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Abstract 
In this paper, a numerical procedure and an analytical work have simulated Sloshing of liquid in a tanker. 
With the numerical procedure, one of the most appropriate Finite Volume methods called VOF (Volume Of 
Fluid) method, which is a pressure-based algorithm for solving Navier-Stokes equations, has been presented 
for tracking the flow in containers. In this simulation, a non-orthogonal mesh with collocated formulation has 
been used. For the analytical work, the Pendulum Model has also been applied to simulation of the sloshing 
of liquid. This model is a cost effective tool for the simulation of sloshing. The results of this simulation for a 
tanker truck containing liquid fuel with different free surfaces have been compared with each other and with 
published results of another numerical method. 
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Introduction 
Every year, there are many fatal accidents associated 
with the role over of tanker trucks carrying fuel. The 
tendency to roll over is even higher when the tanker 
truck is partial filled and the fuel inside the tanker is 
free to slosh. Typically a half-empty tanker truck has 
ten times more tendency to role over than a 
passenger car. Sloshing also happens in the gas tank 
of automobiles in the wing of an aircraft were the 
fuel is stored and in water towers during an 
earthquake. In these problems the liquid is subjected 
to external forces and as a result the free surface of 
the liquid becomes unstable and sloshing occurs. 
The sloshing amplifies the maximum fluid force 
exerted on the structures and subjects them to 
instability. To understand the fluid–structure 
interaction during sloshing, accurate knowledge of 
the free surface behavior is the most important 
factor. 
Until now, a lot of researches have been done about 
sloshing. Amabili [1] and Warnitchai et al [2] solved 
the sloshing problems by analytical methods and 
verified the results with some experiences. Martin et 
al [3] and Abramson [4] did some experiences about 
sloshing. Another possible way is Finite Element 
method Aliabadi et al [5,6] and Johnson et al [7] 
used it for studying the free surface movements. The 

most useful method of computational works in 
sloshing flows is Finite volume method used by 
Nichols et al [8,9], Maxwell [10], Deville [11], Hirt 
et al [12,13] and Liu Jun [14].    
In above computational works, numerical simulation 
of free-surface flow problems is based on the 
solution of a complex set of partial differential 
equations governing the conservation of mass and 
momentum, commonly known as the Navier-Stokes 
equations. It needs to use large amounts of memory 
and a lot of computer processes. So Hirt et al [15] 
designed the fractional Volume Of Fluid (VOF) 
method which on one hand provides the same 
information as is available in other strong methods 
of Finite Volume, and on the other hand requires 
only one storage word for each grid cell. This 
method is a kind of volume-tracking techniques 
applied to a fixed Eulerian mesh and has been used 
by others such as Liu Jun [16] for studying the free 
surface movement and its results in different 
problems. 
Whereas each method has special abilities for 
solving some CFD problems, Finite Volume 
methods are generally the best ways for free surface 
and sloshing problems, and from different methods 
in this group, the most successful method is the 
VOF technique because of its simplicity and 
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robustness and so is appropriate for stratified or free 
surface flows. 
In this paper, the VOF method is employed for 
tracking the flow in containers. In this simulation, a 
non-orthogonal mesh with collocated pressure-base 
formulation has been used. The pendulum model has 
also been applied to simulation of the sloshing of 
liquid. This model is a cost effective tool for the 
simulation of sloshing. The results of this simulation 
for a tanker truck containing liquid fuel with 
different free surfaces have been compared with 
each other and other available results. 
  
Governing Equations 
The basic equations, which describe conservation of 
mass, momentum and scalar quantities, can be 
expressed in Cartesian tensor form as 
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The stress tensor and scalar flux vector are usually 
expressed in terms of basic dependent variable. The 
stress tensor for a Newtonian incompressible fluid is 
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The scalar flux vector usually given by the Fourier-
type law: 
                                                            

)(
j

j x
q

∂
∂

Γ=
φ

φ
                                             (5) 

 
Discretization 
The discretization of the above differential equations 
is carried out using a finite-volume approach. First, 
the solution domain is divided into a finite number 
of discrete volumes or cells, where all variables are 
stored at their geometric centers (see e.g. Fig.1). The 
equations are then integrated over all the control 
volumes by using the Gaussian theorem. The 
discrete expressions are presented affected with 
reference to only one face of the control volume, 
namely, e , for the sake of brevity. 
 For any variable φ  (which may also stand for the 
velocity components), the result of the integration 
yields 
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where I ’s are the combined cell-face convection 
cI and diffusion DI fluxes. The diffusion flux is 

approximated by central differences and can be 
written for cell-face e  of the control volume in Fig. 
(1) as:  
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where φ
eS stands for cross derivative arising from 

mesh nonorthogonality. The discretization of the 
convective flux, however, requires special attention 
and is the subject of the various schemes developed. 
A representation of the convective flux for cell-face 
e  is: 
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the value of eφ  is not known and should be 
estimated by interpolation, from the values at 
neighboring grid points. The final form of the 
discretized equation from each approximation is 
given as:  
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where 'A s are the convection-diffusion coefficients. 

The term '
φS  in Eq. (9) contains quantities arising 

from non-orthogonality, numerical dissipation terms 
and external sources, and Pt φδρδυ )/(  of the old 
time-step/iteration level (for time dependent 
equation). For the momentum equations it is easy to 
separate out the pressure-gradient source from the 
convected momentum fluxes. dcS  is the 
contribution due to the adapted deferred correction 
procedure. 
 
