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Abstract. In this paper, we define a notion of a fuzzy metric (X, M, *). Our definition
enable us to define a natural topology on the space. Using Stone’s metrization Theorem,
we will show that the fuzzy topology on (X, M, *) is metrizable. Our method will permit
us to associate a system of quasi *-metrics to space (X, M, %), which in return generate
a fuzzy metric space (X, M’,*) in such a way that under suitable conditions M = M.
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1. Introduction

The celebrated paper of Zadeh [10], motivated many authors to generalize the
notion of metric space to fuzzy framework. Several authors defined and studied
different notions of a fuzzy metric space from different points of view (e.g. [1],
[3]-[9]). In particular, George and Veeramani in [3] modified a notion of a fuzzy
metric space which was introduced by Kramosil and Michalek [9]. Later, in [4],
they have introduced a Hausdorff topology for this fuzzy metric. In 2000, Gregori
and Romaguera [5], introduced a uniformity on the topology of this fuzzy metric
to show that this topology is compatible with a metric on the space. However, we
are unable to determine which metric generates the fuzzy metric topology.

In the next section of this paper, we give a new definition of a fuzzy metric
space. Our definition enable us to employ Stone’s Theorem, to show that the fuzzy
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metric space is metrizable. In Section 3, we will use of the power of our definition
to define a system of quasi *-metrics {dqa}ac(o,1) On a space X. This will let us
to obtain a close relationship between a fuzzy metric space and its associated
system of quasi x-metrics. In fact, we will show that under some restrictions,
there is a one-one correspondence between fuzzy metric spaces and systems of
quasi *-metrics.

2. Basic properties of fuzzy metric spaces
We start this section by some definitions.

Definition 2.1. Following [3], a binary operation * : [0,1] x [0,1] — [0,1] is
called a continuous t-norm if ([0, 1],*) is an ordered abelian topological monoid
with unit 1.

Example 2.2. There are numerous possible choice for a continuous ¢-norm *. For
example, for each a,b € [0, 1], we may define a *x b = min{a, b}, a x b = max{a, b},
axb=aboraxb=a-+b— ab.

Definition 2.3. Let X be a nonempty set, by a fuzzy metric on X, we mean an
ordered triple (X, M, *), where x is a continuous t-norm and M is a fuzzy set on
X? x (0,00) satisfying the following conditions for all z,y,2 € X and s,t > 0.

x,y,t) >0,

It follows from (b) and (d) that for each z,y € X, M(z,y,-) : (0,00) — [0, 1]
is increasing. In fact, if s < ¢, then

M(x,y,t) > M(z,y,s) « M(y,y,t —s) = M(z,y,s).

One may regard M as a function which associates to each pair (x,y) € X? and
t € R the truth of the following statement:

" The distance between x and y s less then t.”

Example 2.4. Let (X, d) be a metric space define

if t <d(z,y)
M(z,y,t) = ¢ 4@:)

1 if t > d(z,y)
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It can be easily verified that (X, M, *) is a fuzzy metric space, where a *x b =
= min{a, b}, a,b € [0,1].

The difference between our definition of a fuzzy metric space with the one given
by A. George, P. Veeramani in [3] is in condition (e). In fact, by their definition,
a fuzzy metric space is a 3-tuple (X, M, x), where X is an arbitrary set, * is a
continuous t-norm and M is a fuzzy set on X? x (0, 00) which satisfy (a) — (d) of
the above definition and

(e) M(x,y,-):[0,00) — [0,1] is left-continuous for each z,y € X.

The condition (e), in Definition 2.3, implies that for each 0 < « < 1 and z,y € X,
the set {t > 0: M(z,y,t) > a} is a nonempty. Therefore, we can define

(2.1) do(z,y) =inf{t > 0: M(x,y,t) > a},
foreach 0 < a<1and x,y € X.
In the following proposition, some properties of {dq }ac(o,1) are exhibited.

Proposition 2.5. Let (X, M, x) be a fuzzy metric space. For 0 < a < 1, Then
the following hold:

(a) da(z,y) =0 if x =y.

(b) da(z,y) = da(y, x).

(C) ]f a1 < Qa, then dozl (x,y) S daz (Jﬁ,y)
For all z,y € X and o, a1, a9 € (0,1).

Proof. (a) If x =y, then M (z,y,t) =1 for all t > 0. Therefore
do(z,y) =inf{t > 0: M(x,y,t) > a} = inf(0, 00) = 0.

