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The aim of this paper is to introduce the notion of ergodic shadowing for a continuous
onto map which is equivalent to the map being topologically mixing and has the
ordinary shadowing property. In particular, we deduce the chaotic behavior of a map with
ergodic shadowing property. Moreover, we define some kind of specification property and
investigate its relation to the ergodic shadowing property.
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1. Introduction

The notion of shadowing plays an important role in the general qualitative theory of dynamical systems. It was developed
intensively in recent years and became a significant part of dynamical systems containing a lot of deep connections to the
notions of stability and chaotic behavior (e.g., [8,10,12,14]). Topological mixing and specification are two another formal
ways to get some special dynamical properties and also chaos in global sense [2,11]. Here, we investigate the dynamical
property which imply the mentioned known conditions at the same time.

Let (X,d) be a compact metric space and f : X → X be a continuous map. For any two open subsets U and V of X , put

N(U , V , f ) = {
m ∈ N; f m(U ) ∩ V �= ∅}

.

When there is no ambiguity, we denote it by N(U , V ). We say that f is topologically transitive if for any two open subsets
U and V of X , N(U , V ) �= ∅. A mapping f is weakly mixing if f × f is transitive on X × X . Topological mixing means that for
any two open subsets U and V , the set N(U , V ) contains any natural number n � n0, for some fixed n0.

For δ > 0, a sequence {xi}1�i�b is called a δ-pseudo orbit of f for any 1 � i � b, d( f (xi), xi+1) < δ. If b < ∞, then we
say that the finite δ-pseudo orbit {xi}1�i�b of f is a δ-chain of f from x1 to xb of length b. A point x ∈ X is called a chain
recurrent point of f if for every δ > 0, there is a δ-chain from x to x. The set of all chain recurrent points of f is denoted by
C R( f ). A sequence {xi}1�i�b is said to be ε-shadowed by a point x in X if d( f i(x), xi) < ε for each 1 � i � b. A mapping f
is said to have shadowing property if for any ε > 0, there is a δ > 0 such that every δ-pseudo orbit of f can be ε-shadowed
by some point in X .

A mapping f is called chain transitive if for any two points x, y ∈ X and any δ > 0 there exists a δ-chain from x to y. The
mapping f is called chain mixing if for any two points x, y ∈ X and any δ > 0, there is a positive integer N such that for any
integer n � N there is a δ-chain from x to y of length n.
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The term chaos in a connection with a map was first used by Li and Yorke [13]. A continuous onto mapping f is said to
be chaotic in the sense of Li–Yorke if X contains an uncountable set such that for any two points x and y belong to it we have

lim inf
n→∞ d

(
f n(x), f n(y)

) = 0, lim sup
n→∞

d
(

f n(x), f n(y)
)
> 0.

A point x is called Lyapunov stable point if for any ε > 0, there is a δ > 0 such that d(x, y) < δ implies that
d( f n(x), f n(y)) < ε for any natural number n. A mapping f is called chaotic in the sense of Auslander–Yorke if it is transitive
and has no Lyapunov stable points [5]. Devaney’s definition of chaos [7] is Auslander–Yorke’s with an extra assumption
which is the existence of a dense set of periodic points (see also [9]).

2. Some related terminology

Given a sequence ξ = {xi}i∈N , put Npo(ξ, δ) = {i;d( f (xi), xi+1) � δ} and Npon(ξ, δ) = Npo(ξ, δ) ∩ {1, . . . ,n − 1}. For a
sequence ξ and a point x of X , put Ns(ξ, x, δ) = {i;d( f i(x), xi) � δ} and Nsn(ξ, x, δ) = Ns(ξ, x, δ) ∩ {1, . . . ,n − 1}. A sequence
ξ is a δ-ergodic pseudo orbit if the set of times where the δ-pseudo orbit condition fail, i.e. Npo(ξ, δ), has density zero, it
means that

lim
n→∞

∣∣Npon(ξ, δ)
∣∣/n = 0,

where |.| denotes the cardinal number. A δ-ergodic pseudo orbit ξ is said to be ε-ergodic shadowed by a point x in X if

lim
n→∞

∣∣Nsn(ξ, x, ε)
∣∣/n = 0.

In other words, in the ergodic shadowing, the set of times where shadowing fail, i.e. Ns(ξ, x, ε), has density zero. A mapping
f has ergodic shadowing property if for any ε > 0 there is a δ > 0 such that any δ-ergodic pseudo orbit of f can be ε-ergodic
shadowed by some point in X .

