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We construct iterated function systems on compact manifolds that are C'! robustly min-
imal. On the m-dimensional torus and on two-dimensional compact manifolds, examples
are provided of C! robustly minimal iterated function systems that are generated by

just two diffeomorphisms.
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1. Introduction

Our motivation for this paper comes from a result contained in [

3] by Gorodetskit

and Il'yashenko on iterated function systems on the circle. They provide an example
of an iterated function system generated by two circle diffeomorphisms, that is
robustly minimal in the C! topology. The example consists of an irrational rigid
rotation and a diffeomorphism with an attracting and a repelling fixed point; we

refer to [6, Proposition 12] for details of the construction.

We generalize this example to iterated function systems on m-dimensional com-
pact Riemannian manifolds M by constructing examples of C'' robustly minimal
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iterated function systems on M. On the m-dimensional torus T = (R/Z)™ and on
two-dimensional compact manifolds, i.e. compact surfaces, robust minimal iterated
function systems with two generators exist. A somewhat related problem on mini-
mality of an iterated function system generated by a generic pair of area preserving
diffeomorphisms was recently raised in [7].

We begin to introduce definitions and notations of iterated function systems,
and then formulate our main results. Consider a collection of diffeomorphisms £ =
{g1,--.,gn} on M. The iterated function system G(M;g1,...,gn) on M generated
by L is given by iterates g;, o---og;, withi; € 1,...,n. As is well known, iterated
function systems are a popular way to generate and explore a variety of fractals
[1, 2]. Consider the space Diff' (M) of C' diffeomorphisms of M, endowed with
the C! topology. Recall that a map f : M — M is minimal if each closed subset
X C M such that f(X) C X is empty or coincides with M. An iterated function
system G(M;q1,...,9s) on M is minimal if each closed subset A C M such that
gi(A) C (A) for all ¢ is empty or coincides with M. Equivalently, for a minimal
iterated function system G(M;¢1,...,9s), for any € M the collection of iterates
Giy © -+ 0g;, (), i, >0, is dense in M.

Theorem 1.1. Let M be a compact connected m-dimensional manifold. Then there
exist diffeomorphisms Ty, ..., T3 on M and a neighborhood
U C Diff'(M) x --- x Diff'(M)

m—+3 times

of (T, ..., Tynss) such that each element in U forms a minimal iterated function
system on M.

This result raises the question of the minimal number of generators of C!
robustly minimal iterated function systems. The following two results provide
answers in two cases, iterated function systems on tori and compact surfaces.

Theorem 1.2. There exist two diffeomorphisms Ty, T on the m-dimensional torus
T™ and a neighborhood U C Diff' (M) x Diff* (M) of (Ty, Ts) such that each element
in U forms a minimal iterated function system on T™.

Theorem 1.3. Let M be a compact connected surface. There exist two diffeomor-
phisms T1, Ty on M and a neighborhood U C Diff' (M) x Dift' (M) of (Ty, Ty) such
that each element in U forms a minimal iterated function system on M.

These theorems are proved in the following section.

2. Robust Minimal Iterated Function Systems
For x € M, define T'(z) C Diff' (M) by

I'(z) = {g € Diffl(M) ‘ 1< ||Dg*1(g(x))|| < 2 and % < |[[Dg(2)|| < 1}.
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Given a small open neighborhood V' of a point a € M, put
Cy ={geDiff (M) | g(V)CVand Ve € V,g € T'(z)}.

Note that in the C'-topology, Cy is open and the map « : Cyy — V that takes each
map to its fixed point in V' is continuous.
We start with some lemmas.

Lemma 2.1. For L ={g1,...,9s} with g; € Cy,i=1,...,s, there exists a unique
non-empty compact set A such that the iterated function system G(A;g1,...,gs) s
manimal.

