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Elastic follow-up and relaxation of residual stresses
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Abstract: A series of experiments were undertaken using a multiple bar assembly to measure
elastic follow-up and relaxation of an initial residual stress. A test rig was designed to permit
different levels of elastic follow-up to occur. The general features of the experimental results
confirmed predictions provided by simple models. The most reliable measure of elastic follow-
up was obtained by measuring the relaxation of the initial residual stress. The rate of relaxation
of the residual stress is found to be proportional to the elastic follow-up factor.
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1 INTRODUCTION

Residual stresses are created in many engineering
components and usually as a consequence of the man-
ufacturing process and final fabrication. Welding is a
typical manufacturing process where, unless the com-
ponent is subjected to post-weld heat treatment, the
residual stress can attain a value close to or equal
to the yield stress. Fabrication can also lead to addi-
tional locked-in stresses developed from fitting-up the
different parts of an assembly [1].

The occurrence of residual stresses leads to a need
to understand their role in structural integrity. For
example, when a cracked structure, containing ten-
sile residual stresses, is subjected to external load-
ing, there is the potential for the structure to fail
at a load lower than when the residual stresses
are absent [2]. Alternatively, compressive residual
stresses can be introduced to decrease the impact
of applied stresses on fatigue and fracture. Examples
include autofrettage of gun barrels and high-pressure
piping [3], and cold-worked holes for aerospace
applications [4].

In design procedures [5] and fracture assessment
codes [6–8], stresses are classed according to whether
they are primary or secondary. This is in order to avoid
undertaking detailed numerical analysis. Secondary
stresses are usually related with fixed displacements,
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which do not contribute to plastic collapse, whereas,
conversely, primary or fixed load stresses do play a
part. Residual stresses arise because of incompati-
bility of strains and therefore are usually treated as
secondary stresses. However, when residual stresses
are seen as sufficiently long range and do not balance
across a cracked section, these stresses are classed as
primary. In practice, the boundary conditions on a
structure can be any combination of primary and sec-
ondary stresses and understanding their interaction
is difficult. Whether the residual stresses contribute
to the primary stresses depends on two things: how
plastic deformation or crack growth accommodates
the original misfit and how the structure responds or
follows up (elastically) when changes in relative stiff-
ness occur as a consequence of plastic deformation or
crack growth.

The implications of elastic follow-up were first con-
sidered by Robinson [9] in the relaxation of bolted
joints because of creep. He showed that when the
flange of the joint is rigid compared with the bolt, the
elastic follow-up is insignificant. The force in the bolt
reduces as creep strain in the bolt accumulates. When
the flange is elastic, follow-up occurs since the ends of
the bolt can move apart under the influence of the elas-
tic flange. The effect of elastic follow-up on the creep of
piping systems has been explored extensively [10–13],
although in these articles, the magnitudes of elastic
follow-up are defined differently from that suggested
by Robinson. For example, Roche [12] presents elas-
tic follow-up occurring when the least stressed parts
act as a spring on the highly stressed part that is accu-
mulating creep deformation. Although these previous
articles are confined to creep at high temperatures,
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the phenomenon of elastic follow-up arises when the
highly stressed parts exhibit any change in overall
compliance whether through creep, plasticity, or crack
growth.

Surprisingly, while there is a comprehensive body
of research articles describing and analysing elastic
follow-up and its consequences, there is only limited
experimental evidence used to support the basic theo-
ries created around idealized structures such as bars in
series or in parallel. Details of the idealized structures
are presented later. Kobayashi et al. [14] undertook
experiments on an aluminium alloy at 250 ◦C and
obtained good agreement between measured and pre-
dicted effects of elastic follow-up during creep. Later
work [15] undertook experiments on the effects of
elastic follow-up under cyclic loading using stainless
steel at 700 ◦C. Plasticity and creep were shown to make
a contribution to the additional strain accumulated as
a result of elastic follow-up. These latter two studies
[14, 15] examined elastic follow-up for bars in series,
whereas Kobatake et al. [16] examined a combined
system of parallel and series bars and denoted elas-
tic follow-up as being either global or local. The latter
related to a stress concentration (e.g. a notch) and
the global elastic follow-up associated with the bulk
response of the structure. They tested stainless-steel
bars at 550 ◦C and correlated fatigue lives to the extent
of elastic follow-up.