A mapping f has specification property if one can approximates distinct pieces of orbits by a single periodic orbit.
By some little modifications, we say that a mapping f has pseudo-orbital specification property if for any ε > 0 there exist
δ = δ(ε) > 0 and K = K (ε) > 0 such that for given nonnegative integers

a0 � b0 < a1 � b1 < · · · < an � bn

with a j+1 − b j � K and δ-pseudo orbits ξ0, . . . , ξn with ξ j = {x( j,i)}, i ∈ I j = [a j,b j] ⊆ N and 0 � j � n, there is some point
x ∈ X such that d( f i(x), x j,i) < ε , for i ∈ I j and 0 � j � n.

The main goal of the paper is the following theorem which will be proved by a few lemmas.

Theorem A. Let f be a continuous onto map of a compact metric space X. For the dynamical system (X, f ), the following properties
are equivalent:

(a) ergodic shadowing,
(b) shadowing and chain mixing,
(c) shadowing and topological mixing,
(d) pseudo-orbital specification.

In this paper, any mapping assumed to be surjective.

3. Topological mixing

Lemma 3.1. Any mapping with the ergodic shadowing property is chain transitive.

Proof. Suppose that a mapping f has the ergodic shadowing property and x, y ∈ X . Given ε > 0, let δ > 0 be an ε modulus
of ergodic shadowing. Let a0 = 0 and b0 = 1 and for any k � 1, put ak = bk−1 + k and bk = ak + k + 1. Choose some point
uk ∈ f −k(y). For any natural number i, if ak � i < bk then put xi = f j(x) where j = i − ak and if bk � i < ak+1 then put
xi = f j(uk) where j = i − bk . By the choice, on [ak bk) we use the piece of the orbit of x beginning at x and of length
k and on [bk ak+1) we use a piece of an orbit of length k which ends at y. The set Npo(ξ, δ) is contained in the set
{ak,bk; k = 0,1,2, . . .} which has density zero. Thus, ξ = {xi}i∈N is a δ-ergodic pseudo orbit and can be ε-ergodic shadowed
by some point z. Since Ns(ξ, z, ε) has density zero, its complement must intersects infinitely many intervals [ak bk) and
infinitely many intervals [bk ak+1). So, we can find i, j, l, s ∈ N with j < l such that

d
(

f j(x), f i(z)
)
< ε and d

(
f l(z), w

)
< ε, w ∈ f −s(y).

Therefore, {x, f (x), . . . , f j−1(x), f i(z), . . . , f l−1(z), w, f (w), . . . , f s−1(w), y} is an ε-pseudo orbit form x to y. �
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There are examples of subshifts of finite type with the shadowing property which are not chain transitive [3]. By
Lemma 3.1, such mappings do not satisfy the ergodic shadowing property.

The following result shows that the ergodic shadowing property is stronger than the ordinary shadowing property.

Lemma 3.2. Any mapping with the ergodic shadowing property has the ordinary shadowing property.

Proof. Let f has the ergodic shadowing property. By [2], it is enough to show that any finite pseudo orbit of f can be
shadowed by a true orbit. Given ε > 0, let δ > 0 be an ε modulus of ergodic shadowing. Suppose ξ = {xi}n

i=1 is a finite
δ-pseudo orbit of finite length. By Lemma 3.1, we can choose a δ-pseudo orbit γ from xn to x1. Then ζ = {ξ,γ , ξ, . . .} is a
δ-ergodic pseudo orbit and so can be ergodic shadowed by some point x. Since x ergodic shadows ζ the set Ns(ζ, x, ε) can’t
meet every ξ interval, for then it would have positive density. Hence, at least one ξ interval is entirely ε shadowed by a
piece of the x orbit. �

One can apply the argumentation used in the case of ordinary shadowing property to prove the following statement [2].

Proposition 3.3. If f has the ergodic shadowing property then for any natural number k, the mapping f k has also the ergodic shad-
owing property.

Lemma 3.4. Any mapping with the ergodic shadowing property is chain mixing.

Proof. If f has the ergodic shadowing property then by Lemma 3.1 and Proposition 3.3, f k is chain transitive for any
natural number k, this implies chain mixing. In fact, if f is not chain mixing then there are k distinct open and closed
subsets X1, X2, . . . , Xk of X with k > 1 which are remained invariant by f k . This implies that f k is not chain transitive
[1, Chapter 8]. �
Proposition 3.5. If f has the shadowing property then f is chain mixing if and only if it is topologically mixing.

Proof. Suppose that a mapping f has the shadowing property. Given two open subsets U and V of X , choose x ∈ U , y ∈ V
and ε > 0 such that Bε(x) ⊂ U and Bε(y) ⊂ V . Let δ > 0 be an ε modulus of shadowing. For any sufficiently large positive
integer n, there is a δ-pseudo orbit of length n from x to y. By shadowing property, we can find a true orbit of length n
begins in U and ends in V and so n ∈ N(U , V ). �
Corollary 3.6. Any mapping with the ergodic shadowing property is topological mixing.

