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Abstract

In this paper, we use the measure theory method for estimation of attraction
region and asymptotic stability of an autonomous system of first order of the non-
linear ordinary differential equations (ODE’s). Corresponding with attraction region,
two optimization problems are defined. We prove that if solutions of two problems
be the same, the attraction region is determined completely. The solutions of these
optimization problems are used to find an estimation of the region of attraction and
then a piecewise-constant control function. Using the approximated control signals,
the approximate trajectories and the error functional related to asymptotic stability
problem are obtained.Mathematics Subject Classification:

Keywords: ODE’s, asymptotic stable, region of attraction, infinite-horizon problem,
measure theory, nonlinear optimal control, linear programming.
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1 Introduction and formulation of problem

The offered methods for determining region of attraction, about a equilibrium point, is divided
to two groups. The first group, consist of the methods which Lyapunov’s function is used in them
structure, for example, Michel method [2], and the second group, consist of the methods that
don’t use Lyapunov’s function, for example, the methods that is offered by Infante [3] and Loprio
[6]. Generally, the offered methods, are used for limited problems and we don’t use them for all
nonlinear systems. Now, we want to use a new method for estimation of attraction region and
asymptotic stability of the autonomous system by using measure theory. The measure theory
has been used to solve optimal shape design by Fakharzadeh and Rubio [1], and to solve linear
and nonlinear ODE- s and infinite- horizon optimal control problems by Effati et al. [7].
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An autonomous system of ordinary nonlinear differential equations is in the following form

2'(t) = G(x(1)) (1)

where G : A — IR™ is Lipschitz function and A is a compact set. G is Lipschitz function, if G
satisfy in the following relation

Vy,z€ A [|Gly) — G2)llp < Llly — [l ;. (L>0)

|||y for @ = (21,29, ,2) € IR™ is defined by

1
[zllp = (Jz1 P + |2’ + -+ znP)r 5 (1 <p<oo).

Definition 1.1 Let x(t) is a solution of system (1), and there exists t* > 0, such that z(t*) =
z* € IR™. «* point is said stable point if x(t*) = x(t* +t) for each t > 0. We always assume
that x* = 0 is stable point, since with y = x — x* the stable point for new system y' = G(y + z*)
18 zero point.

Definition 1.2 Let x(t) is a solution of the system (1) with starting point x(0). The set of all
points £(0) in A that lim;_,o x(t) = 0, is said region of attraction, denoted by RA.

Determining of RA is difficult in generally, but we can obtain an estimate of this region.

Definition 1.3 Upper radius ) and lower radius r,, of system (1) are defined in the following
form

7 = sup{le(0)l, | Jim a(t) = 0} e
r, = inf{[|z(0)], | tlg& x(t) not exis or tliglo x(t) # 0}. (3)

Since A is compact, T, and r,, are well define.

Theorem 1.1 Assume that upper radius and lower radius attraction are T, and r,, respectively,
then

i) Tp = sup{r | RA C Ny(r)},

ii) 1, = inf{r | RA C Ny(r)}.

where Np(r) ={z | ||z||, < r}.

Proof. It is clear.

Corollary 1.1 Let that upper radius and lower radius attraction are T, and r,, respectively,
then

i)r, < Tp

ii) If r, =7, then RA = Np(7p).

i1i) Let z* = 0 be a stable point for system (1), then x* = 0 is asymptotically stable point if only
if 7, > 0.

According to (2), URA problem is

Sup [|z(0)],



S. Effati and O. Baghani and H. Baghani
Subject to { CU/(t) — G(l‘(t))
=0,

limy o0 z(t
and by (3), LRA problem is
Inf [lz(0)[],

subject to 2 () = G(a(t))
{ limy o z(t) # 0.

