unloading at room temperature is much
higher for these specimens than the highly constrained
fracture specimens. This also suggests using higher values
of m for the case of low constraint geometries.

The empirical linear relationship between the Weibull
exponent and the triaxiality factor exhibits a sharp slope
suggesting that the value of m is sensitive to changes in
triaxiality factor

δm = −22.4 × δ (Tf) . (8)

The shape of the scatter in the fracture toughness results
(i.e. the failure distribution function) is very sensitive to
the value of the exponent m, especially for lower values
characterizing cracks and sharp notches. A very accurate
estimation of triaxiality factor, which is not easy to obtain,
is thus required to achieve an appropriate modification
of m. Extreme caution must be exercised when using this
relation to modify m in the presence of sharp cracks.

Empirical curve fitting of the experimental results of
sharp notched RNB tests revealed that the shape parame-
ter changed from about 5 (fitted to the as-received data) to
11 (more appropriate to predict WPS data). This indicates
that following WPS the toughness distribution becomes
narrower. This is evident from the results shown in Fig. 4c.
However in the FE analysis the shape parameter m for the
local analysis of the pre-cracked specimen was selected to
be equal to 4 for the as-received state, while following
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WPS we assumed that m remained unchanged (Fig. 5).
The assumption that m remains unchanged appears to
be appropriate for the shallow notched RNB simulations
(with m = 24) as for high values of m the failure distribu-
tion is not sensitive to its value but this is not always the
case for the pre-cracked simulations. In the former case,
an improvement in toughness is obtained at low fracture
loads because of the presence of residual stress. At higher
loads and for conditions corresponding to wide spread
plasticity, the influence of the residual stress is negligible.
This is because the residual stresses are completely wiped
out through plastic deformation which is similar to the
argument given by Curry.13

C O N C L U D I N G R E M A R K S

The local approach has the advantage of using the same
set of parameters for both the as-received and warm pre-
stressed conditions at least for high constraint fracture
problems.

This work and others23,24 demonstrate that the parame-
ters required to predict the probability of failure using the
local stress-based approach are not unique. In earlier work
by Gao et al.23 it was suggested that better estimates of the
Weibull parameters would be attained from two data sets
corresponding to two different levels of ‘constraint’. This
is the same as having two sets of specimens with differ-
ent local stress distributions. The introduction of a crack
tip residual stress field in pre-cracked specimens using
WPS also provides a different local stress field. Here we
have not used the approach developed by Gao et al.23 and
Ruggieri et al.24 Rather we provide a calibrated set of
Weibull parameters using only the as-received data and
then use the same parameters to predict the effects of WPS
for the LUCF cycle.

Investigation of the role of the material hardening re-
sponse on the predictions obtained from the local stress-
based approach to cleavage fracture suggested no influ-
ence on the distribution or on the predicted WPS effect.

Earlier work by Millela25 showed that the shape param-
eter was a function of local triaxial stress-state with m in-
creasing with decreasing triaxiality factor. The presence
of residual stress and crack tip blunting after WPS alters
the triaxiality. The results presented in this work appear
to be consistent with this suggestion as shown in Fig. 8
although this issue will require further investigation.
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