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Abstract

o this axticle we obtain inequalities for the minitual urmber of gererators aud i
0] e h

Jne b o &
axponent of the Baer invariant of a finite group. An equality for the order of 1}
wder of the

Baer invariant will also be presented. These extend some main results of M. R

Jones [8] and so that of [7]
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1 Introduction and Motivation

In the series of papers [6, 7], M. R. Jones has obtained some inequalities for the
order, the minimal number of generators and the exponent [7, 8] of the Sehur
multiplicator of a finite nilpotent group. In [6] he conld improve the result of J. A
Green [5) on the order of M (), when G is a finite p-group, and in (7] he obtained
Also using an interesting

an improvement. of his result in (6] for such group:
1)

ible to sharpen the upper bound of |

theorem ({7, Theorem 4.4]), he wa
telative to W, Gaschiitz et al. [4]. Another application of (7, Theorem 4.4] abtains
the numerical inequality for the minimal number of generators and the exponent

of M(G), when G is a finite nilpotent group. These results have been generalized
(see [8, Theorem 2.1])

in (8] using the generalization of (7, Theorem 4.4
On the other hand J. Burns et al, [2] and G. Ellis [3
obtained fn 8] for the exponent of M(G) and this bound has been sharpened by
S Kayvanfar et al, [10] for some cos
In this note we intend to study some main re
ent way More precise i . Jisk

(I8, I
B Theorem 2.1] and (7, Theorem 4.4]) to any Schut
therehy and minimal num

have improved the bound

ults of M. R. Jones in a differ

the key theorem of {8 and so [7]

3aer variety of groups and
or of generators
some bounds for the order, exponent e "

for the
e Baer invariant of a finite group will be obtained
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2 Preliminaries

f countable rank and V" be a nonempty subget
be a free group of count:
Let Fa be a free group of

of B
oup G, the sul

roup of G generated by all the values iy or

7 Of wor,

7 determined by V, and is denoteq Is
; vbal subgroup of G determin o o
in V' is called the veroa ’
4 V(G ( G)laeC vEV, 1<i<r reN
7) = L & h
Jso the marginal subgroup of G is denoted by V*(G) and defined as fojjgy,
Also the marginal subg :
V4(G) = {a€ G| v(gr ... 9i0 gi+1 S0 = V(015 5 000 05)

1SisnveVigeq rey
It is obvious that the verbal subgroup, V/(G), is fully invariant and the margin,|
subgroup. V*(G), is characteristic in G. The class of all Ql:l.\llw\ G such that s
\wx‘\! of IV has the identity value in G is called the variety V with respect to |
ven group G, and V |
groups. Define [N'V*G] to be the subgroup of G generated by:

Now let N be a normal subgroup of a g

)€ a variety of

{v(g1.---.gi-1.9m. gis1, -, 9r) (V(g1, - - - i1, o))

1<i<r<oo, v

.9y €G, ne Ny
It is easily checked that [NV*G] is the smallest normal
in N such that N/H C V*(G/H). In other words. G
group of G in which N becomes marginal.
We are now ready to define the B:
Let a group G

subgroup H of G contained
[NV*G] is the largest quotient

aer invariant of a group.

be presented as the quotient of a free group F by a normal
subgroup R. and V be a variety of groups. Then the Baer invariant of G with
Tespect to the variety V, which is denoted by VM(G), is defined to be

VM(g) = RDV(F)
[RVF]

tis kn wa that this invariant VAf(Q) is always abelian and up to group iso-
morphism, independent of the ]

= choice of the free presentation of G (for instance,
see [11]).

In particylar. if Slecessiyy

ely V is the variety
groups A : e variety of

) abelian groups A or nilpotent
¥, of class at mogf

' t ¢(c 2 1), then the Baer invariant of the group G
will be ( e aer invaria ;
of (,-,',t,,m f‘f VIR ], (which is isomorphic to the Schur multiplicator M(G)

Ye+1(F))/[R, . F] (denoted l»\v.\'“‘][(’-))_ where [R, .F] is [R. F. =)

(F being repe; S
i s peated ¢ tmes), respectively, (Note that the k"-term of the lower
series of a group X s denoted by (X))

Definition 2.1 Let l‘lu-anarbi[mr\' Vi

1 aws V.
Then V 5 1€ty of groups defined by the set of law
marging 15 said to he 5 Schur-Baey variety w’l;‘ *]""t - an .
‘v“ Flu‘d] factor 8Toup, G/V*(@), is finite Mol
(G), is also finite anq 4 '

for any group G,

sroUp:
i of order ¢, say, then the verbal subgrout
N, for some f e 1y

[NEQUALITIES FOR THE BABR INvARa

F FINITE ¢
i E GROY
Kt
3] that the variety of
Gehur showed in [13] that the variety of abelian roups hag t}

L. St R Baer also in [1] proved that the variety defined by ditbat
,M“‘;‘ the same property (for the definition one may g, to 19 "‘
" xdé s rem provides an importa Laly
M]Iw following theorem provides an important property of Schur-Baer varieti,

m 2.2 The following conditions on. the wuriety V' ure epuivaton
Theore Baer variety.