Here assume 2/ (t) = u(t) (we may call u(-) as artificial control function). define ¢ (¢, z(t), u(t))
|u(t) — G(z(t))||3 and the error functional E into Elz(-),u(-)] = [;e(t, z(t), u(t))dt, for all
t € [0,00), where || - || is the I?— norm in IR™. Now by the change of variable § = 2 tan='(¢),
we transform the interval [0, 00) to [0,1). Assume y(6) = z (tan(36)) and v(f) = u (tan(30)),
since z(0) = y(0), we get the following problems. For URA problem we have

Sup  1y(-), v()] = (O], — A /[M)so (tan(50), 9(6),0(0)) & sec*(S0)d0 (4)
subject 1019y = (0, 4(0), v(0))
v(0) eU C R™ -
limg_y- y(0) = y' = 0 (5)
y(0) € AC IR™.
and for LRA problem we have
Inf 1fy(), v()] = [ly(0) 1, + A /M@ (san(50),4(0), 0(6)) T sec?(5 0)d0 (6)
subject 1019y = (0, 4(0),v(0))
v(f) e U C R™ .
lim9—>1— y(e) 7é 0 ( )
y(0) € AC IR™.

where g(0,y(0)) =

Definition 1.4 A pairw = [z(-), u(-)], where z(-),u(-) : [0,00) — IR™ are said to be admissible
for URA problem if u(-) is measurable and bounded, the trajectory function x(.) is differential
and the constrains of the (5) are satisfied. We assume that the set of all admissible pairs, is
non-empty. Sitmilarly the set of all admissible pairs for LRA is definable.

v(0) sec?(Z0) and X > 0 is a big number.

us
2 2

Theorem 1.2 If there exists an optimal solution w* = [z*(-),u*(-)] for the infinite-horizon
optimal control problem (4)-(5) such that the optimal value E* be zero, then the optimal solution

w* 1s exact.

Proof. Suppose w* is the optimal solution for problem (4)-(5). It is obvious that w* is an
admissible solution. Furthermore, since the function ¢ is continuous function and non-negative,
then ¢ = 0, thus, the first order system (1) will be hold for all ¢ € [0, 00), and the exact solution
of (1) is obtained. The above theorem is true for (6)-(7) problem.

Remark 1.1 If w* = [2*(:), u*(-)], be an optimal solution for the problem (4)-(5) such that the
optimal value E* be a.e. zero, then the optimal solution w* is the approzimate solution for (1).
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2 Transformation of U RA into Infinite-dimensional optimization

Consider Q@ = J x A x U, where J = [0,1). Assume J. = [0,1 —¢] and Q. = J. x A x U.
Since J., A and U are compact subsets of IR, IR™ and IR™ respectively, then 2. is a compact
subset of R*™*! and Q. — Q as € — 0. Let w = [y(-),v(-)] be an admissible pair and B
an open ball in IR™! containing J x A, that C’(B) be the space of real-valued continuously
differentiable functions on B such that the first derivative is also bounded. Also D(J°) be the
space of all infinitely differentiable real-valued functions with compact support in J° (see [4]),
where J° = (0,1) and C7() is subspace of the space C'(£2) of all continuous functions on Q
depending only on the variable #. The mapping Ay, : F' — [,F(0,y(0),v(0))d0 (F € C.()),
defines a positive linear functional on C.(2), the space of all bounded continuous functions with
compact support. Similarly, we define the mapping A : F' — [, F(0,y(0),v(0))d0 (F € C(Q)).
By the Riesz representation theorem (see [8]) there exist two unique positive Radon x4 and p. on
Q and Q respectively, such that A, = [,F(0,y(0),v(0))d0 = [(Fdu = u(F) (F € C.(Q)) and
Ae =[5 F(0,9(0).0(0))d0 = [ Fdpe = pe(F) (F € C(Q)). If ¢9(0,y(0),v(0)) = 5(6(0,y))
and 7 (6,y(0),v(0)) = d%(lby]) then we have

W) = Ab (6 € C'(B)
M(%@]) =0 (.7 =1,2,..m; Y€ D(Jo)) (8)

wf)=ap (f € C1L(Q)).

Proposition 2.1 Let w = [y(-),v()] be an admissible pair, for the URA problem, then
i) [ly(0)llp = (i [u(gi)P)?

