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tial equation. The unknown nonlinear functions are approximated by fuzzy systems based
on universal approximation theorem, where both the premise and the consequent parts of
the fuzzy rules are tuned with adaptive schemes. The proposed approach does not need the
availability of the states, which is essential in practice, and uses an observer to estimate the
states. An adaptive robust structure is used to cope with lumped uncertainties generated
by state estimation error, approximation error of fuzzy systems and external disturbances.
Due to its adaptive structure the bound of lumped uncertainties does not need to be known
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Output feedback control and at the same time the chattering is attenuated effectively. The strictly positive real (SPR)

Uncertainty Lyapunov synthesis approach is used to guarantee asymptotic stability of the closed-loop
system. In order to show the effectiveness of the proposed method simulation results are
illustrated.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

The control of nonlinear systems preceded by hysteresis has been a challenging and yet rewarding problem. This is be-
cause hysteresis can be seen in a wide range of physical systems and devices [1]. On the other hand since the hysteresis non-
linearity is non-differentiable the system performance is severely limited and usually exhibits undesirable inaccuracies or
oscillations and even instability [2].

To address such a challenge, it is important to find a model to describe the hysteresis nonlinearity and utilize this model
for controller design. Various models have been proposed for hysteresis nonlinearity, among them, Ishlinskii hysteresis
operator [3], Preisach model [4], Krasnosel’skii-Pokrovkii hysteron [3], Duhem hysteresis operator [5], backlash [6] and
backlash-like hysteresis [7]. However, from modeling point of view an effective model should be simple enough to facilitate
the design, yet complex enough to give the engineer confidence that the model-based designs will work in reality. Inspired
by the recent papers and studies [1-12] it can be seen that the backlash-like hysteresis model is simple enough to facilitate
the controller design, at the same time is complex enough to mitigate the effects of real hysteresis.

To cope with the drawbacks of hysteresis some adaptive schemes for nonlinear systems have been proposed when the
backlash-like hysteresis is used [1,7-12]. The proposed adaptive control schemes assume that the input gain of the plant
is constant and also the plant’s states are available for measurement. In practical situations the states are fully or partially
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unknown because the states not either available for measurement or the sensors or transducers are very expensive to be
used. Thus an observer should be designed to estimate the states. In this situation all the elements of the tracking error can-
not be obtained, therefore the conventional adaptive methods cannot be applied. Also in many nonlinear models preceded by
hysteresis the input gain is not constant and usually is a function of states and/or time.

There are also functional uncertainties in the models that should be considered. To address the functional uncertainty for
the first time Wang in [13] proposed adaptive fuzzy systems where the consequent parts of fuzzy rules were assumed free
and were tuned by adaptive laws, derived using Lyapunov method, which also guaranteed stability of the system. The meth-
od proposed by Wang [13] was developed and progressed by many researchers in this field for instance [14-18]. In all these
methods, parameters of the premise parts of fuzzy rules had to be chosen appropriately, by the designer. However, it is very
difficult in situations where the plant is subject to perturbations and unknown disturbances or when the dynamics of the
systems are too complex. Recently, in [19-21,7] some novel methods for designing adaptive fuzzy control with both premise
and the consequent parts of fuzzy rules have been proposed. However in these proposed methods, all the states of the system
need to be available for measurement.

In this paper, a full adaptive fuzzy observer-based controller is proposed for a class of uncertain nonlinear systems pre-
ceded by unknown backlash-like hysteresis. The input gain is an unknown nonlinear function. The fuzzy systems based on
universal approximation theorem are used to cope with nonlinear functions, where both the premise and the consequent
parts of the fuzzy rules are tuned with adaptive schemes. The proposed approach does not need the availability of the states
and uses an observer to estimate the states. The selection of the upper bound of lumped uncertainties generated by state
estimation error, fuzzy approximation error and external disturbances has a significant effect on the control performance.
However, due to uncertainties it is very difficult to know these upper bounds in advance for practical applications. For
addressing the lumped uncertainties with unknown bounds a robust structure with adaptive gain is used. Due to its adaptive
structure not only the bounds of lumped uncertainties does not need to be known but also since selecting the conservative
gain is avoided the chattering is attenuated effectively. The asymptotic stability of the overall system is guaranteed via
strictly positive real (SPR) Lyapunov theory.

This paper is organized as follows: Section 2 formulates the class of nonlinear systems under consideration here, de-
scribes assumptions, backlash-like hysteresis and fuzzy systems. In Section 3, the proposed observer based adaptive fuzzy
controller is presented. The stability analysis of the proposed method is stated in Section 4. To show the effectiveness of
the proposed method, in Section 5 it is applied to a model of inverted pendulum preceded by hysteresis as an uncertain non-
linear system amid significant disturbances. Simulation results indicate the effectiveness of the method in the presence of
uncertainties, unknown states, disturbances and hysteresis. And finally, Section 6 concludes the main advantages of the pro-
posed method.

2. Problem formulation and fuzzy basis function networks
2.1. Problem formulation

In this paper the control of an uncertain nonlinear system preceded by a backlash-like hysteresis is considered. The non-
linearities, external disturbances, states of the nonlinear system and hysteresis are unknown. It is a challenging task to de-
velop an output feedback controller for uncertain nonlinear systems with unknown backlash-like hysteresis. The details of
the nonlinear system and hysteresis will be presented as follows:

Consider a class of SISO n-th order nonlinear systems in the following form:

:f(X7 t) +g(x7 [’)d)(?/) + a(x7 t)
y :X7

where fand g are unknown bounded nonlinear functions, X" = [x, %, X" V] = [x1, X2, ..., Xn] € Uy C R"isthe state vector
of the system where Uy is a compact set which is the controllablhty reglon of state vector, y € Ris the output of the system.