Proof. Suppose that f has the ergodic shadowing property. By Lemma 3.2, f has shadowing property and so by Lemma 3.4
and Proposition 3.5, it is topologically mixing. �

In view of the previous corollary, one can deduce the chaos in the sense of Auslander–Yorke for a map having the
ergodic shadowing property. Li–Yorke chaos can be obtain in weaker situation. In fact, any weakly mixing map is chaotic in
the sense of Li–Yorke [11].

Corollary 3.7. Any mapping with the ergodic shadowing property is chaotic in the sense of Li–Yorke and Auslander–Yorke.

4. Pseudo-orbital specification

The notion of specification was first introduced by Bowen [6]. It has been shown that if f has the specification property,
then it is topologically mixing and the set of all periodic points of f is dense in X . So, any mapping with the specification
property is chaotic in the sense of Devaney [2]. Here, in a stronger statement, we prove that the pseudo-orbital specification
property is equivalent to the ergodic shadowing property.

Remark 4.1. Any mapping with the shadowing and specification properties has the pseudo-orbital specification property.

Let us remark that the usual specification property do not imply the shadowing property [4, Example 3.6].

Remark 4.2. If f is topologically mixing, then for any ε > 0 there exists a natural number N(ε), such that for any two points
x and y in X

N
(

Bε(x), Bε(y)
) ⊇ {

N(ε), N(ε) + 1, . . .
}
.
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Indeed, given ε > 0 assume that X = ⋃m
i=0 Bε/2(xi) and put

N(ε) = max
1�i, j�m

min
{
n;k ∈ N

(
Bε/2(xi), Bε/2(x j)

)
for all k � n

}
.

Lemma 4.3. If f has the shadowing and topological mixing properties then it has the pseudo-orbital specification property.

Proof. Let ε > 0 be given and δ be an ε modulus of shadowing. Suppose that η < δ be a δ modulus of uniform continuity
of f . Put K (ε) = N(η) and suppose that {ξ0, . . . , ξn} be a finite subset of δ-pseudo orbits in X defined on n subinterval
I j = [a j,b j] with a j+1 − b j > K (ε). Let ξ j = {x( j,i)}, i ∈ I j , 1 � j � n. By the choice of K (ε), for any k = 1,2, . . . ,n there
exists a true orbit ζ j−1 of length a j − b j−1 which begins δ close to f (x( j−1,b j−1)) and ends η close to a point of f −1(x( j,a j)).
Then {ξ0, ζ0, ξ1, ζ1, . . . , ζn−1, ξn} is a pseudo-orbit which can be shadowed. �
Corollary 4.4. Any mapping with the ergodic shadowing property has the pseudo-orbital specification property.

Lemma 4.5. Any mapping with the pseudo-orbital specification property has the ergodic shadowing property.

Proof. Let f has the pseudo-orbital specification property and ε > 0 be given. Choose δ > 0 and K according to the
ε as in the definition of the pseudo-orbital specification property. Let ξ = {xi}i∈N be a δ-ergodic pseudo orbit. Put
A = {i;d( f (xi), xi+1) < δ} and choose a sequence

a1 < b1 < a2 < b2 < · · ·
of natural numbers with the following properties:

• for any n, [an,bn] ⊆ A,
• for any n, an+1 − bn � K ,
• limn→∞(

∑n
k=1 ak+1 − bk)/bn → 0.

For any n, choose a point zn which shadows n pieces of the ergodic pseudo orbit corresponding to the n intervals

[a1,b1], [a2,b2], . . . , [an,bn].
Without loss of generality, suppose that zn → x, then the point x ergodic shadows ξ . �
Corollary 4.6. Any mapping with the ordinary shadowing and topological mixing properties has the ergodic shadowing property.

Corollary 4.7. Let X be a compact connected metric space. If f is chain transitive and has the ordinary shadowing property then it has
the ergodic shadowing property.

Proof. It is known that if X is connected then any chain transitive map on X is chain mixing [1]. Now, if f is chain
transitive and has the ordinary shadowing property then by Lemma 3.2, Proposition 3.5 and Corollary 4.6, f satisfies the
ergodic shadowing property. �

In the following, we give an example of a mapping with the ergodic shadowing property.

Example. Let f : [0,1] → [0,1] be the tent map which is defined by

f (x) =
{

2x if 0 � x � 1
2 ,

−2x + 2 if 1
2 � x � 1.

By [15], f is chain transitive and satisfy the shadowing property. By Corollary 4.7, f has the ergodic shadowing property.

Proof of Theorem A. Nothing remains to prove Theorem A, it is sufficient to assemble the obtained results. (a) ⇒ (b) is
Lemmas 3.2 and 3.4, (b) ⇒ (c) is Proposition 3.5, (c) ⇒ (d) is Lemma 4.3 and finally, (d) ⇒ (a) is Lemma 4.5. �
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