
Iranian Mathematicsl Society

4 04 0 T H A N NN N UA LL  I R AA NN I A N
MA T H E M AT I C S C O N F E R E N C E

Accepted for presentation

Available at http���aimc���ir�node���� Sharif University of TechnologyTT

A New Approach for estimation of attraction region and

asymptotic stability a system of nonlinear ODE

S� E�ati

email� effati�����yahoo�com

O� Baghani H� Baghani

Tarbiat Moallem University of Sabzevar

Abstract

In this paper� we use the measure theory method for estimation of attraction
region and asymptotic stability of an autonomous system of �rst order of the non�
linear ordinary di�erential equations �ODE�s�	 Corresponding with attraction region�
two optimization problems are de�ned	 We prove that if solutions of two problems
be the same� the attraction region is determined completely	 The solutions of these
optimization problems are used to �nd an estimation of the region of attraction and
then a piecewise�constant control function	 Using the approximated control signals�
the approximate trajectories and the error functional related to asymptotic stability
problem are obtained	Mathematics Subject Classi�cation
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� Introduction and formulation of problem

The o�ered methods for determining region of attraction� about a equilibrium point� is divided
to two groups� The �rst group� consist of the methods which Lyapunov�s function is used in them
structure� for example� Michel method ��	� and the second group� consist of the methods that
don�t use Lyapunov�s function� for example� the methods that is o�ered by Infante �
	 and Loprio
��	� Generally� the o�ered methods� are used for limited problems and we don�t use them for all
nonlinear systems� Now� we want to use a new method for estimation of attraction region and
asymptotic stability of the autonomous system by using measure theory� The measure theory
has been used to solve optimal shape design by Fakharzadeh and Rubio ��	� and to solve linear
and nonlinear ODE� s and in�nite horizon optimal control problems by E�ati et al� ��	�
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An autonomous system of ordinary nonlinear di�erential equations is in the following form

x��t� � G�x�t�� ���

where G � A � IRm is Lipschitz function and A is a compact set� G is Lipschitz function� if G
satisfy in the following relation

�y� z � A � kG�y��G�z�kp � Lky � zkp � �L � ��

kxkp for x � �x�� x�� � � � � xm� � IRm is de�ned by

kxkp � �jx�j
p � jx�j

p � � � �� jxmj
p�

�

p � �� � p ����

De�nition ��� Let x�t� is a solution of system ���� and there exists t� � �� such that x�t�� �
x� � IRm� x� point is said stable point if x�t�� � x�t� � t� for each t � �� We always assume
that x� � � is stable point� since with y � x� x� the stable point for new system y� � G�y� x��
is zero point�

De�nition ��� Let x�t� is a solution of the system ��� with starting point x���� The set of all
points x��� in A that limt�� x�t� � �� is said region of attraction� denoted by RA�

Determining of RA is di�cult in generally� but we can obtain an estimate of this region�

De�nition ��� Upper radius rp and lower radius rp of system ��� are de�ned in the following
form

rp � supfkx���kp j lim
t��

x�t� � �g� ���

rp � inffkx���kp j lim
t��

x�t� not exis or lim
t��

x�t� 	� �g� �
�

Since A is compact� rp and rp are well de�ne�

Theorem ��� Assume that upper radius and lower radius attraction are rp and rp respectively�
then
i� rp � supfr j RA 
 Np�r�g�
ii� rp � inffr j RA 
 Np�r�g�
where Np�r� � fx j kxkp � rg�

Proof� It is clear�

Corollary ��� Let that upper radius and lower radius attraction are rp and rp respectively�
then
i� rp � rp�

ii� If rp � rp then RA � Np�rp��
iii� Let x� � � be a stable point for system ���� then x� � � is asymptotically stable point if only
if rp � ��

According to ���� URA problem is

Sup kx���kp
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S� E�ati and O� Baghani and H� Baghani

subject to �
x��t� � G�x�t��
limt�� x�t� � ��

and by �
�� LRA problem is

Inf kx���kp

subject to �
x��t� � G�x�t��
limt�� x�t� 	� ��

Here assume x��t� � u�t� �we may call u��� as arti�cial control function�� de�ne ��t� x�t�� u�t�� �
ku�t� � G�x�t��k�� and the error functional E into E�x���� u���	 �

R
�

� ��t� x�t�� u�t��dt� for all
t � ������ where k � k is the l�� norm in IRm� Now by the change of variable � � �

�
tan���t��

we transform the interval ����� to ��� ��� Assume y��� � x
�
tan��� ��

�
and v��� � u

�
tan��� ��

�
�

since x��� � y���� we get the following problems� For URA problem we have

Sup I�y���� v���� � ky���kp � �

Z
�����

�
�
tan�

�


��� y���� v���

� �


sec��

�


��d� ���

subject to
y���� � g��� y���� v����
v��� � U � IRm

lim���� y��� � y� � �
y��� � A � IRm�

����
���

���

and for LRA problem we have

Inf I�y���� v���� � ky���kp � �

Z
�����

�
�
tan�

�


��� y���� v���

� �


sec��

�


��d� ���

subject to
y���� � g��� y���� v����
v��� � U � IRm

lim���� y��� 	� �
y��� � A � IRm�

����
���

���

where g��� y���� � �
� v��� sec

���� �� and � � � is a big number�

De�nition ��� A pair w � �x���� u���	� where x���� u��� � ������ IRm are said to be admissible

for URA problem if u��� is measurable and bounded� the trajectory function x��� is di�erential
and the constrains of the �	� are satis�ed� We assume that the set of all admissible pairs� is
non
empty� Similarly the set of all admissible pairs for LRA is de�nable�

Theorem ��� If there exists an optimal solution w� � �x����� u����	 for the in�nite
horizon
optimal control problem ���
�	� such that the optimal value E� be zero� then the optimal solution
w� is exact�

Proof� Suppose w� is the optimal solution for problem ������� It is obvious that w� is an
admissible solution� Furthermore� since the function � is continuous function and nonnegative�
then � � �� thus� the �rst order system ��� will be hold for all t � ������ and the exact solution
of ��� is obtained� The above theorem is true for ������ problem�

Remark ��� If w� � �x����� u����	� be an optimal solution for the problem ���
�	� such that the
optimal value E� be a�e� zero� then the optimal solution w� is the approximate solution for ����
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ANew Approach for estimation of attraction region and asymptotic stability a system of nonlinear ODE

� Transformation of URA into In�nite�dimensional optimization

Consider � � J  A  U � where J � ��� ��� Assume J� � ��� � � 		 and �� � J�  A  U �
Since J�� A and U are compact subsets of IR� IRm and IRm respectively� then �� is a compact
subset of IR�m�� and �� � � as 	 � �� Let w � �y���� v���	 be an admissible pair and B

an open ball in IRm�� containing J  A� that C ��B� be the space of realvalued continuously
di�erentiable functions on B such that the �rst derivative is also bounded� Also D�J�� be the
space of all in�nitely di�erentiable realvalued functions with compact support in J� �see ��	��
where J� � ��� �� and C���� is subspace of the space C��� of all continuous functions on �
depending only on the variable �� The mapping �w � F �

R
J
F ��� y���� v����d� �F � Cc�����

de�nes a positive linear functional on Cc���� the space of all bounded continuous functions with
compact support� Similarly� we de�ne the mapping �� � F �

R
J�
F ��� y���� v����d� �F � C�����

By the Riesz representation theorem �see ��	� there exist two unique positive Radon 
 and 
� on
� and �� respectively� such that �w �

R
J
F ��� y���� v����d� �

R
�Fd
 � 
�F � �F � Cc���� and

�� �
R
J�
F ��� y���� v����d� �

R
��
Fd
� � 
��F � �F � C������ If �

g��� y���� v���� � d
d�
����� y��

and �j��� y���� v���� � d
d�
���yj� then we have


��g� � �� �� � C ��B��

��j� � � �j � �� �� ����m� � � D�J���


� �f� � af �f � C������

��
� ���

Proposition ��� Let w � �y���� v���	 be an admissible pair� for the URA problem� then
i� yi��� � �
�gi� �i � �� �� � � � �m�

ii� ky���kp � �
Pm

i�� j
�gi�j
p�

�

p

iii� �� � ���� ��� �����
�g����
�g��� � � � ��
�gm��

Proof� If ���� y� � yj � then �g��� y� � gj � therefore 
��
g� � 
�gj� �

R
����� gjd� � �yj���� for

j � �� �� � � � �m� The proof of �ii� and �iii� by �i� is clear�

Proposition ��� lim��� 
��F � � 
�F �� �F � C������

Proof� We have

lim
���


��F � � lim
���

Z
��

Fd
� � lim
���

Z
J�

F ��� y���� v����d� � lim
���

Z
J

J�F ��� y���� v����d�

where�  is characteristic function� Since jJ�F j � jF j� therefore

lim
���


��F � �

Z
J

lim
���

J�F ��� y���� v����d� �

Z
�
F ��� y���� v����d� � 
�F ��

Theorem ��� Let M���� be the set of all positive Radon measure on � and Q��� be the set
of all positive Radon measure on � satisfying ���� Similarly de�ne M����� and Q����� Then

lim
���

Sup Q	���I�
�� � Sup Q	��I�
��
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S� E�ati and O� Baghani and H� Baghani

Proof� See ��	�

By above theorem also the Riesz representation theorem� the URA problem is estimated to
following form

Sup ���Q	��� I�
�� � �
nX
i��

j
��gi�j
p�

�

p � �
��f�� ���

� Approximation of URA problem

Let s� � f�i � i � �� �� � � � g� such that the linear combinations of the functions �i � C ��B�
are uniformly dense in C ��B�� For instance� these functions can be taken to be monomials in the
components of them� vectors x� Also assume s� � fsin���r��� ��cos���r�� � r � �� �� � � � g and
s
 � ffs � s � �� �� � � � � Lg� If Q��M��M�� be the set of all positive Radon measure on �� sat
isfying in ���� then by theorem III�
 of ��	� we have lim	M��M���	���� Sup ���Q�	M��M�� I�
�� �
Sup ���Q�	��� I�
��� Therefore the following problem is an approximate of the problem ����

Sup ���Q�	M��M�� I�
�� � �
mX
i��

j
��gi�j
p�

�

p � �
��f�� ����

By Proposition III�� of ��	 we obtain an approximation for the optimal measure 
�� by a �nite
combination of atomic measures� such that 
�� �

PM��M�
i�� ��i ��z

�

i � ��
�

i � �� z
�

i � ���� Here ��z�
is the unitary atomic measure characterized by ��z��F � � F �z� where F � C���� and z � ���
This structural result points the way towards a nonlinear problem in which the unknowns are
the coe�cients ��i and supports fz

�

i g �i � �� �� � � � �M� �M��� To transform this problem to
a linear programming� we use the another approximation� If wN

� is a countable dense subset of
��� we can approximate 


�

� by a measure �� �M����� such that �� �
PM��M�

i�� ��i ��zi�� where
zi � wN

� � fz�� z� � � � � zNg �Proposition III�
 of ��	�� Now we shall consider only a �nite mnuber
M� of the functions � of the type �� � y�� �� � y�� � � � � �m � ym� �m�� � y��� �m�� � y��� � � � �

Since every continuous function can be written as a linear combination of monomials of the type
�� y� y�� � � � � Also assume

�r��� �

�
sin���r�� �r � �� �� � � � �M���
�� cos���r�� �r �M�� � ��M�� � �� � � � � �M���

then we have M� � �mM��� Finally� let �r � C����� �r��� y���� v���� � �r �r � �� �� � � � � Then
f�r� r � �� �� � � � g is dense in C����� Assume that there are L of them in the set f�gi g

M�

i��� It
is necessary to choose L number of function of the time only� to replace the functions �r �r �
�� �� � � � � which were not found suitable� so we have chosen some suitable functions� to be denoted
by fs �s � �� �� � � �L�� as follows

fs��� �

�
� if � � Js
� otherwise�

will be considered� where Js � � 	s���
L

� s
L
�� �s � �� � � � � L�� The set �� � J�  A  U will

be covered with a grid� where the grid will be de�ned by taking all points in �� as zj �
��j � y�j � y�j � � � � � ymj � v�j � v�j � � � � � vmj�� The points in the grid will be numbered sequentially from
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ANew Approach for estimation of attraction region and asymptotic stability a system of nonlinear ODE