While it is recognized [17] that elastic follow-up (and
shakedown) leads to the creation of a residual stress
field, none of the earlier experimental studies exam-
ine directly the interaction of an initial residual stress
and subsequent applied loading. Furthermore, as will
be shown later, there is a direct relationship between
elastic follow-up and relaxation of residual stresses
just as there is a relationship between elastic follow-
up and creation of residual stress [17]. The purpose of
this article is to explain the design and development of
experiments to measure elastic follow-up and, in par-
ticular, relaxation of initial residual stress. The article
begins by describing simple models that summarize
the basic concepts, with the models also being used to
guide the design and development of a test rig. This is
described together with the experimental procedures
for testing the rig.

2 ANALYSIS

2.1 Simple models

Consider an assembly, as shown in Fig. 1, consisting
of three bars, two outer bars (bar 3) and a central bar
(with bars 1 and 2 in series), that are connected to
upper and lower rigid plates.The assembly is subjected
to a total load Ft with the corresponding displacement
denoted by �. It is assumed that the outer bars remain

Fig. 1 Simple three-bar structure subjected to external
loading

elastic and the central bar 1 undergoes perfectly plastic
deformation when the stress exceeds the yield stress.

In the first instance, the central bar is considered as
single entity, not in two sections as shown in Fig. 1, and
the three-bar system is a parallel assembly. A typical
elastic-perfectly-plastic response of the central bar is
shown in Fig. 2. As the centre bar undergoes plastic
deformation, the loading in the assembly is redis-
tributed and the action of the elastic follow-up in the
outer bars is to allow additional plastic deformation to
occur in the central bar. If the loading on the assembly
was simply displacement controlled, the total strain in
the central bar would be εi and the line R in Fig. 2 would
be vertical. The slope of R depends on the relative
stiffness, α of the outer bars to the central bar

α = nK3

K1
(1)

where n is the number of outer bars, K3 is the stiffness
of a single outer bar, and K1 is the stiffness of the central

ε

σ

σf

ε fε iεe

R

Fig. 2 Typical elastic–plastic response of centre bar in a
three-bar assembly (σ = stress, ε = strain)
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bar. For simple straight bars, the stiffness is given by

K = EA
L

(2)

where E is Young’s modulus, A is the cross-sectional
area, and L is the length.

Following Kasahara [18], Kasahara et al. [19], and
others [20], the elastic follow-up factor Z , for the
central bar, is defined by

Z = εf − εe

εi − εe
(3)

where εf is the final total strain in the central bar
achieved at the maximum load, εe is the equivalent
elastic strain provided by the final stress σf , and εi is the
initial elastic strain that the central bar would achieve
at the maximum load if it had not exhibited plastic
deformation.

These quantities are illustrated in Fig. 2. The factor
Z has two extreme values, 1 and ∞. For displacement-
controlled conditions alone Z = 1, and no additional
strain is accumulated in the central bar. For load-
controlled circumstances, the strains are unbounded
and Z tends to ∞.

The equations for the structural response of an
assembly that combines series and parallel elements
are given in Appendix 2. The elastic follow-up factor
Zp, for the parallel assembly alone, is

Zp = 1 + α

α
(4)

Now consider the case of a series assembly with
bars 1 and 2 in series and the cross-sectional area of
bar 1 being less than bar 2. Assuming that the series
assembly is subjected to a fixed displacement, it can
be shown that the elastic follow-up factor Zs is given by

Zs = 1 + β

β
(5)

where

β = K2

K1
(6)

Finally, for a combined parallel and series assembly
shown in Fig. 1, the overall elastic follow-up factor Z
(derived in Appendix 2) is given by