(b) is evident.
(c) If ay < awg, then M(z,y,t) > o implies that M (z,y,t) > «;. Hence

{t>0: M(z,y,t) > as} C{t>0: M(z,y,t) > a1}
It follows that d, (z,vy) < da,(z,y). n

Definition 2.6. Let (X, M, x) be a fuzzy metric space, x € X, ¢ > 0 and
0 < a < 1. Define
Bu(z,e) ={y € X : d,(x,y) < e}

The following result in an immediate consequence of the property (c) of
Proposition 2.5.

Corollary 2.7. If oy, € (0,1) and aq < ag, then

B,,(x,r) C By, (x,r), for each r > 0.
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Theorem 2.8. Let (X, M, *) be a fuzzy metric space and {a,} be a sequence in
(0,1) such that lim o, = 1. Let T be the topology generated by the set

{Ba,(x,r): z€X, n=1,2,3,... and r >0},
and let 7' be the topology generated by the set

{Ba(z,7): 2€ X, 0<a<l1,.. and r>0}.
Then T =71'.

Proof. By the definition 7/ C 7. If 0 < a < 1, we choose some n € N such that
a < ay,. By Corollary 2.7, B, (z,7) C By(x,t). This proves the theorem. .

By the above result the following definition is well-defined.

Definition 2.9. Let (X, M, *) be a fuzzy metric space. The fuzzy metric topology
T of the space is defined to be the topology generated by a family

{Ba,(z,7): z€ X, n=1,23,...and r > 0},

where {a,} is an arbitrary increasing sequence in (0, 1) such that lim «a, = 1.
n—oo

Remark 2.10. Let {a,,} be an increasing sequence in (0, 1) such that o, — 1 as
n — oo. By the continuity of x, for every n € N, there is some m > n, such that

Oy * Qypy, = Qi
We use this simple observation in the following result:

Lemma 2.11. Let (X, M, %) be a fuzzy metric space and d,, be as Proposition 2.5.
Let d,, = d,,, , where {a,,} is an increasing sequence in (0,1) such that oy, — 1 as
n — 0o. Then for eachn =1,2,3, ..., there is some m > n, such that

dp(z,y) < dp(x, 2) + dpn(2,y) for each x,y,z € X.

Proof. Let x,y,z be in X and n € N. The above argument shows that there is
some m > n such that a,, * o, > «,. If for some t,s > 0, M(zx,z,t) > «a,, and
M(z,y,8) > qu, then

M(z,y,s+1) > ap * apy > .
Therefore
{t>0: M(z,2,t) > ap}+{s>0: M(z,y,8) > an} C{r>0: M(z,y,r) > a,}.

Hence
dn(Iay) S dm(l‘, Z) + dm(Z,y) u
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Hereafter, we fix an increasing sequence {a,} in (0, 1) such that lim o, =1

n—oo

and we let d,, = d,,. In order to show that the topology 7, defined in Theorem
2.8 makes X into a Hausdorff space, we need to the following observation:

Lemma 2.12. Let for each n > 1, d,(x,y) =0 then z = y.
Proof. If d,(z,y) = 0 for all n > 1, then
inf{t >0: M(z,y,t) > a,} =0, Vn=1,2,3,....

Therefore
M(z,y,t) > ap, Yn>0andt> 0.

It follows that M (z,y,t) =1 for all £ > 0. Hence, by the definition = = y. .

Theorem 2.13. Let (X, M,*) be a fuzzy metric space and T be its associate
topology defined in Theorem 2.8, then (X, T) is a Hausdorff space.

Proof. Let x and y be two distinct points of X. Then by Lemma 2.12, there
is some n > 1 such that ro = d,(z,y) > 0. By Lemma 2.11, we can find some
m > n, such that

dn(7,y) < du(2, 2) + dn(2,y)

for each z € X. Then
x € By(x,19/3), y € Bn(y,10/3) and B,,(z,70/3) N By(y,m0/3) = 0.
In fact, if z € By, (2,70/3) N Bin(y,r0/3), then
ro = dp(x,y) < dp(z,2) + dn(z,y) <10/3+10/3 = 210/3.
This contradiction proves the theorem. n

Definition 2.14. Let U be a covering of a space X and B C X, the star of B
with respect to U is defined to be the set

St(B,U) =U{U :U eU,BNU # 0}.

In order to show that the topology of a fuzzy metric space is compatible with
a metric, we need to the following result:

Theorem 2.15. (Stone’s Theorem) Let X be a topological space. The following
statements are equivalent:

(1) X is metrizable.