Proof. If ¢(6,y) = y;, then ¢9(0,y) = g;, therefore u(¢9) = p(g;) = f[o,l) gjdf = —y;(0), for
j=1,2,...,m. The proof of (i7) and (¢i7) by (i) is clear.

Proposition 2.2 lime o pe(F) = p(F), (F € C()).
Proof. We have

lim jre(F) = lim | Fpse = lim / F(0,9(0). v(0))d0 = lim, [ X, F(0.4(6),(0))d0
€E— Qe €E— JE €E— J

e—0

AN

where, x is characteristic function. Since |y F| < |F|, therefore
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lig e (F) = [ T 0. F(0.9(6). (0))d0 = | P(6.5(6). 0(6))d0 = ().

%<

\ : Theorem 2.1 Let MT(Q) be the set of all positive Radon measure on Q and Q(Q) be the set
A of all positive Radon measure on 2 satisfying (8). Similarly define M (Q¢) and Q(S2). Then
[I-E-‘] lim Sup gl () = Sup gyl (1)-
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Proof. See [4].

By above theorem also the Riesz representation theorem, the U RA problem is estimated to
following form

Sup ycq 1) = (3 lue(g)P)F = Ml fo) (©)

3 Approximation of URA problem

Let s ={¢; ; i =1,2,---}, such that the linear combinations of the functions ¢; € C'(B)
are uniformly dense in C’(B). For instance, these functions can be taken to be monomials in the
components of the m— vectors z. Also assume s9 = {sin(27rf), 1—cos(2wrd) ; r =1,2,---} and
ss={fs ; s=1,2,...,L}. If Q.(M1, M>) be the set of all positive Radon measure on 2. sat-
isfying in (8), then by theorem IIL.3 of [4], we have lim(az, a1,)—(c0,00) SUP i c@. My, Mz) L (He) =
Sup . cq..) I(pe). Therefore the following problem is an approximate of the problem (9).

SWp co.nam e = (O lne()P)r = Mic(fo) (10)
=1

By Proposition II1.2 of [4] we obtain an approximation for the optimal measure p’ by a finite
combination of atomic measures, such that p = Z?ﬁ“‘n aié(zr) (af >0,z € Q). Here 6(z)
is the unitary atomic measure characterized by 6(z)(F) = F(z) where F' € C(€) and z € Q..
This structural result points the way towards a nonlinear problem in which the unknowns are
the coefficients o and supports {2’} (i = 1,2,--- , M1+ M2). To transform this problem to
a linear programming, we use the another approximation. If w! is a countable dense subset of
Q., we can approximate u* by a measure v. € M (Q,) such that v, = Zij\g—FMz a’é(z;). where

2z € wN ={2z,25...,25} (Proposition I11.3 of [4]). Now we shall consider only a finite mnuber
M, of the functions ¢ of the type ¢1 = y1, ¢2 = Y2, -, dm = Ymy Gmt1 = Ui, Pmt2 = Y3,--- -

Since every continuous function can be written as a linear combination of monomials of the type
1,y,y%, -+ . Also assume

Dn(6) = sin(27r6) (r =1,2,---, M)
2 1T —cos(2nr) (1= Moy + 1, Moy + 1, -+ ,2May)

then we have My = 2mMo;. Finally, let & € C1(Q), &-(6,y(0),v(0)) = 60" (r =0,1,---) Then
{&, 7 =0,1,--- } is dense in C}(Q2). Assume that there are L of them in the set {¢?}2. Tt
is necessary to choose L number of function of the time only, to replace the functions §, (r =
1,2,--+) which were not found suitable, so we have chosen some suitable functions, to be denoted

by fs (s=1,2,---L), as follows

1 if0eJ,

0 otherwise,

10) = {

will be considered, where J; = ((521) 2), (s = 1,---,L). The set Q, = J. x A x U will

