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Abstract

Let V be a variety of groups defined by the set of laws V. In
this paper, we will show that every group G possesses a uniquely
determined subgroup (V*)*(G) of marginal subgroup V*(G) ,
which is minimal subject to being the image in G of the marginal
subgroup of some V-marginal extension of G. (V*)*(G) is charac-
teristic and is also the smallest subgroup of V*(G) whose factor-
group is V-capable. Hence a necessary and sufficient condition
for V-capability will be presented. Furthermore, it will be shown
that the class of all V-capable groups is closed under the direct
products.

PRELIMINARIES.
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Let F,, be the free group with the set of free generators {zy, 3, zs, ...}
and let V be a variety of groups defined by the set of laws V C F,, .
We shall assume that the reader is familiar with the notion of the ver-
bal subgroup, V(G) , and the marginal subgroup , V*(G) , associated
with the variety V, and a group G. Whenever varieties of groups are
discussed we refer to H.Neumann [4].

Let A be a group and N a normal subgroup of A , define [NV *A4]
to be the subgroup of A generated by the following set :

{0(as, .- 081,00, Gigy - o 8) V(015 - B3, 00, 80100, 8,) L [ LS W< v eV
ay,...,a, EA,n€ N}

It is easily checked that [NV *A] is the smallest normal subgroup T of A

contained in N such that N/T C V*(A/T) . In other words A/[NV*A4]

is the largest quotient of A in which N becomes marginal [2]. Now let
G be any group with a free presentation

I R g R

where F is a free group. Then the Baer-invariant of G , with respect
to the variety V, denoted by VM(G) , is defined to be
RNV(F)
[RV'F]

One can see that the Baer-invariant of the group G is always abelian
and independent of the choice of the presentation of G (see [2] or [3]).

In particular, if V is the variety of abelian groups A or nilpotent
groups . , say, of class at most ¢ (c > 1) , then the Baer-invariant of
the group G will be RN F'/[R, F), which by I.Schur & is isomorphic
to the multiplicator of G (denoted by M(G) ), or RN ~.41(F)/(R,. F)
(denoted by N.M(G)) , respectively, where Yet+1(F) is the ¢ +1*-term of

the lower central series of F and [R. F|is [R,F,...,F] (F is repeated
¢ times).

A V-marginal eztension of a group G is an exact sequence 1 — A —
F — G — 1 such that A C V*(G)
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THE MAIN RESULTS.

In the following we introduce the subgroup (V*)*(G), associated

with the variety V defined by the set of laws V and a group G . We
give a necessary and sufficient condition under which a group G can
be V-capable. We also show that the class of all V-capable groups is
closed under the direct products.
Definition 1. Let V be a variety of groups defined by the set of laws
V . A group G is said to be V-capable , if there exists a group E such
that G = E/V*(E) . ¢ : E — G is a surjective homomorphism
with kery C V*(E) , then the intersection of all subgroups of the form
$(V*(E)) is denoted by (V*)*(G) . Finally the group G is called V-
untmarginal if (V*)*(G) = V*(G).

It is obvious that (V*)*(G) is a characteristic subgroup of G con-
tained in V*(G) . If V is the variety of abelian groups then the sub-
group (V*)*(G) is denoted by Z*(G) , and in this case V-capable and
7V-unimarginal are said to be capable and unicentral, respectively (see
[1]). The following theorem will be hel?_ful in showin‘g tha.t the‘factor-
group of G by (V*)*(G) is V-capable. In the following discussion, we
always assume V to be the variety of groups defined by the set of laws
VEs
Theorem 2. Let H; be a normal subgroup of G and G /H; be V-capable
factor-group of G (i € I). If N = NierH; , then G/.N is V-capab'le.
Proof. By the definition of V-capability, for each i € I, there exists an
exact sequence

1 — V(E) — B 5 G[H; — 1
which renders the V-capability of G/H;. Set B = e V' (E:) and

A={(«)e[]E: | 39€G; viel, wile)=gH:i} »
i€l d
where [l;er B; denotes the cartesian product of the groups E;. g l,l;
obvious that B C A. For each g € G, we can choose elements € 8
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such that ¢;(e,;) = ¢H; . Therefore e, = (e,;) is an element of [I;c; E;
Now one may easily check that, the map %

G/N — A/B

gN — ¢, B

is an isomorphism. Finally, G/N is actually V-capable, since B =
V*(4) .0

Theorem 3. (V*)*(G) is the smallest subgroup contained in the marginal
subgroup of G for which the factor-group G/(V*)*(G) is V-capable.
Proof. Let the exact sequence

i—r L p-Yg

be a V-marginal extension of G , i.e., K C V*(E). Using the iso-

morphism G/¢(V*(E)) £ E/V*(E) and Theorem 2, one obtains th
~ "\ . ¥ at
G/(V*)*(G) is V-capable.