It should be noted that the states of the system are unknown and only the output is available for measurement. For con-
trollability condition we should have g(X, t) # 0 and here, without loss of generality, we assume 0 < g; < §(X, t) < co where
g, is an unknown positive constant. d(X, t) is an unknown but bounded external disturbance, where this bound is also un-
known, i.e., we have the following assumption:

(1)

Assumption 1. The disturbance d(X, t) is bounded by an unknown constant D, i.e.,
[d(X,t)] < D.
v € Ris the control input and ¢(v) denotes hysteresis type of nonlinearity described by

dv
dt

9 — o ico - g1+ 8,97. @)

dac ~ *ar

where «, c and B, are constants, satisfying ¢ > B;. The dynamic (2) can be used to model a class of backlash-like hysteresis as
shown in Fig. 1. In Fig. 1 parameters & = 1, ¢ = 3.1635 and B; = 0.345, the input signal »(t) = 6.5sin(2.3t) and the initial
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Fig. 1. Hysteresis curves given by (2) with o =1, ¢ = 3.1635, B; = 0.345 and »(t) = 6.5sin(2.3t).

conditions ¢(0) = 0 and ¢(0) = 0 are chosen. In this paper the parameters of the hysteresis in (2), i.e., «, ¢ and B; are com-
pletely unknown.

Control objective: The control objective is to design the output feedback controller » such that the state of the system X
follows the desired state xg = [X4, Xd, - . - ,xfj”’”] in the presence of uncertainties and disturbances, that is the tracking error

E=X-Xs=[eé,....em D], 3)
with e = x — X should converge to zero.
Assumption 2. The desired trajectory vector X, is a known, continuous, differentiable and bounded function

IXall < ba;

where b, is a positive constant.

2.2. Fuzzy basis function networks and universal approximation theorem

The fuzzy logic systems (FLS) are briefly reviewed below for continuity of discussion [22-24]. FLS perform a mapping
fromU; x U, x --- x U, =U < R"toacompactsetV C R.Any fuzzy system consists of a fuzzifier, a fuzzy rule base, a fuzzy
inference engine and a defuzzifier. The fuzzy rule base consists of a collection of canonical fuzzy IF-THEN rules such as,

RY: IFx, is F, and ---and x, is F, THEN y is G, [=1,...,M, (4)
where X =[x, X2, ..., X,]" € Uandy e V are the input and output of the fuzzy system, respectively; M is the total number
of rules; Ff and G' are fuzzy sets in U; and V, respectively. The fuzzy inference engine performs a mapping from fuzzy sets in U
to fuzzy sets in V, based on fuzzy rule base. Furthermore, the fuzzifier maps a crisp point in U to a fuzzy set in U and the
defuzzifier maps fuzzy sets in V to a crisp point in V. Using singleton fuzzifier, product inference engine and center average
defuzzifier, the output of fuzzy system can be expressed as,

B YW, P (X))
== =W, (5)
2o (i Mgl (xi))
where W = [W;, W,, ..., Wy]" € R is the center of output fuzzy membership functions, F! and G' are characterized by fuz-

zy membership functions i, (x;) and u (), respectively, and &(X) = [&;(X), &(X), .. ., &uX)])" € RM is the vector of fuzzy basis
functions defined as below,’
IT #tg ()

i=

a(X) = . I=1,...,M. (6)

n

Al
ST ()

1=1 i=1

Based on [22-24,19], since in this paper the linguistic fuzzy IF-THEN rules, are only used for the purpose of approximating
the required functions, we define the defuzzifier as a weighted sum of each rule’s output. Thus (6) can be written as (Fig. 2),
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Fig. 2. FBFN structure.

a(X) = [T ua@x), 1=1,--- .M. (7)
i=1

The shape of each membership function fi (x;) is chosen as the Gaussian function, i.e., pp (x;) = e~ where ciand i are
the center and the inverse radius of the width of Gaussian membership function. Therefore, the architecture of this fuzzy
system called fuzzy basis function network (FBFN) can be represented by a three-layer network with Gaussian functions
as its activation functions in the hidden layer and weights W, connecting hidden layer and output layer (Fig. 2). Thus, the
output vector of FBFN can be expressed as

yX,c,0,W) =X, c,0)W, (8)
where X =[x1,%,....,%] e R, c=[cl,cl,....ch)" e RM, o =[], 0, ..., 0] € BR™M ¢ =, ....c|" € R",
o . . . S 02 (xi—ci)?
wlz[wllfwlza“~: wﬂr € an W:[W17W2~,~~:WM]T7 ;(X,C,(JJ):[C],CZ,‘..,QM]T, and =e Z':]“' i) .

The following is a proven theorem [22-24]:

Theorem 1. For any given real continuous function g(X) on the compact set U c R" and arbitrary ¢ > 0, there exists a FBFN
FX) = &T(X, c*, )W in the form of (8) such that

sup |f*(X) — g(X)| <& 9)
XeU

The above theorem states that the FBFN mentioned above can approximate any real continuous function to any degree of
accuracy, which means has universal approximation property as also has been reported earlier in [22-24].