"y is a Schur
(i

ip G, the Baer inva t VM(G)
- ey finite group ( riant VM(G
\ For every
(n)

) 15 of onder dividing
f |G

power ©.

proof See 1]

3 The Inequalities

following theorem is one of our main objectives which gives a bound for the
The following

o 1t of the Baer invariant of a group and also a numerical identity for the
exponen

f the Baer invariant of a group G with respect to the verbal subgroup of G
er O Lo

ord
relative to another variety

' group and G = F/R a presentation for G as a
rem 3.1 Let G be a finite group and ( ;
Themell:l”p »f the free group F. Suppose also that V and W are two Schur-Baer
oup ¢ ;
(""Y.'r‘:’/’:’ of groups defined by the sets of laws V' and W, respectively, such that
ua s
V2 W. Then B g
i) [W(G)| - [VM(G) VM (G/W(G))| - |[((W(F)R)V*F|/[RV*F]| :
(i) exp(VM(G)) < exp(VM(G/W(G))) - exp( (W(F)R)V*F]/[RV*F])

t v “divides”
in which < can be taken to mean “divide

Proof By the definition of the Baer invariant and the Dedekind modular law, we

have;

W(F)RNV(
(W(F)R)V*E
Since G is finite and the varieties are Schur-Baer, by
that

V(F) \1{\'\\[“\!'\(![[).
= T [(W(E)RV*F

i > ol e
Theorem 2.2 we conclud!

VM(G/W(G)) =

> | i“”‘[”‘h’)l;j
|BOVIE)| _ \yari/wi@- |*—ipim
| [RV*F I
but i
ROV(F)/[RV*E _WE) | _ w(e/R)| = WG,
VMG RNW(F)

can easily checked that

), one
Itis thus veadily seen that (i) holds. To prove part (ii

(R \\/—uuﬁw’/;)
— [RV*F

oo (55 2 (T

SP(VM(G)) < exp (

Hhis finighes 1 proof
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! be a finite group and G = F/R be a presentay;,,,
et G be a fini

Corollary 3.2 1 o )

for G

. containg the njjpy, Tt g
s a Schur-Baer var
s - o], then S :
= [z, 72 2 ‘w(],/,‘]i/“
- (G)] - [VM(G)| = [VM (G/7:(G)) .

(F)R)V*F
i) exp(VM(G)) < exp(VM(G/7:(G))) ,\,,(f,m,, i )

1 gers nand ¢ which n < ¢, we haw,
In particular for every /rku//!' integers n ‘rr ' ey et
() 7B - INGM(G)| = INaM(G [7:(G)) “ T2: |
[e(F)R, - F
(i)l exp(N M(G)) < exp(NuM(G/7:(G))) w\v,,( S )

To prove our other numerical inequality we need the followine

Lemma 3.3 Let F be a free group and N be a normal subgroup of which cgn

tains 41 F, for some c. Then for every positive integer n

[e(F)N,nF, [yo(F)N, 1 F]] < [N, F]

Proof Using commutator manipulations, we have
De(E)N o F, [v.(F)N, nF]] £ [7.(F)N, ,F, F]
< [N[N, F), .F).

Now it is easy to see that the Jast group is [N, , F], as required. u]
Following M. R. Jones [7] we say that a finite group
every subgroup of X may be gel
subgroup that can not be ge;
number of

and w

X has special rank 7(X) f
nerated by 7(X) elements and there is at least one
nerated by fewer than r(X) elements. The minimal
senerators of X is also denoted by d(X). It is clear that d(X) <r(X)
e have equality when X is abeljan

We can noyw apply the above lemma and definition to prove the following result
Theorem 3.4 Let

G be u finite group with G
for every positie i,

ntegers n and ¢ for y

F/R as a free presentation. Then
hich n < ¢, we hae:

ANM(G)) < d(N, (G (0 (['ulF}R.uF}
= "WndlG/7(G))) 4+ g | T n bl
e G )

Prpof By a similay argume;
of [v(F)R, ,F) /IR,
Tespectively

. 1t to Theorer 3,7,
R, F] and .\’,,s\l((,')
5 (a1 (F)n Ryv(F)/IR,

we conchide that the v.\:lvu»i«yrfl*
by the groups N (G/7:(G))) and 7:(G)
snF]. Hence we have

dNLM(G)) = rMM(G)) < (r-‘,,ﬂ(,u) 0 R)v.(F)

(R F]

Now thanks to Lemma 3 3 the regy foll
5 o

<)

o

WS,

LITI
L. INEQ!
ANFAR

sily see that the result of M, R I g

QOne A% ,‘| ]) is an immediate consequenc ol
7 Hijuul‘m 3.4 by taking n L. Therefore The Y
lso THECRE " F (8, Theorem 2.1] and o (7, Theor ;

lizations :
senera he condition of being nilpotent is not necee \ T
@ o also that tht 2
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