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[Abstract

Let {X,, n > 1} be a strictly stationary sequence of negatively associated random variables, with
common distribution function F. In this paper, we consider the estimation of the two-dimensional
distribution function of (X1, Xx+1) for fixed ¥ € IN based on kernel type estimators. We introduce
asymptotic normality and properties and moments. From these we derive the optimal bandwidth
convergence rate, which is of order n~'. Besides of some usual conditions on the kernel function, the
conditions typically impose a convenient increase rate on the covariances Cov(X1, Xy).
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1 Introduction, definitions and assumptions

The interest on approximating distribution functions of random pairs arises from the characterizations of
the limiting distribution of empirical processes, which has been a subject of interest for many statisticians.
The first results concerning the asymptotic distribution of the sequence data back to Donsker [3], for
independent underlying variables {X,,, n > 1}. The extension of this characterization to nonindependent
variables was eventually studied. One of the dependence structures is positive association. Azevedo and
Oliveira [2] studied kernel type estimation of bivariate distribution function for positively associated
random variables. The other type of dependence is negative association (NA), introduced by Alam and
Saxena [1] and carefully studied by Joag-Dev and Proschan [6]. A finite family of random variables
{X;, 1 < i < n} is said to be negatively associated if for every pair of disjoint subsets A and B of
{1,2,...,n},
Cov(fl(Xiai € A)af?(Xjaj € B)) <0

whenever f; and fy are coordinatewise increasing and such that the covariance exists. An infinite family of
random variables is N A if every finite subfamily is N A. Because of their wide applications in multivariate
statistical analysis and reliability theory, the notion of N A has received more and more attention recently.
We refer to Joag-Dev and Proschan [6] for fundamental properties, Newman [9] and Su and Chi [14] for
central limit theorem, Matula [8] for three series theorem, Su et al. [15] for a moment inequality, a
weak invariance principle and example to show that there exists infinite family of non-degenerate non-
independent strictly stationary N A random variables, Shao [13] for the Rosenthal type maximal inequality
and Kolmogorov exponenential inequality, Liang and Su [7] for convergence rates of law of the logarithm,
Roussas [11] for the central limit theorem of random fields, some examples and applications and Yuan
et al. [16] for improving the result of Roussas [11]. The above comments motivated the interest on
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the estimation of the bivariate distribution function under negative association. A natural estimator of
F(z,y) = P(X; <z, X1 <y) with k fixed, is defined by

n—k
Pulz,y) = i 7 2 (L(—o0,0) (Xi)L(—o0,y] (Xi+i))- (1)

=1

The asymptotic behavior of this estimator were studied by Jabbari et al. [5], who considered conditions
on the covariance structure of the sequence {X,,, n > 1}, for the almost sure consistency of this estimator.
Here we will considered the kernel estimator of F', defined by

~ _ X y Xk+z
Fa(e,y) —7hkzﬁu —
_ r—s y—t, .
= [ UvE A ), @)

where U is a given distribution function and {h,, n > 1}, is a sequence of positive numbers converging
to zero. The assumptions under which the main result in this paper is obtained are gathered as below.
(A1). {X,, n > 1}, is an NA and strictly stationary sequence of random variables having density
function f bounded by My; let M; = 2max(2/m2,45M).

(A2). k is a fixed integer and F the distribution function of (X, Xj41). F has bounded and continuous
partial derivatives of first and second orders.

(A3). For each positive integer j, F} is the distribution function of (X1, Xjy1, X;, Xi4;). F; has bounded
and continuous partial derivatives of first and second orders.

(A4). U is twice differentiable. If u = %, is satisfies

/ zu(z,y)dzdy :/ yu(z,y)dzxdy = 0,
R2 IR2

/ $2u(w,y)d$dy,/ v u(z,y)dedy < oc.
R2 R2

(A5). The sequence of bandwidth is such that nh2 — 0.
(A6). Z;OgﬂCOUl/B(Xl, Xj—k)| < o0.
(A7). V = &-5- is such that

/ m2V(m,y)d$dy,/ Y2V (z,y)dzdy < oc.
R2 R2

In Sections 2 and 3, we study the convergence and mean square error of F,. In Section 4, we consider
the asymptotic distribution of the finite dimensional distributions of F,.