3. The proposed observer-based adaptive fuzzy control

Based on the analysis in [1], (2) can be solved explicitly as

B(0) = co(t) + dr (0), ds (2) = [ — Cugle V058" 4 g-rvsgni / By — cle™ e dp, (10)

Jug

where 2(0) = o and ¢(2o) = ¢,. Based on above solution it is shown in [1,5] that d; (») is bounded. Thus using (10), (1) can
be reformulated as

X =f(X.0) +gX. v(t) +d(X, 1)
Yy =X,
where g(X, t) = cg(X, t) and d(X, t) = g(X, t)d,(v) + d(X, t). Since g(X, t), d;(v) and d(X,t) are bounded thus d(X, t) is
bounded. Therefore there exists positive constant D such that the disturbance-like d(X, t) is bounded by D, i.e., |d(X, t)| < D.
The nonlinear system (11) can be rewritten as follows:

X = AX + B{f(t,X) + g(t,X)v + d(t,X)}

(11)

v CX. (12)
where
0 1 0 O 0 O
0 0 1 O 0 O
A= , (13)
0O 0 0 O 0 1

o
o
o
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and

B'=[0 - 0 1], C=[1 - 0 0], (14)

It is obvious that (A, B) is controllable and (C, A) is observable.
Two FBFNs as (8) are used as follows:

fX, o5, ¢, Wy) = E(X, oy, cp) Wy (15)
g(X, wg,Cg, Wy) = & (X, g, c5 )W, (16)

to approximate the unknown nonlinear functions f(t, X) and g(t, X). Based on Theorem 1 for f(t, X) there exist ideal param-
eters Wy, (o and ; such that

fEe.X) =& (X, 0}, )W} + Ay,
where Ay is the approximation error of the FBFN (15). Thus

F(6.X) = FX, Wy, . &) = &7 (X, 7, ;)W) — E (X, 0oy, &)Wy + Ay, (17)
where & =[¢fy, ¢y, Gy I € R™, ea=[ch, G, ... . GfI" € R", &y =[], @, ..., @0fy |" € R™, @ﬂ:[@jg,@;,...,@;f ER",

(I=1,...,Mj), Wf = [Wf], sz, e Wﬂwf]T are the approximation of c;, wj, W; and XT = KX, ... X0V =R, %, ...,
Xn] € Uy, (Uy is a compact set) is the estimate of X, will be defined in (26). } .
For simplicity considering & (X, ;, ¢f) = &, & (X, oy, ¢r) = ¢ and defining Wy = W — Wy, & =¢& — ¢, we have

2T T A A 2 AN LT ST ST o STYA7. o TV
fe,X) - f(X, Wy, @y, Cr) = (& + &) (Wr+ W) - Q;Wf + A = ffTWf + f;Wf + CfTWf + Ay, (18)
If the vector of Gaussian membership functions is linearized by using Taylor series expansion then & can be written as
Fog, T
2 o
?fl @;*f O;Cf«l 65}1
& f2 ! X
B f2 0] 0%, a2,
f= . = ~ o ~ ; = ~ ~ =
(,l)f+ s Cf+ ().X E-‘rhf :Af(Uf+Qfo+FfE+hf, (19)
CfMy ();% o} =y ()i;M[ wi=iy ek Py, ; :(j)f
L 90 ] o= ac; C; ~ X G4
X=X X=X X=X

where @y = w; — @y, & =¢; — &, E=X—X and hy denotes higher order terms. Moreover, we have;

0 o0 %% %L
o [LJ Tl B LJ] (20)
f (I-1) (Mg=1)
. o o 0:
CRUREE E R L o)
oc;
f (I-1) (My—1)
65}; g o o,
W:[ﬁ ﬁ oxfrf] @2)
Therefore, using (19) in (18) we have
FE.X) — F(X, Wy, dy, &) = (@ AT + € Qf)wf +(@f A7 + cfo)wf +EW; + (ETFf +hf)(Wy + Wy) + A
= (w0} — 0y) AT W + (f,f - cf) QW + (& Af + cfo)Wf + Wy + (ETTT + h))W; + A
= (& — O A] — ETQNYWy + (] A] + ET Q) Wy + gy, (23)
where & = (0} Af + ¢ @)Wy + (ETI] + hf )W; + Ay. Since in (23) each term is scalar we have
F(E,X) = F(X, Wy, oy, &) = (& — OF AT — EFQDY Wy + W Apaop + WIQsE + ¢ (24)
The above procedure can be written for function g(t, X) with FBFN (16) and changing the f indices to g. Thus we have:
8(6,X) — 8(X, Wy, g, &) = (8T — 0T AT — ETQH W, + WIA g + W, + &, (25)

where W, = W, — Wy, @ = 0 — @y, Cg = C — Cg, & = (0] AL+ ¢ QW + (E'TE +h))W; + A, and A, is the approxi-
mation error of the FBFN (16).
To estimate the states the following observer is proposed:

X(t) = AX(t) + B{f (X, Wy, oy, &) + E(X, W, g, Cg) ¥ + U + U} + KoCE, (26)
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where E=X—-X = le, é, A é("*”]T, € =x—X=x; — X and K, is chosen such that A — K,C becomes Hurwitz, (since (C, A) is
observable such K, exists). The control term u, is a robust structure with adaptive gain as follows:
u-(e|p) = psgn(e), (27)

where p is the free parameter to be adapted. u, is a compensation term as follows:

uc = K'P,E. (28)

Assumption 3. The ideal parameter vectors Wi, wy, ¢f, Wq, wg, ¢z and p* lie in some compact regions:

Uw, = {W; € RY||Wi|| <mw,},  Uw, = {W, € RY||W,| < my,},
<

Uwf = {wf € Ran‘waH mwf}7 Uwg = {wg € RnMngng < m(ug}

Uy = {cr € R |llcell <mg},  Ug, = {cg € R™e]|lcgl| < mg,},
Uy, ={p e Rllp| <mp},

where the radiuses M, Moy, M, Moy, Mey, My, and m, are constants,

(Wf*aw}vcf*):arg —~ min SUP ‘f(t7x) 7f(X7Wf7d)f76f)‘ ’
W[EUW/, ‘d)feu’“j"ffeutf XeUy. XUy

(W ;) =arg _ min sup |g(t.X) — &(X, Wy, g, &) |
WU, 0g€lug Cg€Ucp | XeUy X el

p* =D+,
where § is an unknown positive constant which will be defined in Lemma 4.
Now, the following control law is proposed:

1
y:A

—_— —f()?, /Wf, d)fi'f) — K[E +Xl(jn) —Ur — U, (29)
g(X,Wg,d)g,ég)

where K. is chosen such that A — BK. becomes Hurwitz, (since (A, B) is controllable such K. exists). Therefore, there exist
positive-definite matrices P; and Q; such that

(A—BKo)"Py + Py(A— BK.) = —Qy, (30)
Thus using (29) in (26),

E=X—Xg=X - AX; — Bx)" = (A~ BK.)E + K,CE. (31)

The observation error dynamics by using (12) and (26) can be given by

E=X-X=(A-K,OF +B{(f(t. X) — f(X, Wy, oy, &)) + (g(t.X) — &(X, Wy, (g, &))v + d — ur — 11}
é=CE. (32)
Since only é in (32) is assumed to be measurable, we use the strictly positive real (SPR) Lyapunov design method to analyze
stability of the closed-loop system and derive adaptive laws.
The error dynamics (32) can be written as

& = HO{(f(t.X) — F(X, Wr, 0r, &) + (8(6.X) — &(X. We, g, ) v+ d — Uy — (33)
where H(s) = C(sl —A+K,C)™'B is the transfer function of (32). If we select K! = [Cla,C3a2,...,C "] with

C, = n!/((n —i)'i!), we can see that

1
HO) = o

(34)

where « is a positive constant. Now, the following lemmas are considered:

Lemma 1. [25] A strictly proper rational transfer function H(s) = C(sI — A)"'B is SPR, if and only if there exist positive-definite
symmetric matrices P and Q

AP+ PA=—Q,
B'P=C. (35)
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Lemma 2. [25] Suppose B and C are full rank. Then there exists a matrix P = PT > 0 that satisfies (35) if and only if

CB=B"C">0. (36)

Considering Lemmas 1 and 2 it can be deduced that H(s) is not an SPR transfer function. In order to use SPR-Lyapunov
design, (33) is rewritten as

é=H(S)L(S){L*1(5)(f( —FX Wy, oy, &) + L (5)((8(6,X) — &(X, Wy, g, €))0) + L' (5)d — L' (s)uy fL’l(S)uc},
37)

where L(s) is chosen so that L~'(s) is a proper stable transfer function and H(s)L(s) is a proper SPR transfer function. Using
(24), (25) and (37) we have

e = HLs){ (& — Of Af - T )Wy + W] Aioy + IRy + (8 — f Ay — 105 ) oW, + WA v,
+Wg9gyég+5+d—u,—uc}, (38)
where
o =L ){ (& - OF AT — O Wy + W] Aty + Wit | + 17 (5){ (& - AL - 652F ) oW, + WA g
+ WiQuute} — (§ - afA] - O )Wy — W] asioy - W]QsGs — (& — ip Ay — 105 ) vWy — W] Agvidg
— W;Qg Ve —d+ur +uc+ L7 (8)d = L' (S)uy — L (S)ue + L' (s)er + L7 (5) (&g 0). (39)

Suppose L(s) = bos™ + bys™ ! + bys™2 + - .- + by, where m = n — 1. Then the state space realization of (38) can be written as

E:ACE—I—BC{(%}F— oA —Cfo>Wf+WfAfwf+Wfocf}
+ Bc{ (gg — Ay — CTQT> vW, + WgAgvcbg + nggvﬁg +o+d—u — uc}
é=C.E, (40)
where
A.=A—K,C, Bl =Ibg,bi,...,bn], C.=C. (41)
Thus based on Lemma 1 and since H(s)L(s) is SPR there exist positive-definite matrices P, and Q, such that

AP, + PAc = —Q,, (42)
BIP, = C.. (43)

The following lemma gives the adaptation laws:
Lemma 3. Suppose the following adaptive laws
NG - ofa] —grepTe Wyl <mw, or ([Wy| =my,
Wy = and (& — afAf - IQHWre < 0) (44)
Pr(y, (& — OLAT —ETQ))e) Wyl =mw, and (& —o!Al - QN Wye >0,
R(Widp'e  ldyl <mo, or (x| =my,
Qf = and W}Afd)fé <0) (45)

Pr(y,(WIAp)'e) ||dxy| =m,, and W} Agiyé >0,

. {MM%% lerl <me, or (gl =me, and WIQre < 0) us)

Pr(y;(WIQ)'e) ||&ll=m, and WIQée >0,
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— R A
7a(Wedy) ve [Dgll <M, 01 ([|g]| = Moy,

g = and WIAg0gvé < 0) (47)