Volume Of Fluid (VOF) Method 
In this method, the actual location of the interface is 
determined by some additional computation based 
on the distribution of markers within the cell. This 
procedure is somewhat inconsistent with the 
customary practice to use only one value in each cell 
of a grid for each dependent variable defining the 
fluid state. This recognition led Hirt and Nichols 
[15] to design the fractional volume of fluid (VOF) 
method.  
A function F be defined, of which the value is unity 
at any point occupied by fluid and zero otherwise. 
The average value of F in a cell then represents the 
fractional volume of the cell occupied by fluid. The 
interface occurs in the cells with fractional values. 
The volume fractions are updated during the 
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calculation according to the appropriate advection 
equation 
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This equation states that F moves with the fluid, and 
is the partial differential equation analogy of marker 
particles. In a Lagrangian grid, the equation reduces 
to the statement that F remains constant in each cell, 
thus serves solely as a flag identifying cells that 
contain fluid. In a Eulerian grid, the equation 
indicates that the flux of F moves with fluid through 
cell boundaries. 
 
Pendulum Method 
For solving the problem with an analytical method, 
we must simplify the geometries and flow 
characteristics. The pendulum model in case of 
sloshing is the best analytical way. In this case, we 
assume the sloshing shape, as oscillating of a solid 
point mass around a hinge. Figure 2 is a circular 
cylinder with radius R, contains some water with 
depth of R-d. 
 

 

 
  

Fig. 1 - Typical grid – point and its equivalent 
pendulum model cluster and control volume 

 
We can simulate sloshing of it with a simple 
pendulum connected to the center of cylinder with 
an imaginary arm with length of Xc. This length is 
calculated by: 
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Fig. 2 - Sloshing in a half-empty cylinder 
 

 
General equation of oscillating of this pendulum is: 
                                                 

0...... =++ θθθ cXgmRCI &&&                         (12) 
 
where I is the second moment of area relative to 
center of cylinder and C is damping factor. These 
parameters are given as below: 
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where t is the thickness of the circle (length of 
cylinder) and µ  is the viscosity of the fluid. The 
initial conditions of above mentioned oscillation 
equation are: 
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where 0θ  is the angle of free surface after damping 
of pendulum and this surface then will be calculated 
from summation of different accelerations applied to 
system such as turning acceleration and gravity. 
Here we integrate the oscillation equation using the 
Rung-Kutta order 4 and then we can find θ  at each 
time. By finding the angle of free surface at each 
time, it is clear that the horizontal force exerted to 
wall from the liquid, is the x-component of total 
force calculated by multiplying the hydrostatic 
pressure by the wet area. By connecting this data on 
a diagram we have the horizontal force due to 
sloshing in each time. 
 
Solution Algorithm 
Most contemporary pressure-based methods employ 
a sequential iteration technique in which the 
different conservation equations are solved one after 
another. The common approach taken in enforcing 
continuity is by combining the equation for 
continuity with those of momentum to derive an 
equation for pressure or pressure-correction. The 
PISO algorithm is used in this work.  
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Results 
The results of the numerical simulations using the 
finite volume method, VOF, and pendulum models 
for simulation of a tanker truck having a circular 
cross-section with one unit in diameter are 
compared. The tanker-truck with a horizontal 
circular cylinder and 4m length in the axial direction 
of it, is moving in a road with velocity of 10m/s. The 
road has a circle with 250m radius. Two different 
accelerations applied to the system, gravity and 
centrifugal accelerations. Before entering of tanker 
in curved road, vertical gravity was the only 
component of acceleration and then at time t=0 a 
horizontal acceleration is added to system and 
sloshing occurs. 
The series of the pictures in Fig. 3 show the results 
obtained using both the Numerical method (solid 
line) and the Analytical method (dotted line) for 
water elevation of 0.35, 0.25, 0.15 and 0.05 m 
measured from the center of the tanker. The results 
of these two methods also have been compared with 
results of Finite-Element method which have 
published before [7]. Also in each picture, the circle 
shows the cross-section of the tanker and the 
elevation of the water.  
As it is expected, both methods have relatively good 
agreements when the water inside the tanker is low 
(d=0.35). The frequency of the sloshing is almost 
the same for all methods at low and moderate 
amount of the water inside the tanker (d=0.35 and 
d=0.25m). The amplitude of the force is in good 
agreements only at relatively low water elevations. 
The differences between amplitude and frequency of 
sloshing of different methods are significant when 
there is a significant amount of water inside the 
taker (d=0.05). 

 
a) d=0.35 

 

 
b) d=0.25 

 

 
c) d=0.15 

 

 
d) d=0.05 

Figure 3- Horizontal force applied to the tanker 
during turning 

 
 
Conclusion 
In this paper, a finite volume, VOF, method is used 
to simulate sloshing in containers. The results of this 
simulation are also compared with a simple 
pendulum model and FEM. For sloshing 
applications in tanker trucks during turning, the 
results obtained from these methods are qualitatively 
comparable for low and moderate amount of fuel 
inside the tanker. On the other hand, in the presence 
of significant amount of water inside the tanker, the 
models result in different solutions. The numerical 
solutions (VOF) are obtained for a realistic 
centrifugal acceleration of tanker trucks during 
turning. 
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