' T
be covered with a grid, where the grid will be defined by taking all points in € as z; =
(05,Y15,Y25> - -+ » Ymj» V15, V25, - - -, Umj), The points in the grid will be numbered sequentially from
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1 to N. So URA problem is approximated by the following nonlinear programming problem
which z; for i =1,--- , N belongs to a dense subset of €)..

m N
maximize (Z |Ci|p>% —-A Z a;j fo(25) (11)
j=1 J=1

subject to
Yomy @it (2) + 6i(0,c1, 0. o) = i(1,0) (i =1,..., My)
Sial(z) =0 (r=1,..,22) (j=1,2,..,m)
Zévzl ajfs(zj) =ay, (s=1,..,L)
aj > 0, (j=1,2,---,N)

(12)

where ¢; = —u(g;) (i = 1,2,...,m). Therefore, the upper region of attraction by solving this
problem is obtained.

4 Approximation of LRA problem

In this section, a nonlinear programming problem to estimate the optimal solution of LRA is

obtained. Put y(O) = [yl (O)a y2(0)7 teey ym(o)]T and y(ee) = [yl (ee)a y2(96)7 teey ym(ee)]Ta where
lime_g0.=1,6. < 1.

Proposition 4.1 Let w = [y(-),v(-)] be an admissible pair, for the LRA problem satisfying in
(7), then

i) 4i(0) = g-pe(yi + (0 — 0)gi) (i=1,2,...,m)
”) yz(ee) = éue(yi + egi) (Z =1,2,... ’m)
“2) Acp = (zb(eea yl(ee)v y2(96)7 s 7ym(06)) - ¢(07 y1(0)7 y2(0>7 s 7ym(0))

Proof. The proof is clear, if wee choose ¢(6,y) = 0y; and ¢(0,y) = (0—0.)y; for j =1,2,...,m.
In the other hand, if y(#) be a admissible solution and limg_,;- y(#) # 0 we have

1 1
k>0 VseIN st 1—=-<6,<1and ||y(95)||2E
s

By the similar process used for URA, we obtain the following optimization problem for LRA.
m L N
minimize O leil)r + A0 ajfolz))) (13)
7=1 7=1

subject to
Z;yzlaqu‘g(zj)*¢i(1ad1,d2,---adm)+¢i(0a01,02----,0m):0 (i=1,...,M)
Sieti(z) =0 (r=1,...,2) (G =12,...,m)
SV ai(yi+ (0= 0)9:)(z) +0ci =0 (i=1,2,...,m)

AN
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- Zj:l a;j(yi +09i)(z;) +0cd; =0 (i=1,2,...,m) (14)
Q= - B
,‘ () 2

21 ifs(zj) =ap, (s=1,...,L)

] .

-m kOéjZO, (]:1,2,,N>

[q-] where ¢; = —éue(yi + (0 —6.)gi) and d; = —eieuf(yi +0g;) (i=1,2,...,m).
6
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5 Numerical example

Consider the following nonlinear differential equation

z(t) = =3z3(t) — z2(2)
{ xé(t) = :z:?(t)1 - 2:@(?) (15)

First we define function

p(t a(t), u(t)) = (ur(t) + 327 (t) + 2a(t)* + (ua(t) — 2] () + 225(t))%,

Now by suitable change of variable, for U RA problem we have

Sup I[y(), ()] = [y(O)ll, — A /[ 10, 0(0),v(0)) sec* (50)d0

)

subject to
y1(0) = Fv1(0) sec (% )
y5(0) = Gv2(0) sec?(50)
limgy_,; - 2/1(9) =0
hm0—>1 y2(9) 0.

and for LRA problem we have

Ity 00)) = WOy 42 | Fo(0.(0),00) sec G0
subject to
1(0) = F01(6) sec*(36)
h(6) = Fua(0) sec(50)
limg ;- y1(0) # 0
limg_,1- y2(0) #0