� to N � So URA problem is approximated by the following nonlinear programming problem
which zi for i � �� � � � � N belongs to a dense subset of ���

maximize �
mX
j��

jcij
p�

�

p � �

NX
j��

�jf��zj� ����

subject toPN
j�� �j�

g
i �zj� � �i��� c�� c�� � � � � cm� � �i��� �� �i � �� ����M��PN

j�� �j�
j
r�zj� � � �r � �� ����

M�

m
� �j � �� �� ����m�PN

j�� �jfs�zj� � afs �s � �� ���� L�

�j � �� �j � �� �� � � � � N�

�����
����

����

where ci � �
�gi� �i � �� �� � � � �m�� Therefore� the upper region of attraction by solving this
problem is obtained�

� Approximation of LRA problem

In this section� a nonlinear programming problem to estimate the optimal solution of LRA is
obtained� Put y��� � �y����� y����� � � � � ym���	

T and y���� � �y������ y������ � � � � ym����	
T � where

lim��� �� � � � �� � ��

Proposition ��� Let w � �y���� v���	 be an admissible pair� for the LRA problem satisfying in
���� then
i� yi��� �

�
��

��yi � �� � ���gi� �i � �� �� � � � �m�

ii� yi���� �
�
��

��yi � �gi� �i � �� �� � � � �m�

iii� ��� � ����� y������ y������ � � � � ym������ ���� y����� y����� � � � � ym����

Proof� The proof is clear� if wee choose ���� y� � �yj and ���� y� � ������yj for j � �� �� � � � �m�

In the other hand� if y��� be a admissible solution and lim���� y��� 	� � we have

�k � � �s � IN ��s s�t ��
�

s
� �s � � and ky��s�k �

�

k
�

By the similar process used for URA� we obtain the following optimization problem for LRA�

minimize �
mX
j��

jcij
p�

�

p � ��
NX
j��

�jf��zj�� ��
�

subject to�����������	
����������


PN
j�� �j�

g
i �zj�� �i��� d�� d�� � � � � dm� � �i��� c�� c�� � � � � cm� � � �i � �� � � � �M��PN

j�� �j�
j
r�zj� � � �r � �� � � � � M�

m
� �j � �� �� � � � �m�PN

j�� �j�yi � �� � ���gi��zj� � ��ci � � �i � �� �� � � � �m�PN
j�� �j�yi � �gi��zj� � ��di � � �i � �� �� � � � �m�

�
Pm

i�� jdij
p�

�

p � �
kPN

j�� �jfs�zj� � afs �s � �� � � � � L�

�j � �� �j � �� �� � � � � N�

����

where ci � � �
��

��yi � �� � ���gi� and di � � �

��

��yi � �gi� �i � �� �� � � � �m��
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� Numerical example

Consider the following nonlinear di�erential equation

�
x���t� � �
x
��t�� x��t�
x���t� � x���t�� �x



��t�

����

First we de�ne function

��t� x�t�� u�t�� � �u��t� � 
x


��t� � x��t��

� � �u��t�� x���t� � �x


��t��

��

Now by suitable change of variable� for URA problem we have

Sup I�y���� v���	 � ky���kp � �

Z
�����

�

�
���� y���� v���� sec��

�

�
��d�

subject to

y����� �
�
� v���� sec

���� ��
y����� �

�
� v���� sec

���� ��
lim���� y���� � �
lim���� y���� � ��

����
���

and for LRA problem we have

Inf I�y���� v���	 � ky���kp � �

Z
�����

�

�
���� y���� v���� sec��

�

�
��d�

subject to

y����� �
�
� v���� sec

���� ��
y����� �

�
� v���� sec

���� ��
lim���� y���� 	� �
lim���� y���� 	� ��

����
���

Let � � J� � ��� � � 		� 	 � �
��� � so �� � ����� Also y��� � �y����� y����	 � A � A�  A�� where