Proof. Take £O(V) =V, LY(V) = L(V) = U, ¢:(V), LP(V) = L(LP~1(V)) for
p > 1. Since L(V) C V,

VoLWV)DLYV)D - DLP(V)D ---

Now A = lim,,_, £P(V) is a nonempty compact set that is invariant for £. Since
gi are contractions on V', A is the unique compact set that is invariant for £ [4].
Thus the iterated function system G(A;g1,...,gs) is minimal. O

An ordered set of points {p1,...,pm+1} C R™ is called affine independent if
{p1p2,D1P3; - - -, D1Pm+1} 18 linearly independent.

Lemma 2.2. In Lemma 2.1, it is possible to choose L ={g1,...,Gm+1}, gi € Cv
for 1 <i<m+1, so that the interior of /\ is nonempty.

Proof. In coordinates we may assume that V' C R™. Choose {¢g1,...,9m+1} C Cv
such that the subset {a(g1),...,a(gm+1)} is affine independent. Moreover, choose
gi, i =1,...,m+1, so that Dg;(a(g;)) is a multiple of the identity. Take a linear
system £ = {ki,...,kmi1}, where ki(z) = Dgi(a(g:))(z — algs)) + alg), i =
1,...,m+ 1. By shrinking V, if necessary, k; is arbitrary close to ¢; on V. It is
clear that the set A = conv{a(g1),...,a(gm41)} is an invariant set for £, where
conv{ay,...,am+1} is the convex hull spanned by {ay,...,amyt1}

Take o, C int(A) close to a(g;),i = 1,...,m+1. Let A? = conv{}, ..., al, 1 }.
Then

A2 C LN C---c LV C---

which implies that lim,, o £7(A2) = U0 L(A?) = intA. Since g; is close to k;
onV, -

N C LN C---CcL (DY) C--- (1)

and hence intA D (J;5 L(A?). |
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The proof of Lemma 2.2 gives more than its statement as it includes arguments
for C robust occurrence of invariant sets with nonempty interior.

Corollary 2.3. Let {g1,.-.,9m+1}, gi € Cy for 1 < i < m + 1, be such that
{a(g1),...,a(gm+1)} is affine independent (assuming, as in the proof of Lemma 2.2,
that V. C R™). Then there exists a neighborhood W C Diff* (M) x - - - x Diff* (M)

m-+1 times

of (g1, -+, Gm+1) such that each element F = (f1,..., fm+1) in this neighborhood
admits an invariant set with non-empty interior.

The above lemmas are ingredients in the proof of Theorem 1.1.

Proof of Theorem 1.1. We prove the theorem by establishing the following:
there exist an open neighborhood V' of a point ¢ € M, an iterated function system
L={g1, -, gms1} with g; € Cy for 1 < i < m + 1, a diffeomorphism 7" on M,
and a neighborhood U C (Diff' (M))"™+3 of (T, T~',g1,...,gm+1) such that each
element in U forms a minimal system on M.

Take a gradient Morse-Smale vector field on M with a unique hyperbolic
repelling equilibrium ¢ (see e.g. [8, Theorem 3.35] for the existence of Morse
functions with unique extrema) and let T be its time-1 map. Let V be a small
open neighborhood of g. By following the argument in the proof of Lemma 2.2
for £ = {g1,...,9m+1}, we can choose o) € int(A) sufficient close to a(g;) for
i=1,...,m+1such that A? = conv{e,...,a}, ,} CintA. We may assume that
q lies in the interior of A2. The unstable manifold of ¢ for T lies dense in M. Iter-
ates of A under T therefore cover a dense subset of M. Finally, choose g1, ..., gm+1
so that each of the finitely many critical points of T is mapped into the unstable
manifold of ¢ for T by at least one of the maps g;. It is now easily seen that the
iterated function system {7,771, g1,..., gm+1} is minimal.

For g; C'-close to g;, the system {gi,...,Jm+1} is minimal on a compact set
A containing A2. A diffeomorphism T that is C'-close to T has its fixed points
near those of T, in particular a unique hyperbolic repelling equilibrium § inside A2
with dense unstable manifold [9]. It follows that a system {T,7~,G1,...,Jm+1}
whose generators are sufficiently C'-close to those of {T,7 !, g1,...,gm+1} is
minimal. O

We finish with the examples of robust minimal systems on tori and compact
surfaces. The proofs use arguments similar to the ones above.