Z = Zpeff Zs =
(

1 + αeff

αeff

) (
1 + β

β

)
(7)

where αeff is given by

αeff = nK3

Keff
and

1
Keff

= 1
K2

+ 1
K1

(8)

The elastic follow-up factor Z is shown in Fig. 3 as a
function of relative effective stiffness ratio. When the
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Fig. 3 Extent of elastic follow-up as a function of effec-
tive relative stiffness

effective stiffness ratio is relatively low (less than about
0.2), the elastic follow-up factor is in excess of 6 and
the conditions are essentially load controlled. When
the stiffness ratio is greater than ∼3, the loading is in
effect displacement controlled. It is also evident that
for a combined parallel and series system, the addi-
tion of the series elements very rapidly increases Z
for a given value of the stiffness of the parallel sys-
tem. This indicates that the central bar with the lower
section area can be subjected effectively to load con-
trol even when the parallel system is providing a degree
of displacement control.

2.2 Response of assembly with an initial misfit

A residual stress state can be created in the assembly
through accommodating an initial misfit δ0 between
the outer bars and the central bar. It can be shown that
the residual force, F1R, in bar 1 is given by

F1R = K1δ0

(
αeff

1 + αeff

)
(9)

This shows that the residual force (or stress) in the
bar is a function of three parameters: the stiffness of
the bar, the initial misfit, and the relative stiffness of the
assembly. If, as a result of subsequent loading, any of
these change, then on unloading the level of residual
force will change. Further details of how changes to
either the stiffness or misfit change the residual stress
are explored by Aird et al. [21]. Importantly, if bar 1
undergoes sufficient plastic displacement equal to the
initial misfit displacement, the initial stress reduces
to zero.

To illustrate the behaviour of an assembly subjected
to an initial misfit consider a simple three-bar assem-
bly where there is a single central bar. It is assumed
that for this purpose the assembly consists of bars of
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length 100 mm, diameter 10 mm, with the central bar
made from steel with Young’s modulus 210 GPa and
yield strength 365 MPa. It is assumed that the steel
bar exhibits elastic-perfectly-plastic response. There
are two outer bars manufactured from an aluminium
alloy with Young’s modulus 69 GPa.

It is assumed that an initial misfit of 0.1 mm is
imposed on the central bar. The misfit conditions are
shown in Fig. 4. Points A and B are the misfit stresses
and strains in the central and one outer bar. On fur-
ther external loading of the assembly, plasticity in the
central bar begins and in doing so accommodates
the original misfit. Eventually, when there is sufficient
plastic strain to accommodate the entire initial misfit
in the central bar, and then the assembly is unloaded,
the residual stress returns to zero corresponding to
points C and D in Fig. 4. The extent of the elastic follow-
up provided by the assembly, represented by line R, is
identical to the relaxation of the residual stress in the
central bar, line S.

Similar effects are observed for other assemblies
irrespective of the relative stiffness of the assembly
elements with the slopes of the lines R and S dictated
by the relative stiffness. Consequently, the relaxation
of the residual stress field in the assembly is identi-
cal to the elastic follow-up created by the assembly
when the central bar undergoes plastic deformation.
It is therefore possible to rewrite equation (3) as

ZR = εfR − εeR

ε0 − εeR
(10)

where ZR is the elastic follow-up related to the relax-
ation of the residual stress to a final relaxed strain, εfR

in the central bar, ε0 is the initial misfit strain, and
εeR is the equivalent elastic strain associated with the
relaxed residual stress.

Fig. 4 Illustration of relaxation of initial residual force
and misfit in a three-bar assembly

Finally, and although not shown in Fig. 4, if greater
plastic deformation occurred in the central bar and the
assembly is unloaded, it would be evident that a new
compressive residual stress is created in the central bar
in order to maintain compatibility [17].

These models were used to guide the development
of an experimental rig. This is described in the next
section.