2 Consistency of the estimator

We first characterize the convergence rate of E[F),(z,y)] and show that F), is asymptotically unbiased.
To achieve this goal we apply a strong law of large numbers to the random variables U (%= X, yh&) ;
1 =1,2,...,n—k and we need to study the asymptotic properties of the covariance between each term in

the sum (2)
Theorem 1. Suppose that {X,,, n > 1} satisfies (Al), (42) and (A4). Then, every z,y € IR,

Blfu(a,y)] = Fla.y)+ g8< ) [ suts, s

2

0*F 5
(9;176 stu(s, t)dsdt + — i (x y)/ u(s,t)dsdt] + o(hy,).
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Proof. As E[@,(x,y)] = F(x,y) it follows from (2) that

Blfue)] = [ 0 L.

/ w(w,v)F(x — why,y — vhy,)dwdv.

IR2

Using a Taylor expansion of order 2 of F' and taking account of (A42) and (A4) and of the continuity of
the second order partial derivatives of F' the theorem follows. O

From Theorem 1 and an application of the Dominated Convergence Theorem, we conclude

E[E,(z,y)] — F(z,y).

Now, we establish the almost sure convergence of E,. For this goal, we need some lemmas that are proved
below.

Lemma 1. Suppose that {X,, n > 1} be negatively associated. Let

Hap=P.(X;>ax;, j€A|JB) = P(X; >, | € A).P.(Xpp, > T, m € B),

where x;’s are real and A and B are disjoint subsets of {1,...,n}. Define H ,m = Hyy ymy- Then

0>Hap>Y Y. Him. (3)

leAmeB

Proof. For the proof see Theorem 2 in Newman [10]. d
Lemma 2. Suppose {X,,, n > 1} satisfies (A1) and (A3). Then, for each j > 1 and z,y,r,s € R

|Fj(x,y,r,8) — F(z,y).F(r,s)] < 2M1|C’0'u1/3(X1,X]-) + Cov1/3(X1,Xk+j)
- Cout/3(Xpp, X;) + Cov® (Xep1, X ). (4)

Proof. The density of the variables is bounded by Mj. Then, by Corollary of Theorem 1 in Sadikova [12]
and relation (21) in Newman [9],

Cov(1z 100) (X1), Ly 00) (Xk41)) > MiCov'* (X1, Xp11), 1,y € R. (5)

Since {X,,, n > 1} is NA then for j > 1, by (5), NA properties and Lemma 1 we conclude

0 > Fi(xayvrvs) - F(.’L’,y).F(T’,S)
> M1COU1/3(X1,X]') + MlCovl/?’(Xl,XkH) + MlCovl/?’(X,H_l,Xj) + M100U1/3(Xk+1,Xk+j) +
P.(Xy >z, Xpy1 > Y, X5 >r, Xpgj > s) — Po(X1 > 2, Xj1 > y).Pr(Xj >r, Xpy; > s)
> 2Mi[Cov'/? (X1, X;) + Cov' 3 (X1, Xpyj) + Cov'® (Xpyr, X;) + Cov'* (Xpp1, Xpig))-
So, the proof is complete. O

Lemma 3. Suppose the variables {X,,, n > 1} satisfies (A1), (A2), (A3) and (A4). Then, for each
j>1andz,y € R

z—X1 y— X
hn hp,

= Xj Y= Xity
hn hp,

Cov[U( ), U( )] = Fj(x,y,2,y) — F*(z,y) + O(h})).

Proof. Rewrite the covariance as

iL‘—Xl y—Xk+1 J,‘—Xj y—Xk+j
U
o ), U, )
r—r y—s r—u y—v r—r y—s
( )U( :

, , dF;(r,s,u,v) — U(
R hn, hn hn, hn, JAF; )= R2 hn, hn,

CovlU(

)dF (r,5)),
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where the second term on the right hand side is just E2[F},(x,y)] and its behavior has been described in
Theorem 1. For the first term, we write the function U as an integral and use Fubini’s Theorem. So, by
expanding Fj to the second order and using (43) and (A44), this integral is equal to Fj(z,y, z,y) + O(h32).
Therefore, the proof is complete by the limit behavior of E[F),(z,y)]. O

Next theorem considers the almost sure convergence of Fj,.

Theorem 2. Suppose {X,, n > 1} satisfy (A1), (A2), (43), (44), (A6) and (AT7). Then, for each
z,y € IR .
F,(z,y) — F(z,y) a.s.. (6)

Proof. Tt is enough to prove that the variables U (#5== X yfﬂ) m > 1 satisfy a strong law of large

numbers. As U is coordinatewise nondecreasing, these varlables are stationary and NA. According to
Newman [9], U’s verify a strong law of large numbers if

: X1 Y — Xt = Xj y— Xeyj
l n oo C 5 ,U 5 - 0- 7
From Lemma 3 and using (4) for r = z and s = y, it follows
r—X1 y—Xpp
hn 7 by

r— X y_Xk+j)]|
he hp,

|Cov[U( ), U( < |Fj(@,y,2,y) — F?(2,9)| + O(h)

< 2M,|Covt/? (X1, X;) + Cov'/* (X1, Xpiy) +
bovl/ Xk+1,Xj)+CO’U1/ (Xk+1,Xk+j)|.