Proof of Theorem 1.2. Let T} be a C' diffeomorphism of T™ possessing an
attracting fixed point a = (a1,...,an), so that T1 € I'(a) and DT (a) is a diagonal
matrix. Let 75 be a minimal translation on T™, see e.g. [5, Sec. 1.4].

Since T, is a minimal translation and Cy is open, there exist n; € N such that

g =TTy € C(V)
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fori=1,...,m+1 and the set {a(g1),...,a(gm+1)} is affine independent. We can
apply the arguments in the proof of Lemma 2.2 for £ = {g1,...,gm+1}; let A% be
as in that proof so that (1) applies.

Iterates of A? under Th cover T™: thus there exists a finite subcover Q1. More-
over, since T2_1 is also minimal, it follows that there exists a finite subcover Q~ of
T™ by the images of A2 under the iterates of Tg_l. The same applies when T5 is
replaced by T» from a small neighborhood of T% in Diff 1(']I'm).

By Corollary 2.3, there exists a neighborhood W of (g1,...,gm+1) such that
for each element (fi,..., fr+1) in this neighborhood, the iterated function system
{f1,---, fm+1} has a unique compact set Az with non-empty interior on which it
is minimal. The interior of Ar contains AZ2.

We conclude that there is a small neighborhood U of (T1,75) so that for each
(Tl, Tg) inU,{f1,..., fms+1} with f; = T;Tl acts minimally on a set that contains
A?, and forward and backward iterates under T of A2 cover T™. This implies that
(T™, Ty, Ty) is C* robustly minimal. m|

Proof of Theorem 1.3. Let T; be the time-1 map of a gradient Morse—Smale flow
on M, with a unique attracting fixed point ¢; and a unique repelling fixed point
p1. Let Ts likewise be the time-1 map of a gradient Morse—Smale flow on M, with a
unique attracting fixed point g2 and a unique repelling fixed point po, with g2 close
to p1 and ps close to ¢;. Further, choose T, T so that T maps fixed points of T}
into the stable manifold of g; (which lies dense in M).

Take T with DTi(q1) close to identity and with complex conjugate eigenval-
ues. Take T} and T5 so that further TQle for some k € N possesses a hyperbolic
attracting fixed point g2 near qi, with DTyTF(g12) close to identity and with com-
plex conjugate eigenvalues. Moreover, we can ensure that 77 and ToTF are linear
in coordinates near {q1} U {q12}, and time-1 maps of flows ¢}, ©i,.

We claim that £ = {T3,T12} is minimal on a unique compact set A with a
nonempty interior that contains qi, g12. To see this, write [ for the closed line piece
connecting ¢; and g1 and consider the set U which is the union of U0 (1) and
Ui>0@is(l). Since g1 and gi2 are attracting fixed points for T and T1T%, U is a
closed set that contains ¢; and g2 in its interior. Since DTi(q1) and DT1T(q12)
are near the identity, one has £(U) D U. Hence U C A. Noting that U con-
tains a slightly longer linepiece that extends I, one sees that U C int £L™(U)
for some n € N. Then, for Ty, T» C'-close to Ti, Ts, also U C int ﬁ"(U)
for £ = {Tl,Tg}. Thus £ is minimal on a compact set that contains U in its
interior.

Finally, choose T7, T5 so that the repelling fixed point ps of T5 will be contained
in U. Tt is easily checked that this can be done: in complex coordinates near {¢; } U
{q12} one may take T)(z) = az, Ta(z) = bz + 1 and ToT{(z) = ba*z + 1, and by
varying a, b, k while keeping ba” fixed one may assume that the fixed point of T5 is
near 0 and hence lies in U. The properties of T}, T> now imply that G(M; Ty, T»)
is C' robustly minimal, compare the proof of Theorem 1.1. O
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