3 EXPERIMENTS

3.1 Experimental design

An experimental rig was designed so that the mechan-
ical behaviour of the components could be measured.
Similar to the multiple bar concept described in the
previous section, it was decided to replicate the con-
cept as closely as possible and, principally, to ensure
that uniform loads were applied to the elements.
The design was constrained to be easy to assemble,
have the ability to introduce known preloading, and
then to be used in a standard servo-hydraulic test
machine.

The overall arrangement of the rig is shown in Fig. 5
and consists of a central specimen, outer bars and high
strength steel (EN24) upper and lower end sections.
The overall length of the assembly was 490 mm. In the
first set of experiments, a standard carbon steel tensile
test specimen [22] was used. In a second set of experi-
ments, a carbon steel central bar, with a reduced centre
section, was used, as illustrated in Fig. 6. The relative
stiffness of the assembly was changed by introducing
pairs of outer bars.

The outer bars were manufactured from an alu-
minium alloy (Al 2014). The lengths of the outer and
central bar were selected so that if the central bar expe-
rienced elastic–plastic deformation, the outer bars
remained elastic.

The final design conditions for the parallel and com-
bined assemblies are shown in Fig. 3 and also provided
in Table 1, with largest elastic follow-up predicted to
occur for the seven-bar combined parallel and series
assembly.

3.2 Test procedures

Preliminary tests were conducted on steel and alu-
minium bars to determine precisely their elastic mod-
uli and yield stresses. The tests were conducted in a
servo-hydraulic machine together with an extensome-
ter clipped onto the specimens. These tests revealed
that E for the steel and aluminium samples was 194
and 74 GPa, respectively. The yield stresses (corre-
sponding to the first deviation from linearity) were 362
and 242 MPa (with corresponding yield strains of 1865
and 3270 microstrain) for the steel and aluminium
alloy bars, respectively.
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Part No Part Material
1 Lower End Section EN24T Steel 
2 Upper End Section EN24T Steel 
3 Central Specimen Mild Steel 
4 Outer Bar Aluminium 

Fig. 5 Multiple bar assembly for experimental tests. All dimensions in mm

Fig. 6 Reduced section tensile specimen (all dimen-
sions in mm)

Two series of tests were conducted using the assem-
bly. The first set used standard central steel bars and
was therefore treated as a simple parallel assembly.
The second set used reduced section central bars
thereby creating a combined parallel and series assem-
bly. Each test used a new central bar. In the first series,
the relative stiffness of the assembly was changed by
using 2, 4, or 6 outer bars as shown in Table 1. Four
tests were conducted in this series: two tests using two
outer bars and two tests each with four and six outer
bars. The second set of tests consisted of two tests,
each using a reduced central bar and two and four
outer bars. Strain gauges were installed on each of the
bars prior to each test and assembly of the test rig.

Preloading of the centre bar was accomplished by
inserting the assembly into the servo-hydraulic test
machine and loading the assembly to introduce about
1000 microstrain to the central specimen. The outer
bars were then locked into place and the load applied
by the test machine removed. Subsequent loadings of
the assembly were then undertaken under displace-
ment control of 0.1 mm/min. Loading was contin-
ued until prescribed strains in the central bar were
achieved. The external load was then released by dis-
placing the test machine in the opposite direction,
again at 0.1 mm/min. The load was allowed to relax
to zero. Further load cycles were then applied until
a point where it was necessary to prevent yielding
occurring in the outer bars.

4 RESULTS

4.1 Basic experimental characteristics

Results for each test consisted of measured strains and
applied loads and accurate measurement of the diam-
eters and lengths of the bars. The initial elastic loading
also permitted values of E to be determined for each
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Table 1 Relative stiffness of assemblies and initial experimental results

Assembly

Idealized relative
stiffness, α for
parallel system

Idealized relative
stiffness, β for
series system Predicted Z

Measured
relative
stiffness, α

Measured Z
Method 1

Measured ZR
Method 2

Series 1: parallel system tests
Three-bar assembly 0.51 – 2.96 0.46 5.1 4.6

0.47 4.6 4.3
Five-bar assembly 1.02 – 1.98 1.0 3.4 3.0
Seven-bar assembly 1.53 – 1.65 1.37 2.9 2.7

Series 2: combined parallel and series tests
Five-bar assembly 1.13 0.39 6.72 1.14 5.5 5.1
Seven-bar assembly 1.69 0.39 5.67 1.74 4.6 3.8

bar and thereby allows the stiffness for each element
of the assembly to be determined for all tests. The rel-
ative stiffness for each assembly was obtained from
measured values of E and using equations (2), (1), (6),
and (8). Results are shown in Table 1.