(2) X is a Ty space and there a sequence {U,} of open coverings with the pro-
perty: for each x € X and a neighborhood W of x, there is a neighborhood
V of x and n € N such that St(V,U,,) C W.
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Proof. See page 196 of [2]. .
Now, we are ready to state the main result of this section.

Theorem 2.16. Let (X, M, x) be a fuzzy metric space. Then the topological space
(X, Ta) is metrizable.

Proof. By Theorem 2.13, (X, 7) is Hausdorff, hence it is Ty. Let

1
Un:{Bn (x,—) :xEX}, n=23,...
n

If 2o € X and W is neighborhood of x(, there is some n € N, such that
B, (xo, %) C W. Let k > m > 3n be such that

Q% Q> and  ay * g > Q.
Let V = B;, (xo; %) We will show that St(V,Uy) C W. Let z € By (y, %) and
w € By, (y, %) NV. Then

dn(za l‘Q)

IN

dm(za y) + dm(ya :L‘O)

1
S — + dm(yvx())
m

1
< %+dk(y,w)+dk(w,:c0)
oLl 113
-k k k k
1
< —.
n

1
Hence B, (y, E) C W. It follows that St(V,U;) C W. By the Stone’s theorem

X is metrizable. "

Example 2.17. Let (X, d) be a metric space, define

t
Md(xa Y, t) = m
where a b = ab. Then, it is easy to verify that (X, M, *) is a fuzzy metric space.
(My, ) is called the standard fuzzy metric space induced by d. Let a,, = 1 — %
forn=1,2,.... Then
dn(z,y) = inf{t>0:;21_l}

= inf{t >0:t> (n—1)d(z,y)}
= (n—1)d(x,y).
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Therefore, the topology 7, generated by {d,} on X is equal to 74, the topology of
metric space d.

Remark 2.18. Let (X, M,x*) be a fuzzy metric space and 7y, be its associated
topology. The proof of Lemma 2.11 shows that if a x a > « for all a € (0,1), for
example when a * b is equal to max{a, b}, min{a, b} or min{a + b — 1}, then each
d,, satisfies the triangle inequality. It follows that in such a situation

= — \4 X
p(z,y) 21+d ) T,y €

defines a metric on X. It can be easily verified that the metric topology 7, is
equal to the fuzzy metric topology 75, on X.

Example 2.19. Let (X, d) be a metric space, define

(@.)
M(a:,y,t):e_dty, Ve,y € X and t > 0.

Let a * b = min{a,b}. If M(x,y,t) > M(y,z,s) for x,y € X and t,s > 0, then
1 1
;d(x,y) < —d(y, z), therefore

s

d(z,z) < d(z,y)+d(y, z)
< éd(y, z) +d(y, 2)
_ t+ Sd(y, 2).

It follows that M(x,z,t + s) > M(y,z,s) = min{M (z,y,t), M(y, z,s)}. By Re-
mark 2.18, 7y = 7,.

3. Correspondence between a system of quasi x-metrics
and a fuzzy metric on X

In this section we are going to establish one to one correspondence between fuzzy
metric spaces and a system of quasi *-metrics. In order to show the correspon-
dence, we need to the following definition:

Definition 3.1. Let X be a nonempty set and * : [0,1] — [0, 1] be a continuous
t-norm. Let {d4 }ac(o,1) be a family of nonnegative functions on X?, such that for
each z,y,z € X and a € (0,1) the following conditions hold:

(1) da(z,z) = 0;

(2) da(z,y) = daly, ©);

(3) if © # y, then dg(z,y) > 0 for some 5 € (0,1);

(4) if B,y € (0,1) and B %y > «, then d,(x, 2) < dg(x,y) + d,(y, x).
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Then {dqs}ac(o,) is said to be a system of quasi *-metrics on X.

Theorem 3.2. Let X be a nonempty set, * be a continuous t-norm and {da}ae(m)
be a system of quasi x-metrics on X. Define

(3.1) M(z,y,t) =sup{a € (0,1) : do(z,y) < t},
where x,y € X, t € R and « € (0,1), then

(i) (X, M, *) is a fuzzy metric on X.

(ii) If dy(x,y) : (0,1) — R is left continuous and
(3.2) d(z,y) =inf{t >0: M(x,y,t) > a},
then d, = d., for each a € (0,1).

Proof. To prove (i), we have to show that the conditions (a)—(e) of Definition 2.3
hold. (a) and (c) immediately follows from the definition.

