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A group G is said be capable if it is isomorphic to the inner automorphism group Inn(E) of some
group E.
This article is devoted to some results on the capability of semidirect product.

1 Introduction

A group G is said to be capable if it is isomorphic to the inner automorphism
group Inn(E) of some group E.

The notion was first studied by Baer[1],who determined an finit generated
abelian capable groups.

P. Hall remarked in [3] that characterizations of capable groups are important
in classifying groups of prime power order.

Definition 1.1 The group G is said to be a semidirect product of a normal
subgroup A and a subgroup B, denoted by G = A >B(or a splitting extension
of A by B) if

()G is generated by A and B

(i) ANB=1

Since A is normal in G, the maps 6 : a — a’, a € A, for all b € B are auto-
morphisms of A and they induce a homomorphism 0 : B — Aut(A) which is
called the action of B on A.

G is determined up to isomorphism: by 6 and is therefore called the semidirect
product of A and B under 6 (or the splitting extension of A by B under )
Working on capability of semidirect product is not easy. For this it is enough
to see that there is no result about capability of semidirect product in general.
Capability of groups can be studied by focusing on a characteristic central
subgroup Z*(G), called epicenter subgroup of G. G is called unicentral if
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Z*(G) = Z(G).
In this talk we present a relation between Z*(A >B) and Z*(B). Also we will
show that Z, >Z,, is unicentral if (m,n) = 1.

2 Epicenter subgroup of semidirect product

We introduce a central subgroup Z*(G) of G as follows.
Z(G) = DASANANC_@NE is a central extension of G}

We recall that (E, ) is a central extension of G if ¢ is an epimorphism from
E to G with kerp < Z(E). The following theorems justify the introduction of
Z*(G).

THEOREM 2.1 (F. Beyl et. all [2]) Z*(G) is the intersection of all normal
subgroups N of G such that G/N 1is capable, and G/Z*(G) is capable.

COROLLARY 2.2 G 1is capable if and only if Z*(G) = 1.
Now the importance of the epicenter subgroup appears and we are ready to
present the following theorem.

THEOREM 2.3 If G = A >B then Z*(G) N B C Z*(B).

3 Semidirect product of cyclic groups

Definition 3.1 Let a group G be presented as the quotient of free group F'
by a normal subgroup R. Then the Schur multiplier of G is defined to be

M(G) = WFM.

THEOREM 3.2 (Tahara [4])If G = A ><B and (|A|,|B|) = 1 then M(G) =
M(B) x K where K is a subgroup of M(A).

THEOREM 3.3 Let N be a central subgroup of G. Then N C Z*(G) if and
only if the natural map M(G) — M(G/N) is monomorphic.

THEOREM 3.4 If G = A B and (|A|,|B|) = 1 and M(A) = M(B) =1 then
G is unicentral.

COROLLARY 3.5 If G = Z,, >Z,, and (m,n) =1 then G is unicentral.

In the above corollary the condition (m,n) = 1 is necessary; since
Dg = Zy >Z; is capable and Z(Dg) is not trivial.
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