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ABsTRACT. In this talk, we study behaviors of Baer invariants and vari-
etal covering groups with respect to direct lmits. The main result has
a nseful application in order to extend some known structures of vari-
etal covering groups Tor several famons prodiucts of finitely many to an
glrhir.mrll.' family of groups.

1, INTRODUCTION AND PRELIMINARIES

Hiztorically, there have been several papers from the beginning of the twen-
Lieth coutury trving o find some structures for the woell-koswn notion the
covering group and its varietal generalization, the V-covering group of some fa-
mons groups and products of groups, such as the direct product, the nilpotent
and the regular product [1, 2, 3, 4.

In this talk, reviewing behaviors of direct limits on presentation of groups,
verbal subgroups and Baer invariants, we show that the stroctore of Vocovering
group commutes with the direct limit of a directed system of proups in some
senses, Furthermore, we give an example showing that the hypothesis of being
directed for the system of groups is an essential condition. Finally, as an
application, we extend some of the previous formulas for the structure of V-
covering sroups for finite direct product of proups to infinite ones.

Definition 1.1. Let ¥ be a variety of groups and let G be a group. Then a V-
covering group of G {4 varietal covering group of & with respect to V) is a group
G* with a normal subgroup A such that G* /A= G, 4 C V(G*)NV*(G*), and
A= VM(G).

Definition 1.2. Let {;} be a direct system of groups indexed by a partially
ordered set I, which is also directed, that is, for every i, 7 € I there exists k€ T
such that i, 7 < k. For i < j, let there exists a homomorphism ,31;-' 2y — Gy
such that:
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(i) Al : Gy — Gy is the identity map of G, for all i & I;
i) if i < j < k&, then MAY = AF, as the following commutative diagram:
J kR P

G 2 ¢,
L
Cr.

In this case, we call the system {G;: X, I'} a directed system. Now we define an
equivalence relation on the disjoint union |}, G, by: if z € G, and y € G,
then

x ~ y if and only if xAF = yAF for k > i, 5.
Let G denote the quotient set | J,_; G/ ~ and use {x} for the equivalence class
of z. Also we define a multiplication on @ as follows: if {x}, {y} are elements
of G, we choose 1, j € I such that = € G; and y € G, then

{xHp} = {=AF) A8, for k>,
Clearly this is a well-defined nultiplication, which makes G into a group and
it is called the direct limit of the directed system {G; M. T}, It will be denoted
by
lim G, = LJID',-,.'r ~= .
iEf

2. Mamw REsSULTS

In order to deal with V-covering groups of a group . it is useful to know
more relationship between the Baer invariant VA (G) and the V-covering groups
of &, In this aspect, to prove our main theorem, first of all we need to point
the following notes which are the generalization of some parts of an impartant
theorem of Schur (see [1] Theorem 2.4.6 or [3]).

Theorem 2.1. Let V he a variety of groups and G be a group with a free
presentation 1 - R — F — G — 1. If 5 is a normal subgroup of F such that
R ROV(F) g
[RV'F] ~ [RV'F|  [RV'E]'

then G* = F/8 is a V-covering group of G.

Theorem 2.2. Let V be a Schur-Baer variety and G be a finite group with o
free presentation 1 = R — F — G — 1. If G* is V-covering group of (3, then
there exists a normal subgroup S of F such that
R _ RnV(F) y &
[RV*F] — [RV*F] [RV*F]| '

and so G* = F/ 8§,

Now, in order to state and prove the next result we need to explain the con-
cept of an induced directed system of V-covering groups which we use in the

main theorem. Let V be a Schur-Baer variety, and let {G;; Al T} be a directed
system of finite gronps. suppose that G} is a V-covering gronp for @, for all




120 HANIEH MIREDRALIIMI

i€ I. Now if we consider the sequence

l1+Ri=F—G,—1
as a free presentation, then using Theorem 2.2 there exists a normal subgroup
S; of F; in such a way that &7 = F;/5; and specially satisfies the following
relation:
R,  RinV(iE) % Si
[B;V*F] |R:V*E] [R:V*F;]

By these notations, for any i < j in I, there exists an induced homomorphism
Ef commutes the following diagram

1—-‘-R[ —-*.F, —*Gt—*l
M

The commutativity of this diagram implies that the homomorphism 1: maps
R; into R, and so M (R; NV(F})) € R; nV(F;). Hence if A maps §; nto 5.
we will have the following induced homomorphism, for any @ < j:

sy o ¥
5, - 2 L, T
A=y — 5=

which forms the directed system {G7: A, I}, called an induced diveeted system
af covering grotps.

Remark 2.3. Note that in general, any family of covering groups of a directed
system of groups is not necessarily an induced one. For example we consider
the group Z; = Z; with two non-isomorphic covering groups Dy and Q5. So
it takes the trivial directed system {G;; A N} which G; = Zg x Zy and X/
to be identity, for any ,j € N. Now if we take the family of covering groups
[G?; i € N} such that G5; = Dy and G5, = (s, then {G; i € I} does not
form an induced directed svstemn,

Theorem 2.4. Suppose that V is a Schur-Baer variety. If {GE;}q!.. Il is a
directed system of finite groups with an indueed system of V-covering groups
(G2 M, T}, as we mentioned above, then the group G* = lim G} is a V-covering

group for G = lim G;.

Example 2.5. If we omit the condition of being directed, then the free product
of any two groups A, I as a particular direct limit of groups whose its index
set is not directed. should have a covering group with the structure A" = 5%,
where A® and B* are covering groups of A and B, respectively. But this is a
contradiction, when we choose A with nontrivial Selur multiplier. Since in this
case, if A® # B* is a covering group of A » 3, then by Definition 1.1, we will
have
M{A«B)= N with NC Z{A*«B")n({A"+ By = 1.

But using a result of Miller (see [1]), we have M({A+ B) = M{A) x M(D) # 1,
which is a contradiction.
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3. APPLICATIONS

Corollary 3.1. Let (¢ be a torsion nilpotent group with its ail Sylow subgroups
5, fori € I. Suppose 87 is ¢ covering group of S;, for alli € I, then the group
= [lic S5 is a covering group for G.

Corollary 3.2, Let G be o torsion nilpotent group with its ail Sylew siwbgroups
iy forie I. Suppose P! is an N, -covering group of By, for alli e I, Then
the group & = H:E 1 B is an N -covering group for G.

Corollary 3.3. Let {4, }.c; be an arbitrary family of finite gronps and suppose
that A7 is a covering group of A;, for any i € I. Then the second nilpotent
product of A;'s, is a covering group of ]_[:; 1A
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