Pr(p,(WIAp) v8) ||l =M, and WIAgdgveé >0,

7s(WQy) ve ICell <me, or ([lcg]l =me,
e = and WIQ,¢,08 < 0) (48)
Pr(ps(WIQy) vé) ||&gl =m., and WIQue,vé >0,

for avoiding singularity (uncontrollability) if an element Wig of Wg equals ¢ (arbitrarily small positive number) then

oo 6(E8 — @AY — cTQg)ve (& — dfA; — cQ)ve > 0 49)
o (& — @Al —etal)ve <0,
where (& — @I A7 — ¢1Qy); is the i-th component of &l — &I A} — c1 Q. Otherwise,
_ 76(& — pAg — )" ve [Well <mw, or ([|Wg] =mw,
W, = and (& — &IA] - cTQp)W,ve < 0) (50)
Pr(y(&l — ol Ay — el ve) Wyl =mw, and (& —afA; —clQ))W,ve >0,
. [plel Ipl<m, or (pl=m, and p <0) 1)
Pr(y,) |pl=m, and p >0,
where y;,i=1, ..., 7 are positive constants and projection operator (Pr(.)) is defined as
. AAT
A=Pr(l'Ow) =T0w - I ———I'Ow. (52)
ATA
Then  [|Wll < muw,, [yl < Moy, 1G] < me, [@ll < Moy, llell <M. 0<e< |We| <mw, and |p|<m,  Also

Wil < 2mw,, |yl < 2me, (|Gl < 2me, Wil < 2m,, [|0gll < 2Ma,, (|G|l < 2mq,, and |p| < 2m, such that p = p* — p.
Proof 1. See Appendix A. O

Lemma 4. §in (39) is bounded by a constant, i.e.,
6] <9, (53)

where § is an unknown positive constant.

Proof 2. See Appendix B. 0O

4. Stability analysis

Now, based on above discussions we are ready to analyze the asymptotic stability of the closed-loop system. For stability
analysis the following theorem is stated:

Theorem 2. Consider system (1) that satisfies Assumptions 1-3. Let Wf, oy, Cf, Wg, g, Cg and p are adjusted by adaptive
laws (44)-(51), respectively. If the control signal and the state estimator are chosen by (29) and (26), respectively, then
lim,_ E(t) = 0.

Proof 3. See Appendix C. O

Remark 1. In order to eliminate/alleviate chattering completely the discontinuous function sgn(é) in (27) can be replaced by
the following smooth functions: sat(é/r), tanh(e/r), tan~!(e/r), e/(|e| +r) and &/(|e| + re~9t), where r and q are two positive
constants. The first four smooth functions eliminate chattering completely in the expense of steady state error, which is pro-
portional to r. However, since the last smooth function has a decaying-width boundary layer re~, its ability to alleviate chat-
tering while maintaining asymptotic convergence has been proved [26].

Remark 2. According to the previous analysis and to summarize the above results, the design algorithm and the block dia-
gram of the proposed controller are described as follows:
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Design Algorithm

Step 1. Specify the feedback and observer gain K. and K, such that the characteristic matrices (A — BK.) and (A — K,C) are
strictly Hurwitz.

Step 2. Specify positive definite n x n matrices Q; and Q, and solve Riccati Eqgs. (30) and (42) to obtain positive definite
n x n matrices P; and P,, respectively.

Step 3. Noting CE = & = y — x4, solve the error Eq. (31) to obtain state estimate X =E+X.

Step 4. Specify the design parameters Mw,;, Moy, M, Mw,, Mo, M, and m, and positive scalars y;,i=1, ..., 7, then com-
pute the adaptive laws (44)-(51) to adjust the parameter vectors Wy, &y, ¢, Wy, @, ¢z and p.

Step 5. Calculate the robust structure u, with adaptive gain in (27) and the compensation controller u, in (28).

Step 6. Obtain the control law (29) and apply it to the plant. In order to cope with chattering the procedure in Remark 1 can
be used.

The block diagram of the proposed controller can be seen in Fig. 3.

5. Simulation example

Actuator hysteresis usually brings many problems in control systems such as tracking errors, limit cycles, undesirable
performance and even instability. For example due to ferromagnetic effect of motor drive the hysteresis exists in electrical
valve actuators and causes degradation of performance in control of physical and mechanical systems [27], piezoelectric
actuators due to its hysteresis cause inaccurate positioning in astronomical adaptive optics [28], the unavoidable hysteresis
in piezoceramic actuator brings inaccurate and unsatisfactory performance of helicopter vibration control [29] and many
others. In this section we apply our proposed controller to inverted pendulum system with backlash-like hysteresis actuator.