Let 0 € J. = [0,1 — €], € = 155, s0 6 = 0.99. Also y(0) = [y1(0),y2(0)] € A = Ay x Ay, where
A1 =[0,0.1], Ay = [-0.1,0.122] and v(0) = [v1(0), v2(0)] € U = Uy xUs where Uy = Uy = [—1, 1].
And let the set J. = [0,1 — €] be divided into 15 equal subintervals, the sets Ay, Az, U; and
Us be divided into 10 equal subintervals, so that 2, = J. x A x U is divided into 150000 equal
subsets. We assumed z, = (0, Y1,, Y2, V1p, V2p), (p = 1,...,150000) is obtained by the following

I AN

for 1=1:15
for k=1:10
for j=1:10
for i=1:10
for w=1:
pP= w+10*(1 1)+100*(j-1)+1000* (k-1)+10000% (1-1) ;

y1(p)=0.01%i;
y2(p)=-0.1+0.0222%7;
v1(p)=-0.99+0.2%k-0.0004; :
v2(p)=-0.99+0.2%w—0.0004; A

if 1<=10
teta(p)=0.08%1-0.0776; Iiili]
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teta(p)=0.9+0.02%(1-10)-0.0799;
else
end
end
end
end
end
end

Now for URA and LRA we chose ¢ = y& , yb. In the other hand, put My = 8 and L = 15,
also 81 = |y1(0)|P, B2 = |y2(0)|P, B3 = |y1(0c)|P and By = |y2(0c)|P. Then we have a nonlinear
programming problem for URA and LRA as follows

150000
1
maximize (81 + B2)» — A Y g{(m]- + 3y +y2,)? + (v, — w1, +205,)%) Secz(gl%)%‘
j=1
subject to 150000
Yot Py, )P (v, sec®(505)) oy = =
> plyz, )P vz, 5 sec?(56;) oy = — o
23150000{27rhyl cos(2mho;) + vy, sm(27rh0 )5 sec?(50 )}a] =0
2150000{27rhyl sm(27rh9 ) + vy, (1 — cos(2whb;)) 5 sec?(50;) e = 0 (16)
Q1410000(i—1) T ** - + @10000+10000(i—1) = 0.066, 7 =1,---,15
B, 82 =20
a; >0, j=1,2,---,150000 (I=1,2, h=1,2).

\

If we put k = 10, the LRA problem is equivalent to the following problem

150000
L 1 m T
minimize (81 + f2)? + A E 5{(U1j + Syi)’j + yzj)2 + (ve; — yi + 293]-)2}56(32(591')0@'
=1

bject t
T S pys, )P (v, 5 sec®(56;))a; = By — B
i plun, ) (v, 5 sec(367))o; = B — o

150000{y1 + (0 — 0)(v1, % sec ( i) ta; = 0 (/31)

150000{y12 + (0; — 0c)(v2, 5 sec?(50;)) oy = 9 (B2)

2
2
ST, + 0 (01, sec?(56;) Yo = Oc(6) 7
2
2

B =

SI0000 o 0 (vn, 5 sec?(50;)) Yy = Oc(Ba) (17)
150000{27thl cos(2whb;) + vy, sin(2whb;) 5 sec? (50 )}a] =0
150000{27rhyl sm(27rh9 ) 4 v, (1 — cos(2whb;))5 sec?(56;) o = 0

Q'1410000(i— 1) + -+ a10000410000(i-1) = 0.066, 7 =1,---,15

ﬁg+ﬁ4 ()P
>0, 3_12 ++,150000 (1=1,2, h=1,2).
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2 \ 51752,53754 >0
“ The problems (16)-(17) are nonlinear generally. But for p = 1 two problems are linear. So
o by solving them for p = 1, we obtain an initial estimation for (31, (2, B3 and (4. Now for p = 2

and p = 4, by using Taylor expansion function about these points, the nonlinear problems are
[]
1- transformed into linear optimization problems. Therefore we have
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‘ A H 1 ‘ Bl ‘ Lower error ‘ Upper error ‘
| 1000 [ 0.0748 [ 0.1035 |  0.0012 | 0.0012 |
Table 1. p=L1.