Figure 7 illustrates typical results of load and strains
for three- and seven-bar assemblies using a stan-
dard central bar. Results for the three-bar system are
shown in Fig. 7(a). Initially, the system responded elas-
tically but eventually the centre bar exhibited plastic

Fig. 7 Measured response of multibar structures sub-
jected to external loading: (a) three-bar system
and (b) seven-bar system

deformation and subsequent non-linear behaviour
was evident. There was no yielding in the outer bars
because the final strain in the aluminium bars was
well below the yield strain. Removal of the applied load
resulted in complete elastic recovery of both the steel
and aluminium bars.

Similar experimental results are shown for a seven-
bar parallel assembly in Fig. 7(b). There was a small
amount of non-symmetric loading in the outer bars.
This equated to a bending stress of about 5 MPa com-
pared to the applied uniaxial stress on the aluminium
bars of about 120 MPa. This level of non-symmetric
strain was found to be a similar or less for all tests.

The stress and strain response of the central bar
was determined from the results shown in Fig. 7. The
information was then used to determine the relax-
ation of the initial stress created by misfit and the
elastic follow-up factor for each test. The force FA in
one aluminium outer bar was determined from

FA = εAAAEA (11)

where AA, εA, and EA are the measured values of cross-
sectional area, strain, and Young’s modulus for the
aluminium outer bar. The average value of FA was
determined for each test.

The force FS applied to the central steel bar was then
determined using

FS = Ft − nFA (12)

where n is the number of outer bars and Ft the total
applied load by the test machine.

The stress in the central steel bar was determined
using

σS = FS

AS
(13)

where AS is the measured cross-sectional area of the
central steel bar.

For two tests conducted on three-bar assemblies,
the calculated stress, as a function of measured strain,
is shown in Fig. 8. Points A and B are the stress–strain
pairs for the initial misfit condition, with point A being
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Fig. 8 Stress and strain response of preloaded three-bar
system: (a) multiple load cycles and (b) single load
cycle. Points A and B are the initial misfit stresses
in the central steel bar and in an aluminium outer
bar, points C and D are the final misfit stresses in
the steel and aluminium bars

the initial stress in the central bar and point B the ini-
tial stress in one of the two outer bars. Evidently, the
stresses in the assembly sum to zero. The line joining
points A and C represent the locus of relaxed stresses
in the central bar. The final stresses and strains in the
assembly corresponding to points C and D are shown
in Table 2 along with other parameters associated with
the test. Fig. 8(b) shows the results for a second 3-bar
assembly where a single load cycle was prescribed
rather than subjecting the assembly to multiple load
cycles. Removal of the external loading revealed that
the initial stresses in the central and outer bars had
relaxed to zero because the plastic strain in bar 1 had
accommodated the initial misfit.

Table 2 Measured states of the three-bar assembly

Central Outer
steel bar aluminium bar

Elastic modulus (GPa) 211.7 73.7
Initial misfit stress (MPa) 199.0 −105.6
Initial misfit strain, microstrain 940 −1477
Final misfit stress (MPa) 70.4 −35.0
Final misfit strain, microstrain 3098 48

Table 3 Measured states of the seven-bar assembly

Central Outer
steel bar aluminium bar

Elastic modulus (GPa) 213.7 73.7
Initial misfit stress (MPa) 191.4 −40.3
Initial misfit strain, microstrain 908 −552
Final misfit stress (MPa) 78.4 −11.2
Final misfit strain, microstrain 1847 154

Identical calculations were applied to the results
from the five- and seven-bar (Table 3) parallel assem-
blies, each with a standard central steel specimen. The
results, shown in Fig. 9, indicate that similar charac-
teristics to those observed in Fig. 8 are evident. An
important feature of the behaviour of these assemblies
is that the relaxation line A–C has a slope dependent
on the relative stiffness of the assembly.