Example 1. Consider the inverted pendulum with backlash-like hysteresis actuator depicted in Fig. 4. Denoting x; = 6 and
X, = 0 a 2nd order model of inverted pendulum can be stated as follows [30],

5{1 = X3
Xy = f(%1,%) + 8(x1,%2)p(v) + d(t) (54)
y=x,
where
2 B
98 SiﬂX] _ mixj ;Jsikismxl ;OTTL
f(x1,%) = l(‘—‘f mc052x,>  8(X1,%2) :W (35)
3 me+m 3 me+m

m, is the mass of the cart, m is the mass of the pole, 2! is the pole’s length, d(t) is the external disturbance, ¢(?) is the output
of the backlash-like hysteresis actuator and w»(t) is the applied force (control). In the simulations that follows

Uncertain Nonlinear System with Hysteresis

Backlash-like o(v)
Hysteresis (Eq.(2))

Observer (Eq.26)
X(t)= AX(t) + BUF(X,W,,&,,8,) + §(X,W,,&,,¢, v +u, +u}+ K,CE

I

_Adaptive Laws (Eqs.44-51)
W, @, ¢ Wy, &, ¢,and p <

|

v(t) Control Law (Eq.29)

V= —— — (X, W,,&,,¢, —K‘EA-‘,-I(”)—U,;—U‘
s )~ KB sl -, )

9?9779

Fig. 3. Block diagram representation of the proposed method.
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i=a
6:%\

mg sin 6

#(v) Actuator v

i

- Backlash — like ¢
Hysteresis

Fig. 4. Inverted pendulum system with backlash-like hysteresis actuator.

m. =1kg, m=0.1kgand [ =0.5m will be chosen. It is assumed that only output state x; can be measured. The nonlinear
functions f(x;, x;) and g(x1, x;) are assumed to be unknown. The initial condition of the plant is chosen as X(0) = [- &, O}T.

For state estimation the observer defined in (26) with K. = [144, 24] and K, = [60, 900]T is used. K. and K, are chosen
such that the matrices A — BK. and A — K,C are Hurwitz. Without loss of generality the initial condition of the observer is
chosen as )A((O) =[-%, fl}T which is different from the initial condition of the plant. The parameters of proposed method
are chosen as y; =100, y, =73 =7, =75 =1, 7 = 10 and y; = 4000. It should be noted that all the adaptive gains are
chosen by trial and error to achieve the best transient control performance considering the requirement of stability and
possible operating conditions. We note, that for any of positive gains, as it is proved in Theorem 2, asymptotic stability is
guaranteed but they are selected to achieve best performance My = M, = 5 are selected. The matrices P; and P, are chosen
according to Riccati Egs. (30) and (42) as follows:

1.4402 0.0035} {1.5303 —-0.1015
1 , =

~ 10.0035 0.0101 —-0.1015 0.0085

The initial conditions of fuzzy parameters are chosen randomly in the interval [1, 2]. Without loss of generality the param-
eters of the backlash-like hysteresis model are chosen as = 1 and ¢ = 3.1635. To show the effectiveness of the proposed
method the backlash-like hysteresis nonlinearities with different width are used. Therefore in simulations
By = 2.345, 1.345, 0.345 are used, i.e., for bigger B; we have smaller width. Two cases are considered:

5.1. Case 1. (Sinusoidal Desired Trajectory)

For better comparison it is assumed that the unknown disturbance d(t) = 3 + 2 cos(3t) is applied at unknown time
t =10s. The desired trajectory is selected as x; = Z sin(t). Figs. 5-7 show the tracking performance, input and output of
the backlash-like hysteresis with different hysteresis nonlinearities.

5.2. Case 2. (Periodic Step Desired Trajectory)

The unknown step disturbance d(t) = 5 is applied at unknown time t = 15 s. A second order transfer function is chosen as
the reference model for a periodic step command,;

Xd - 9
Ucommand s24+6s+9

where, Ucommana 1S @ periodic square wave with amplitude Z and period 12 s. The results are depicted in Figs. 8-10.

Clearly, in both cases the satisfactory tracking in the presence of unknown backlash-like hysteresis, unknown external
disturbances and even unknown states are achieved. From the simulation results it can be seen that the observer based adap-
tive systematic fuzzy controller as proposed in Section 3 has a satisfactory performance to control the system preceded by
hysteresis, amid uncertainties and external disturbances. It should be noted that only the input of the backlash-like hyster-
esis v(t), which is the control signal, can be designed by the designer and its output, ¢(v) is not available, because the hys-
teresis parameters are unknown.

Remark 3. To cope with the lumped uncertainties (5(t) + d(t)) usually a discontinuous robust control u. = psgn(e) is used,
where p is a positive constant that should be larger than the bound of lumped uncertainties. But the bound of lumped
uncertainties is difficult to be measured in practical applications. If p is chosen too large the control effort results in
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Fig. 5. Simulation results: sinusoidal desired trajectories, B; = 2.345 and d(t) = 3 + 2 cos(3t): (a) desired state x;4 (--), estimated state x; (-), (b) desired

state x4 (--), estimated state x, (-), (c) control signal »(t) acting as the input of the hysteresis and (d) control signal ¢(v) acting as the output of the
hysteresis.

1 1
0.5 0.5
< 0 <0
-0.5 -0.5
-1 -1
0 10 20 30 0 10 20 30
(a) Time(sec) (b) Time(sec)
4 10
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(c) Time(sec) (d) Time(sec)

Fig. 6. Simulation results: sinusoidal desired trajectories, B; = 1.345 and d(t) = 3 + 2 cos(3t): (a) desired state x4 (--), estimated state x; (-), (b) desired

state x4 (--), estimated state x, (-), (c) control signal »(t) acting as the input of the hysteresis and (d) Control signal ¢(v) acting as the output of the
hysteresis.

chattering. If p is chosen too small the performance degrades or even the closed-loop system may become unstable. Mostly
in literature p is chosen large enough to avoid instability. To relax the requirement of knowing the bound of lumped
uncertainties and to avoid using a conservative one in this paper we proposed of using adaptive gain, i.e., using p instead of p

mentioned in robust structure in (27). The adaptive law for p is derived from Lyapunov approach, therefore, the stability is
also guaranteed.
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Fig. 7. Simulation results: sinusoidal desired trajectories, B; = 0.345 and d(t) = 3 + 2 cos(3t): (a) desired state x4 (--), estimated state x; (-), (b) desired

state x4 (--), estimated state x, (-), (c) control signal »(t) acting as the input of the hysteresis and (d) control signal ¢(v) acting as the output of the
hysteresis.
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04 |/
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Fig. 8. Simulation results: periodic step desired trajectories, B; = 2.345 and d(t) = 5: (a) desired state x4 (--), estimated state x; (-), (b) desired state x,4 (--),
estimated state x, (-), (c) control signal »(t) acting as the input of the hysteresis and (d) control signal ¢(v) acting as the output of the hysteresis.