‘ A H To ‘ 7o ‘ Lower error ‘ Upper error ‘
| 1000 || 0.07408 | 0.1240 [  0.00093 |  0.0012 |
Table 2. p=2.

‘ A H T ‘ T4 ‘ Lower error ‘ Upper error ‘
[ 1000 || 0.1036 | 0.3162 [  0.0012 | 0.2558 |
Table 3. p=4.

The attraction region is shown in Figs. 1-2. Now we solve the problem (16) with p = A =1
and initial point y1(0) = y2(0) = 0.1. Therefore we obtain the trajectory from the initial point
y(0) = (0.1,0.1) to end point limg_;- y(§) = (3.3117 x 10~%,0.0043). The error functional E is
0.0484. Thus the autonomous system (15) is asymptotically stable. The graphs of the piecewise
constant control function and the trajectory functions are shown in Fig. 3.

6 Conclusion

In this paper, corresponding with the attraction region problem, two optimization problems are
defined. Using these problems, 7, and r,,, 1 < p < oo, are obtained. In the other hand, with
obtained optimal a;, j = 1,2,..., N, we can calculate the approximate control function then
the trajectory for an autonomous system z/(t) = G(z(t)).

References

[1] A. Fakharzadeh and J. E. Rubio, Shapes and Measures, Ima. J. Math. Control
& information, 16 (1999), 207-220.

[2] A.N. Michel, B. H. Nam and V. Vittal, Computer generated Lyapunov functions
of iterconnected systems, improve results with application to power systems, IEEE
Trans., Circuits Syst., CAS-31, Feb (1984), 189-198.

[3] E. F. Infante and L.G. Clark, A method for the determination to power system,
J. Appl. Mech., vol 86, June (1964).

[4] J. E. Rubio, Control and Optimization; the Linear Treatment of Non-Linear
Problems, Manchester, U. K., Manchester University Press, (1986).

[5] J. Xiao, X. Zhu, On linerly topological structure and property of fuzzy normed
linear space, Fuzzy set and System 125 (2002) 153161.

[6] K. A. Loparo and G. L. Blankenship, Estimating the domain of attraction of
nonlinear feedback systems, IEEE Trans., Automat. Contr., AC-23, Aug (1978), 602-
608.

[7] S. Effati, A. V. Kamyad and R. A. Kamyabi- Gol, On Infinite-Horizon Optimal
Control Problems, J. Z. Anal. Anw. 19 (2000), 269-278.

[8] W. Rudin, Real and complex analysis, third ed., McGraw-Hill, New York, (1987).

I AN

IR

w
U
=z
w
«
w
z
o
o
<
Swn
=
E
<
=
o
T
=
<
=

TH A



A New Approach for estimation of attraction region and asymptotic stability a system of nonlinear ODE

02
0.15%
0.1+t
\ Y N
nost R Ry
i ’;tahil}f%
[ w FEGIiON .
-0.05
0.1
-0.15
0.2 :
02 0.1 0 0.1 nz
“ Fig.1. p=1
N



02—

S. Effati and O. Baghani and H. Baghani

04
015 03
01 02
e Y
005 [ 2 e o 01
£
a i scamn:v‘_ \ 5
1 region . j d
b 7
005 ) : = 1 01
01 I 02
015 03
02 S
02 0.1 [ 0.1 0z 04 02 i 02 04
Fig2. p=2 p=4
1.5 0.4
1
05
V4 Of -
-05
-1
-15
0 02 04 06 08 1
0 [}
15 0.15
1
0.1 e e
05 v
V2o o —  —— 20.05
-0.5 0 k
-1
-15 -0.05
0 02 04 06 08 0 02 04 06 08 1
0 0
0.15 ! ! . . . .
0.1 S T 4
Y,
2 005 1
o J
_0.05 ; ; ; ; ; ;
04 -03 -02 -01 0 0.1 0.2 03

Vi
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— 7 Measure Theory and ” — *” 4-nd Runge-Kouta
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