If =y, then d,(x,y) = 0 < t for each ¢ > 0 and « € (0,1). Therefore
M (z,y,t) = 1 for each t > 0. Conversely, suppose that M (x,y,t) = 1 for each
t > 0. Then for each o € (0,1) and ¢t > 0, du(z,y) < t. This means that
do(x,y) =0 for each a € (0,1), by (3) 2 = y. This proves (b).

Let = M(x,y,t), vy = M(y,z,s) and a = Bx. Let ; < f and 3 < 7 and
a1 = (1 x 7. It follows from the definition that

dg,(z,y) <t and d,,(y,2) <s.
Therefore, by (4), we have
Aoy (x,2) < dg,(z,y) +dy, (y,2) < t+s.
Hence M(x, z,t + s) > oy, By the continuity of *,
M(z,z,t+s) > a= M(z,y,t) * My, z, ).

This proves that the condition (d) of Definition 2.3.
Next we will show that tlim M (z,y,t) = 1. Let € > 0. Take some o € (0, 1)

such that @ > 1 — e. Then, for each t > d,(x,y), we have
M(z,y,t) > M(z,y,do(z,y)) > a>1—c¢.
To prove (ii), we will show that
(2.1) do(z,y) <t=d (z,y) <t and d, (2,y) <t=d.(z,y) <t

Let d'(z,y) < t, then by (3.2), we have M (z,y,t)>«a. Hence, by (3.1), do, (x,y) <t
for each a; < a. Thanks to left continuity of d( y(z,y) at «, the relation d(z, y) <t
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follows. If d(z,y) < t, for some a € (0,1

,1),t >0 and z,y € X, then by (3.1),
M (x,y,t) > a. Hence, by (3.2), d (z,y) <

)7
t.

Let (X, M, %) be a fuzzy metric space. By the proofs of Proposition 2.5 and
Lemmas 2.11 and 2.12 the family {dq }ac(0,1), Which is defined by (2.1), is a system
of quasi *-metrics on X. The following proposition shows that there is a close
relationship between M and its corresponding system of quasi x-metrics.

Proposition 3.3. Let (X, M,x*) be a fuzzy metric space and {ds}ac0,) be its
corresponding system of quasi x-metrics. Let x,y € X and o € (0,1).

(1) If M(z,y,-) : (0,00) — (0,1] is strictly increasing on the set
{t>0:0< M(z,y,t) <1} and M(z,y,s) = « then dy(x,y) = s.

(2) If M(z,y,-): (0,00) — [0,1] is continuous and do(z,y) = s,
then M(z,y,s) = a.
Proof. (1) If tg < s <ty then M(z,y,to) < M(z,y,s) < M(z,y,t1). Hence
do(z,y) =inf{t > 0: M(x,y,t) > a} =inf{t >0:¢t> s} =s.
(2) If do(x,y) = s, it follows from the definition that

M(z,y,t1) < a, Vi <s,
M(z,y,ts) >, Viy > s.

By the continuity of M (x,y,-) at s,

M(z,y,s) = liirslM(:C,y,t) = a.
.

Let (X, M,x) be a fuzzy metric space and {dq}ac(0,1) be its corresponding
system of quasi *-metrics on X. Let M'(x,y,t) = sup{a € (0,1) : do(z,y) < t}
for each z,y € X and t > 0. By Theorem 3.2, (X, M’, %) is a fuzzy metric on X.
In the next result we will show that M = M’ if for each x,y € X, M(x,y,-) is a
continuous function on (0, c0).

Theorem 3.4. Under the above notations, we have the following.

(1) M(z,y,t) > M'(z,y,t) for each x,y € X and t > 0.

(2) Ifx,y € X and M(x,y,-): (0,00) — [0,1] is continuous,
then M (z,y,t) = M'(x,y,t) for each t > 0.
Proof. (1) Let M'(z,y,t) > a for z,y € X, t >0 and a € (0,1). It follows from

the definition that for each oy < «, d,, (z,y) < t and hence M (z,y,t) > . Since
this holds for each a; < «, the relation M(z,y,t) > « holds. This proves (1).

(2) Let M(z,y,t) > a for z,y € X, t > 0 and a € (0,1). By the definition,
do(z,y) <t. lfd,(x,y) =t, then by Proposition 3.3 (2), M (z,y,t) = . Therefore
do(x,y) < t. Hence, by the definition, M'(z,y,t) > «. This together with (1)
proves (2). .
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