4.2 Experimental determination of elastic
follow-up

Two methods were used to determine Z . The first
method used equation (3) with the strains εf , εe, and
εi measured and derived from the experiments. For
example, Fig. 10 shows the values of these strains for
the three-bar parallel assembly subjected to multi-
ple loadings. While the final εf and equivalent elastic
εe strains can be determined directly from diagrams,
similar to that shown in Fig. 10, it was required to deter-
mine the initial elastic strain from the applied load to
each assembly.

As shown in Appendix 1, the total maximum load
applied to the assembly assuming a fully elastic system
is given by

Ftm = KS�m + nKA�m (14)

where KS is the stiffness of the central steel bar and �m

is the maximum applied displacement of the assembly
corresponding to the maximum applied force Ftm.

Rearranging equation (14) gives

�m = Ftm

KS + nKA
(15)

Therefore, the equivalent elastic strain applied to the
central steel bar, including the initial misfit strain ε0, is
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Fig. 9 Stress and strain response of a preloaded multiple
bar system subjected to multiple loading cycles:
(a) five-bar system; (b) seven-bar system. Points
A and B are the initial misfit stresses in the central
steel bar and in an aluminium outer bar, points C
and D are the final misfit stresses in the steel and
aluminium bars

given by

εi = �m

LS
+ ε0 (16)

The measured values of Z using equation (3) (i.e.
method 1) are shown in Table 1 together with the mea-
sured values of relative stiffness. The values of Z given
in Table 1 correspond to the maximum applied loads
prior to unloading.

The second method for determining the elastic
follow-up factor uses equation (10) derived from
the strains associated with the initial misfit strains
and their subsequent relaxation. All the strains in
equation (10) were measured directly from the tests.
Results for ZR are shown in Table 1.

Fig. 10 Measured strains for determination of elastic
follow-up factor, Z . Illustrated case for three-bar
parallel assembly

It is apparent from the results shown in Table 1
that the two methods of determining the elastic
follow-up factor from the experiments agree approxi-
mately. However, the measured values for the parallel
assembly tests are substantially greater than predicted
by simple theory. In contrast, the measured values
obtained from the combined series and parallel sys-
tems were less than predicted from simple theory. The
measured values of elastic follow-up factor, derived
from the two methods, are also illustrated in Fig. 11.
For an assembly that was intended to contain paral-
lel elements alone it is apparent that the experimental
results lie on curves that suggest the assembly was a
combination of series and parallel elements.

The experimental results for Z and ZR, shown in
Table 1 and Fig. 11, correspond to the maximum plas-
tic strain observed in the central bar. However, as the
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Fig. 11 Comparison of predicted and measured elastic
follow-up
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Fig. 12 Change in elastic follow-up factor ZR with
increasing plastic strain for parallel bar assem-
blies

experimental results illustrate in Fig. 8, there was a
degree of strain hardening prior to final unloading. The
amount of plastic strain dictated the degree of residual
stress relaxation for each assembly and this is shown in
Fig. 12 for the three-, five-, and seven-bar assemblies.
It is evident that ZR increases with increasing strain
hardening. This is discussed in the next section.

5 DISCUSSION

The experiments mimicked the essential features of
the structural behaviour of the assemblies predicted
by simple theory. Two significant characteristics were
manifest: elastic follow-up was dictated by the relative
stiffness of the elements of the assembly and equally
the rate of relaxation of an initial or residual stress in
the central bar was controlled by relative stiffness. In
principle, the overriding purpose of quantifying elastic
follow-up is to determine the additional strain accu-
mulated as a direct consequence of the other elements
in the assembly redistributing the applied stresses. In
turn, quantifying the elastic follow-up factor permits
an evaluation of how the residual stress relaxes as the
initial misfit is accommodated.