A� � ��� ���	�A� � ������ �����	 and v��� � �v����� v����	 � U � U�U� where U� � U� � ���� �	�
And let the set J� � ��� � � 		 be divided into �� equal subintervals� the sets A�� A�� U� and
U� be divided into �� equal subintervals� so that �� � J�  A U is divided into ������ equal
subsets� We assumed zp � ��p� y�p� y�p� v�p� v�p�� �p � �� ���� ������� is obtained by the following

for l�����
for k�����

for j�����
for i�����

for w�����
p�w����	i
�������	j
��������	k
���������	l
���
y�	p������i�
y�	p��
���������j�
v�	p��
�������k
������
v�	p��
�������w
������
if l����

teta	p������l
������
elseif l����
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ANew Approach for estimation of attraction region and asymptotic stability a system of nonlinear ODE

teta	p���������	l
���
������
else
end

end
end

end
end

end

Now for URA and LRA we chose � � y
p
� � y

p
� � In the other hand� put M� � � and L � ���

also �� � jy����j
p� �� � jy����j

p� �
 � jy�����j
p and �� � jy�����j

p� Then we have a nonlinear
programming problem for URA and LRA as follows

maximize ��� � ���
�

p � �

������X
j��

�

�
f�v�j � 
y



�j � y�j �

� � �v�j � y��j � �y


�j �

�g sec��
�

�
�j��j

subject to ����������	
���������


P������
j�� p�y�j �

p���v�j
�
� sec

���� �j���j � ���P������
j�� p�y�j �
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�
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���� �j���j � ���P������
j�� f��hylj cos���h�j� � vlj sin���h�j�

�
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���� �j�g�j � �P������
j�� f��hylj sin���h�j� � vlj ��� cos���h�j��

�
� sec

���� �j�g�j � �

��������	i��� � � � �� ������������	i��� � ������ i � �� � � � � ��

��� �� � �
�j � �� j � �� �� � � � � ������ � l � �� �� h � �� ���

����

If we put k � ��� the LRA problem is equivalent to the following problem

minimize ��� � ���
�

p � �

������X
j��

�

�
f�v�j � 
y



�j � y�j �

� � �v�j � y��j � �y


�j �

�g sec��
�

�
�j��j

subject to�����������������������	
����������������������


P������
j�� p�y�j �

p���v�j
�
� sec

���� �j���j � �
 � ��P������
j�� p�y�j �

p���v�j
�
� sec

���� �j���j � �� � ��P������
j�� fy�j � ��j � ����v�j

�
� sec

���� �j��g�j � ������
�

pP������
j�� fy��j � ��j � ����v�j

�
� sec

���� �j��g�j � ������
�

pP������
j�� fy�j � �j�v�j

�
� sec

���� �j��g�j � ����
�
�

pP������
j�� fy��j � �j�v�j

�
� sec

���� �j��g�j � ������
�

pP������
j�� f��hylj cos���h�j� � vlj sin���h�j�

�
� sec

���� �j�g�j � �P������
j�� f��hylj sin���h�j� � vlj ��� cos���h�j��

�
� sec

���� �j�g�j � �

��������	i��� � � � �� ������������	i��� � ������ i � �� � � � � ��

�
 � �� � �
�
���

p

�j � �� j � �� �� � � � � ������ � l � �� �� h � �� ���
��� ��� �
� �� � �

����

The problems �������� are nonlinear generally� But for p � � two problems are linear� So
by solving them for p � �� we obtain an initial estimation for ��� ��� �
 and ��� Now for p � �
and p � �� by using Taylor expansion function about these points� the nonlinear problems are
transformed into linear optimization problems� Therefore we have
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� r� �r� Lower error Upper error

���� ������ ����
� ������ ������
Table �� p���

� r� �r� Lower error Upper error

���� ������� ������ ������
 ������

Table �� p���

� r� �r� Lower error Upper error

���� ����
� ��
��� ������ ������

Table 
� p���
The attraction region is shown in Figs� ��� Now we solve the problem ���� with p � � � �
and initial point y���� � y���� � ���� Therefore we obtain the trajectory from the initial point
y��� � ����� ���� to end point lim���� y��� � �
�
��� ��

��� �����
�� The error functional E is
������� Thus the autonomous system ���� is asymptotically stable� The graphs of the piecewise
constant control function and the trajectory functions are shown in Fig� 
�

� Conclusion

In this paper� corresponding with the attraction region problem� two optimization problems are
de�ned� Using these problems� rp and rp� � � p � �� are obtained� In the other hand� with
obtained optimal �j � j � �� �� � � � � N � we can calculate the approximate control function then
the trajectory for an autonomous system x��t� � G�x�t���
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Fig		 p �  p � �
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Fig	�	 The Control Function of v� � v� and the Optimal Trajectories of y� � y�	
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