6. Conclusions

The adaptive control technique has been combined with fuzzy logic systems, as universal approximators, to achieve a ro-
bust output feedback control for nonlinear uncertain systems preceded by unknown backlash-like hysteresis and with large
uncertainty in plant structure, unknown variations in plant parameters and unknown but bounded sudden external distur-
bances. Usually only parameters of the consequent parts of fuzzy rules are tuned via adaptive techniques, however, in the
proposed controller both consequent and premise parts of fuzzy rules have been adjusted via adaptive laws, making the
designing of controller more systematic. In many practical applications the states of the systems are not available. The pro-
posed approach does not need the availability of the states and uses an observer to estimate the states. To cope with lumped
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Fig. 9. Simulation results: periodic step desired trajectories, B; = 1.345 and d(t) = 5: (a) desired state x4 (--), estimated state x; (-), (b) desired state x,4 (--),
estimated state x, (-), (c) control signal »(t) acting as the input of the hysteresis and (d) control signal ¢(2) acting as the output of the hysteresis.
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Fig. 10. Simulation results: periodic step desired trajectories, B; = 0.345 and d(t) = 5, (a) desired state x,4 (--), estimated state x; (-), (b) desired state x4 (--),
estimated state x, (-), (c) control signal »(t) acting as the input of the hysteresis and (d) control signal ¢(v) acting as the output of the hysteresis.

uncertainties generated by state estimation error, fuzzy approximation error and external disturbances a robust structure
with adaptive gain is used which the adaptive gain mechanism not only relaxes the assumption of knowing the bound of
lumped uncertainties, but also causes to chattering attenuation. All the adaptive laws are derived via Lyapunov synthesis

method and therefore asymptotic stability of overall system is ensured. In future work, we aim to extend this methodology
to more general forms of nonlinear systems.

Appendix A. Proof of Lemma 3

Using (44)-(52) the proof of [Wy|| < muw,, ||| < Me,, (&1 < Me, (@]l < Moy, (Gl < Me, [[We|| < mw, and [p| < m,
can be easily obtained by the results of [13]. By wusing triangular inequality we have [W¢| <
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2mw,, [l0r|l < 2Mey, (16| < 2myg, [|Og]l < 2Me,, ICgll < 2mq,, \|Wg|| 2my, and |p| < 2m, since from Assumption 3 we
have W[l < mw,, |0} < Mo, [Icf| < me, o]l < Me,, gl < Me,, HW | < mw, and |p*| < m,. Now, consider the Lyapu-

nov function candidate V, =1 WTWg, its time derivative is V, = Wg Wg. Assuming that condition (49) holds, then V, > 0
which implies 0 < & < HW ||l This completes the proof.

Appendix B. Proof of Lemma 4

(a) From (19) and Lemma 3 we have
T, 5 % ~ = 2 - ~ 0 ¢
b +ETI]I = 18] — of AT = FQF | < NG+ NGF 11T | + IR < 1 + ol + Lyl |
<+ 2€f2mwf + fogmcf =C, (B.1)

where {1, ¢, and ¢ are positive constants due to the fact that FBFN and its derivatives are always bounded by constants
(because of the boundedness of states and Gaussian membership functions) [19]. Using (B.1), (23), Lemma 3 and Assumption
3 we have:

w1 w1 A7 T T * * A7 * A7 *
leg| = (@} Af + ¢ QF)Wy + (E'T +hp)Wy + Al < [ [ AWl + I IR ITWe |+ W ller + |y

< 2UpMe, My, + 2p3Me My, + C1Mw; + by, = €2, (B.2)
where by, is a positive constant based on Theorem 1 and boundedness of f(t, X).

(b) Based on (B.1) and Lemma 3

IEF — @f A7 = F N <IN+ IDF AT + IEFNIRF | < €1 + bty + bysimg, = s, (B.3)
IWF Al < IWFIlAf] < €, = ca,
IWFR < W] < ¢, = cs.