The measurements of the elastic follow-up factor for
the various parallel assemblies studied in this work
tended to provide values greater than predicted. This
plainly indicates that more plastic strain was observed
in the central bar than predicted by theory. There-
fore, the assumed stiffness of the parallel assembly was
incorrect. The results illustrated in Fig. 11 also suggest
this. The calculated estimates of relative stiffness for
the assemblies were based on the main structural ele-
ments (i.e. the bars). No account had been taken on
features such as blend radii and the presence of the
shoulder to connect the central bar to the upper and
lower sections. Estimates of their contribution to the
stiffness of the assembly did not significantly change

the relative stiffness αeff of the parallel assembly, but
introduced an additional series relative stiffness to the
central bar, β. For example, a typical value of β equal
to ∼5 was found. For the three-bar assembly the pre-
dicted value of Z therefore changed from 3 to 3.7, still
lower than the measured values of Z and ZR.

The contributions of the additional elements to the
stiffness of a combined series and parallel assembly
were not as significant, partly because the relative stiff-
ness of the central bar was dominated by the reduced
section. Revised values of predicted Z were not that
different from those shown in Table 1, with measured
values less than predicted. Overall, the experimental
results have shown that the most effective method
of determining an elastic follow-up factor for each
assembly was through the relaxation of the initial
stress (i.e. using line AC in Figs 4, 8, and 9). Although
there was uncertainty in the determination of the rel-
ative stiffness of an assembly, the measurements of
residual stress relaxation, as shown in Fig. 11, validated
the simple theory.

The original intention of the study was not only to
measure and compare elastic follow-up, but also to
provide insight into the role played by initial stresses.
As expected, their presence automatically changed the
conditions for onset of plastic flow. For example, when
the residual stress was uniformly tensile, as shown
in Figs. 8 and 9, the applied stress to initiate yield-
ing was lower. With continued plastic deformation the
assembly readjusts, thereby subjecting the central bar
to elastic follow-up. Notably, the presence of residual
stresses does not contribute to follow-up. Rather the
occurrence of plasticity was a starting point for the
relaxation of the initial residual stress. The rate of relax-
ation of the initial residual stress can be determined by
using equation (9). The residual force in the steel cen-
tral bar can be simply written in terms of stress using
equation (13) as

σSR = ESε0

(
αeff

1 + αeff

)
(17)

The rate of relaxation of the residual stress, σSR due
to the change in misfit produced by the accumulation
of plastic strain in the central bar is then

∂σSR

∂ε0
= ES

(
αeff

1 + αeff

)
= Es

Zpeff
(18)

Consequently, as equation (18) reveals, the rate of
relaxation of the residual stress is inversely propor-
tional to the elastic follow-up factor for the parallel
system. However, the analysis assumed an elastic-
perfectly-plastic material model for the central bar. As
Fig. 12 shows, the measured elastic follow-up factor ZR

was dependent on the plastic strain and strain harden-
ing and suggests that the rate of residual stress relax-
ation also depends on strain hardening. There is addi-
tional indirect evidence provided by Kobayashi et al.
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[15] to demonstrate that strain hardening changes
elastic follow-up. They illustrate that the elastic follow-
up strain initially increases with increasing initial
strain, similar to the results portrayed in Fig. 12.

6 CONCLUSIONS

An experimental study of the structural behaviour of
an assembly has confirmed that the predicted fea-
tures of elastic follow-up and residual stress relaxation
are observed. Experiments were undertaken using a
variety of parallel and combined series and parallel
assemblies that provided different relative stiffness
and hence different conditions for elastic follow-up.
The study revealed that the most reliable estimate of
elastic follow-up was measured via the relaxation of
the initial residual stress. There was general agreement
between measured and predicted values of the elastic
follow-up factors with the greatest uncertainty assoc-
iated with accurate determination of the stiffness of
the assemblies.