Since {X,, n > 1} is NA, by Lemma 8 in Newman [10], we have 2;02 |Cov(X1,X;)| < co. Then, we
may conclude that Cov(Xl, X,) is nondecreasing as j — co. So, the proof follows from (A6). O

For the formulation of the next results we need to introduce some additional notations. Let ¢ be a
sequence of positive integers such that ¢ — +oo. For each ¢ = 1,...,¢, put z; = Q(i/t), where @ is the
quantile function of F'. Define then,

Dn: sup |ﬁ’n($,y)—F(.’E,y)|,

z,ye€lR
and A

To prove an uniform version of the preceding theorem, we will apply the following result which is proved
in Theorem 2 of Henriques and Oliveira [4].

Lemma 4. If the sequence {X,,, n > 1} satisfies (Al), then for each n € IN,
2
D, <D;+ n a.s. . 0 (8)
Next theorem is the uniform consistency of the estimator under the same set of conditions as in
Theorem 2.
Theorem 3. Suppose {X,,, n > 1} satisfies (Al), (A2), (A3), (A4), (A6) and (AT7). Then
sup |y (2,y) = F(z,y)] — 0 as.. 9)

z,y€IR

Proof. From Theorem 2, it follows that

D"=1gﬁ}it|F( t) F(t t)|—>0 a.s..

Lemma 2.4 implies that for all z,y € IR,

- 2
D, = sup |F,(z,y) — F(z,y)| < D} + -.
z,y€R t

So, the proof is complete, as t is arbitrary. O
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3 The behavior of the mean square error

In this section, we study the asymptotic properties and convergence rate of the mean square error of the
estimator. From which, we derive the optimal bandwidth convergence rate of order n~!. This rate is

different from the one in the independent case. We write
MSE[FTL(J:?:U)] = Var[ﬁn($7y)] + (E[Fn(wvy)] - F(xay))z‘

Theorem 1 gives the behavior of E[Fn(m, y)]. Then, we need to describe the asymptotic properties and
convergence rate of

z— X y—Xk-H)}
hy hn,

Var[ﬁ’n (z,y)] = n—ikVar[U(

z—X1 y—Xgn
hn hy,

T —Xj y— Xpyj
hy hn,

), U(

n—k
t—Re _2 BE Z(n —k—=j+1)Co[U( )].(10)

Lemma 3 gives the asymptotic property of all these terms in (10). Just notice that the variance term,
which corresponds to the choice j = 1 in Lemma 3, gives as limit Fy(z,y,z,y) — F?(z,y) = F(z,y) —
F?(z,y). Now, we state the result in the following theorem.

Theorem 4. Suppose that {X,,, n > 1} satisfies (Al), (A2), (A3), (44), (A5), (A6) and (AT). Then,
forallxz,y € IR

(n— k)MSE[F,(z,y)] = F(z,y) — F*(z,y) + 2 Y _(Fj(x,y,2,y) — F*(2,9)) + Oy, + nh},) + an,
=2
where

o0

Z(J - 1)(Fj(x,y,x,y) - FZ(J’"y)) -2 '

=2

ap = Z (Fj(x,y,x,y)—F2(x,y)).
n—k—1

(n — k)

Note that, from assumption (A6) and Lemma 2, a,, - 0 as n — oo, and a,, is independent of the
bandwidth choice. It is now evident that an optimization of the convergence rate of the MSE is achieved
by choosing h,, = Cn~! for C > 0.

4 Finite dimensional distributions

Now, we study the asymptotic behavior of the finite dimensional distributions of the estimator. For this
goal, we will use a decomposition of the sum (2) into several blocks that are negatively associated. This
approximation is controlled via Newman’s inequality [10]. As the proof is long and quite technical, we
will divide it into some lemmas. Before proceeding define, for xz,y,r, s € IR,

an(a:,y) =vn— k(Fn(may) - F(l’,y))

o?(z,y,r,s) = F(min(z,r),min(y,s)) — F(z,y).F(r,s)+ 2Z(Fj(3:,y,r, s) — F(x,y).F(r,s)).
=2

For simplicity, throughout this section we assume that {X,,, n > 1} satisfies (A1), (A2), (A3), (A4),
(A5), (A6) and (AT).