Thus based on Lemma 3 and B.3, B.4 and B.5

‘( g - opa - gaf) Wf‘ < G, W}Af(bf‘ <, W}Qfaf) < G, (B.6)

‘ ( ¢ — Af — Cf Qf) Wf -+ Wf/lfa)f -+ Wf Qfo) C6, + C6, + Co, = Cé- (B7)
(c) Based on (27), Lemma 3 and boundedness of d

|—d+u|<|d+u|=D+|p|<D+m,=cy. (B.8)

(d) Since X € Uy and based on Assumption 2, there exists a compact set U, so that E € U,, thus
Juc| = [KGP1E| < cs. (B.9)
(e) Using Assumption 2, Lemma 3, boundedness of FBFNs and (B.9) it can be deduced that all the terms in the proposed

control signal (29) are bounded. Thus there exists a positive constant 7 such that || < 2. Similarly using (25) and
above fact we have

legv| < c3. (B.10)
Similarly using (25) for FBFN (16) we have

(& - opaf - L)Wy < cs,

W A wg‘ Co,,

w ch\ Co,., (B.11)

(& - @pA] - L0y ) Wev + W] Agio v + WEQgEgv| < (Co, + o, +Co,) 0 = Co. (B.12)

(f) Since L™'(s) is a stable filter and if y(t) is a bounded signal, then clearly there exists a positive constant f8 such that
IL~'(s)(t)] < p. Thus based on (B.1)-(B.11) and (B.12) we have
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6 { (& - oF A — 70 )Wy + W Aoy + Wy | < cao, (B.13)
o { (& - a)gAg - R ) Wev + Wideiogw + WIQuGv}| <, (B.14)
L (s)(d — uy)| < ¢z, (B.15)
L (s)ef| < cus, (B.16)
L7 (5)(&g2)| < Cra, (B.17)
L (s)uc| < cis. (B.18)
Therefore, using the above inequalities we have
|5‘ <C+C7+Cg+Cg+Cio+C11 +Ci12+C13 +C1a+C15 = J. (Blg)
Appendix C. Proof of Theorem 2
Consider the following Lyapunov function candidate:
o 1 = WIW, @Fay & ala, e, WIW,  p2
Vo lErp B JErp s OO GG QP GG e s P (C1)

2 2 2y, 2y, 2y5 0 2, 2)s 276 2y,
The time derivative of (C.1) along (31) and (40), using (30) and (42)
' T T T T)ET Wf
V:——E QlE——E TQqE + {ETPiKoCE — E"PoBetc p + W E'PoBe(§ — f Af — &) -7
1

+ d)fT{ETPzBC(/M\/}Af)T - %} + EfT{ETPzBC(/WfTQf)T - j—f} + @;{ETPZBC(/VV;Ag)TU - %}
2 3 4

{ETP2 (W) v — ;g} + W;{ETPZBC(&“; —OTAT -ty - Vyv-g} + {ETPZBC(RS vd—uy) - ’;p} (C2)

5 6 7

From Lemma 4 and the boundedness of d we have |5 + d| < § + D. Nominating p*£4 + D, considering (43), (27) and (28), (C.2)
can be written as

N DU DU Wil o[y T
v<—zETQIE—ZETQZEJrW}{e(é}—w}/lf—cfgf) —y—lf}+0)f7{e<wf7/1f> —y—f}

+z~}{é(W}Qf) y’;}+a){ (WgAg)Ty‘;’f}y;{é(@%)wi}

B . TowW )
+W§{e(¢gw§/1§c§9;) z)ysg}+{ (ef)} (C3)

If HWfH < My, or (||Wf\| = my, and (éfT - CofTAf - cfo) Wre < 0)), then from the first line of adaptation law (44) we have

W=7, (ng — ofAf — Qf> . thus W}{é(éf —ofAf —clQ ) } = Now, if  |[Ws|=mw, and
(c} —ofAf - (:TQT> Wre >0 then from the second line of adaptatlon law (44) and (52) we have
B B L WWE G ar ;
Wf = Pr(Vl (ff ¢ Qf) ) =M (ff ¢ Qf) e—7 W2 (éf wf ¢ Qf) é, thus
T W — ww . WIW, — .
T f f f 5 VPP IeT T _f
Wf{e(f A7 - af) _W} Wi o (G - o] - §4f) efwwf@—wﬂf—cfgf) (C4)

Since (5} — ofAf - C}Q}) W;é >0 and WTWf 0 (because ||W}|| < my, and |Wi|| = my,) we have

W}{é(éf—d;fuf —eron” —%} <0. (C.5)
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Similarly, the same procedure can be done for other adaptive laws, after doing this we have:
V< —%ETQlf - %ETQZE. (C.6)
Denoting Q = diag[Q,,Q,] and Ef = [ET,ET], (C.6) can be rewritten as
V< —%EZQEU <O0. (C7)

Since Q; and Q, are positive definite matrices then matrix Q = diag[Q;, szvis also positive definite, therefore Vis negative

semi-definite, ie. V(Wr(t), @r(t), &(t), Welt), @glt), &(b), p(t) < V(W(0), @y(0), &(0), Wy(0), @5(0), E(0), p(0)),

which shows V is non-increasing and bounded. Defining O (t) = %EZQE,, < —V and integrating it with respect to time yields:

/0 O(t)dt < V(W4 (0), 5(0), &(0), W4 (0), g (0),&(0), p(0)) — V(W (L), @y (1), E(£), We(t), g(t),E(0), p(L)).  (C.8)

Because V(W;(0), @y(0), &(0), W, (0), (0), &(0), p(0)) is bounded and V(W (t), ay(t), &(t), W(t), @y(t), (1), p(t) is
non-increasing and bounded, the following result is obtained:

t
lim [ O(1)dt < co. (C.9)

t—o0 0

Also, O(t) is bounded, so by using the Barbalat’s lemma [30], (if the differentiable function h(t) has a finite limit as t — oo,
and is such that h exists and is bounded, then h(t) — 0ast — oo), it can be shown that lim, ... ©(t) = 0. Therefore, we have
lim;_ . Eq(t) = 0. Thus lim,_.E = 0 and lim;_..E = 0. On the other hand, E = E + E, so lim;_E = 0.
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