It has also been demonstrated that initial resid-
ual stresses do not contribute to elastic follow-up;
rather their role is to promote or suppress the initi-
ation of plasticity. It is shown that the rate of residual
stress relaxation is inversely proportional to the elastic
follow-up factor.
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APPENDIX 1

Notation

A cross-sectional area
E Young’s modulus
F force on element/bar
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K stiffness of an element/bar
L length of element/bar
n number of elements/bar
Z elastic follow-up factor

α ratio of stiffness of parallel elements
β ratio of stiffness of series elements
δ local displacement on element
� displacement applied to whole assembly
ε strain
σ stress

APPENDIX 2

Basic equations for a multiple bar assembly

A three-bar assembly is shown in Fig. 1. The assembly
is subjected to remote force Ft. The force is distributed
between the bars, where

Ft = nK3� + Keff� (19)

where � is the associated total displacement, n the
number of outer bars, K3 the stiffness of an outer bar,
and Keff the effective stiffness of the central bar given
by equation (8). The central bar consists of two bars, 1
and 2, in series.

Compatibility of displacements provides

� = δ3 = δ1 + δ2 (20)

where δ1, δ2, and δ3 are the displacements in bars 1, 2,
and 3.

When the stress in the central bar 1 exceeds the yield
stress, the elastic follow-up factor Z for the assembly
is given by

Z = εf − εe

εi − εe
(21)

where εf is the final total strain in bar 1 achieved at the
maximum load, εe is the equivalent elastic strain pro-
vided by the final stress σf . εi is the initial elastic strain
that the central bar would achieve at the maximum
load if it had not exhibited plastic deformation. The
initial strain is obtained from δ1. This is determined
from equation (20), so that

εi = δ1

L1
= (δ3 − δ2)

L1
(22)

Noting that from equations (19) and (20)

δ3 = Ft

nK3 + Keff
(23)

Since the displacement in bar 2 is the same as the
combined bars 1–2 then

δ2 = Keff

K2
δ3 (24)

Consequently, substituting equations (23) and (24)
into equation (20) gives the initial strain in bar 1

εi = δ1

L1
= Ft

K1

(
1

αeff + 1

)/
L1 (25)

The final strain is the response of the assembly
to a given load when bar 1 exhibits perfectly plastic
behaviour. Once yielding in bar 1 occurs bar 2 remains
at the same displacement as there is no further
increase in load to cause further elastic displacement.
Rewriting equation (19) as

Ft = nK3� + F12 (26)

The force F12 is now equal to the force to cause yielding
in bar 1, F1Y . The displacement δ3 is now given by

δ3 = Ft − F1Y

nK3
(27)

The displacement in bars 1–2 is now

δ2 = F1Y

K2
(28)

Substituting equations (27) and (28) into equation (20)
and normalizing with respect to the gauge length gives
the final strain in bar 1

εf = δ1

L1
=

[
Ft

nK3
− F1Y

(
1

K2
+ 1

nK3

)]/
L1 (29)

The elastic strain εe is the elastic response of bar 1 for
the same final stress and is given by

εe = F1Y

K1L1
(30)

By substituting equations (27), (29), and (30) into
equation (21), the elastic follow-up factor in bar 1 is

Z = K1

Keff

{
Ft − F1Y(1 + αeff )

Ft[αeff /(1 + αeff )] − αeff F1Y

}
(31)

The term in square brackets can be shown to be equal
to (1 + αeff )/αeff and

K1

Keff
= 1 + β

β
(32)

Consequently, Z is given by

Z =
(

1 + αeff

αeff

) (
1 + β

β

)
(33)

Further details for elastic-creep behaviour are consid-
ered by Hadidi-moud and Smith [23].

When there are no parallel bars and only a series
system, equation (33) reduces to

Z = Zs = 1 + β

β
(34)

For a parallel system alone, αeff = α and

Z = Zp = 1 + α

α
(35)
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