Lemma 5. For every x,y,r,s € IR, we have

Covlan(z,y), an(r,s)] — o*(z,y,r,s). (11)
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Proof. Using stationarity of the variables, we may write

Covlan(x,y), an(r, s)] = Cov[U (4720, Y=ist) U (1320, st )]

9 ik z—X1 y— Xp1 r—X; s— Xpa,
—k—73+1 J 1y]. 12
T N e T Lo i ) (12)

From Lemma 3 we have, for j =1,....,n — k

T—X]' S_XkJr]
ho 7 hy

T —X1 y— Xg

he | B )| = Fj(w,y,7,5) — F(x,y).F(r,s) + O(h}).

CovlU( ), U(

Inserting these characterizations in (12), we find that the last term in the right hand side of (12) is equal
to

n—~k -

2 Z(Fj(x,y,r, s) — F(x,y).F(r,s)

=2 =

(z,y,r,8) — F(x,y).F(r,s)) + O(nhi).

From Lemma 2 and using Assumption (A6), we have

Y3(Xy, Xjop)| — 0.

r,s) = F(a,y).F(r,s)| <

O

Now, for the proof of the lemmas that concerned the asymptotic normality we need some further
notation. Denote n = n — k and given an integer p < n, let m be the largest integer less than or equal
ton/p. Let g € IN, c1,...,¢q € R, &,Y,%1, ..., Tq, Y1, ..., Yg € IR and define

r—X; y— Xy T —X; y— Xpgs

Tﬁ,i($ay) = U( h ) h ) - E[U( h ) h )]7
1 Jp q
Y}p(l',y) = % Z Tﬁ,i(xay)7 Z Z'k yk
i=(j—1)p+1 k=1

and
q m

1 1 7
Zypp=—= Y ¢y YP(xp,yp), Zn=—= k T,i(Tk, Y-

Note that, as follows from Lemma 5,

g—1 q
Var(Zz) — o° = ZCW (Th, Yks Thy Y1) +22 Z k10> (Th, Yoy T, Y1) (13)
k=1 k=11=k+1
Further, for each p fixed, it follows from Lemma 3 that
1 p
Var[YP(z,y)] = Cov[—ZTnlxy ZTn]xy
VP S
122
Pia
Then
g—1 q
Var(WP) =0} := Y ciop(@r Yn T, k) +2 3, > ko (Th, Ui, 1, Y1), (15)

k=1 k=11=k+1
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where

F(min(zg, z;), min(yg, y1)) — F(@r, yr)-F (21, 1)
22 =2 S F (o, o 21, 1) — F (oo i) -Flat, 1))- (16)

j=2

Uf)(xkvyka-rlayl)

_|_

We now proceed to the lemmas that provided the asymptotic normality. First, replace the sum up to n
by the sum up to mp to find a sum consisting only on the blocks WJP.

Lemma 6. For fized p, we have
|EeitZn — BeitZme| — 0. (17)

Proof. Follow the arguments of the proof of Lemma 5.2 in Azevedo and Oliveira [2]. |

Now, we control the approximation between our sum and what we would find if the blocks Wf were
independent.

Lemma 7. For p fized, there exists a constant C > 0, such that

m q
. it WP
|EeZme — T[ Bev= "7 | < C# o2 (@k, vk oo k) — 0 (Th, Yk, Ty Ui )|

j=1 k=1
-1 q
+ QtQZ Z |Uﬁ(xkayk7xlayl)_02(xk>yk>$l>yl)|- (18)
k=1 1=k+1

Proof. This is a convergence of Newman’s inequality [10] and asymptotic properties of the variances of
Zj, and of W} mentioned above. |

Lemma 8. For p fized, we have

m it P ‘20’;2)
|[[EBe=" —e="| —o0. (19)
j=1

Proof. Just apply the Lindeberg condition to the variables m~1/ QWJP ,j =1,....,m and take account of
the fact that each Wf is a sum of p bounded variables, so it is also bounded. O

Now by summarizing the results, we have the asymptotic normality in the next theorem which can be
obtained from Lemmas 6, 7 and 8. The proof is similar to the proof of Theorem 5.5 of [2] and, therefore
is omitted.

Theorem 5. The random vector (an(x1,y1), ..., an (x4, y,)) converges in distribution to a gaussian cen-
tered vector with covariance matriz

‘72(3717%,37172/1) 02(931,91737273/2) JQ(wl)ylvmlmyk)
Z: 0'2(332,y2,~’1317y1) Ug(mz,y2,$2,y2) 02($2,y2>$k,yk) (20)
02($k7yk7m1:y1) 0—2(mk7yk7x27y2) 02($k?yk7mkayk)
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