Now let N be a normal subgroup of the group G such that G/N is
V-capable. Thus there exists a V-marginal extension

1—V'(H) —HLGN—1.

Put
E={(9,h) EGxH | gN=p(h) }
and ¢ to be the projective map (g, k) — g, then

l—vkerqﬁ——»E—‘»G—»l

is a V-marginal extension, since V*(G x H) = V*(G) x V*(H). Suppose

that (g,k) € V*(E) and let hy,h h,
by S S 1,ha, ..., hy € H such that ¢(h;) = ¢;N.

1= "((glyhl);'uy(giyhi)(yxh)r--1(?(;"!))
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= (0(g1y-+-,iGs -1 98) » V(R oy by ) )

and so v(hy,...,hih, ... ,hi) = 1. Tt therefore follows that h € V*(H)
and hence ¢(V*(E)) C N. By construction, (V*)*(G) € #(V*(E)) <
N. This completes the proof of-the theorem.O

Theorem 3 shows that the subgroup (V*)*(G) -and the quotient
group V*(G)/(V*)*(G) measure how much G deviates from being V-
capable and V-unimarginal, respectively. It also gives a necessary and
sufficient condition for a group to be V-capable.
Corollary 4. G is V-capable if and only if (V*)*(G) = 1.0

Here is another sufficient condition for V-capability.
Corollary 5. Let N be a normal subgroup of G and Nn(V*)'(G) = 1.
If G/N is V-capable, then so is G.O

We already know that the class of all V-capable groups is residually
closed (Theorem 3). The next theorem shows that this class is closed
under the direct products which generalizes [1, Proposition 6.3] to an
arbitrary variety of groups.

A group G is said to be a subdirect product of the groups {Gitier » if
@ is a subgroup of the (unrestricted) direct product [I;c; Gi such that
pi(G) = Gi for all the natural projections p;.
Theorem 6. Let G be a subdirect product of the groups {Gi}ier- ¥
all G;’s are V-capable, then G is also V-capable.
Proof. Since G; is V-capable, the following exact sequence exists

1— V(B — B G =1
for all ¢ € I. Define

o= {pikier: [1 B — 116G
i€l i€l
{eiyier — {Wile)lier
and put E = ¢7(G) and A = [Lies V' (E)- Clearly A is the mAarg'n?a
subgroup of ITier E; , hence we obtain the following commutative dia

gram
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1 — A Bt
1 i !
1 — MV (B) — ek 2 MlerGr = 1

where ¢ | is the restricted map of ¢ and the vertical maps E — [Lier Ei
and G — [l Gi are inclusions. Since G is a subdirect product and
kery) C E , the group E is a subdirect product of {E:}ier - Now it
is obvious that A C V*(E). For the reverse inclusion, let {e:}ier €
V*(E),v € V and t;,...,tj, € E; for an arbitrary fixed group E;.
Denote also p} to be the natural projection for E, i.e. p.(E) = E;.
Therefore for each k (1 < k < n), there exists {ti,}ier € E such that

pl({t!Yier) = tj,- Thus
P:U({t:,l}-el, ] (l:,k)ié!{ei}isl,- b {t:-,,,}-‘et) = P:"({t:,l}-'en nESh {t'l',n}iel)

and so

(Pt hiers o Bt Hesdien - Pilthaier) = v(pH{tiadier - Pi{tiadier)-

Hence we have v(t;,,-- st €. -- i) =0 - atin) which gives ¢; €
V*(E;) and so the reverse inclusion holds. Now the fact that A= V" (E)
renders the V-capability of G and completes the proof of the theorem
i

The above theorem has an immediate consequence for weak direct
products (restricted direct products) of a family of groups.
Corollary"l. I [I};Giisa weak direct product of the groups {Gi}Yier
, then

vy dIe) cv)(G) o
Vel i€l
Note that in the above corollary the equality does not hold in gen-
eral. As a minimal counterexample one may consider the variety of
is unicentral whereas Zy X Zy is capable.

abelian groups in which Z;
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V\{ihremark that the eguality has been proved in some special cases
with respect to the variety of abelian groups (see [1, Corollary 6 3]) ;
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