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1 Introduction and results

The dynamics of the D-branes of type II superstring theories is well-approximated by the
effective world-volume field theories which consist of the sum of Dirac-Born-Infeld (DBI)
and Chern-Simons (CS) actions. The DBI action describes the dynamics of the brane in
the presence of the NSNS background fields. For constant background fields it can be found
by requiring the consistency with nonlinear T-duality [1, 2]

SDBI = —Tp / dp+1.%' 6_¢\/— det (Gab + Bab + 2o’ ab) (1.1)

where G, and By, are the pulled back of the bulk fields G, and B,,,, onto the world-volume
of D-brane.!’ The curvature corrections to this action has been found in [3] by requiring
consistency of the effective action with the O(a'?) terms of the corresponding disk-level
scattering amplitude [4, 5]. The on-shell ambiguity of these couplings has been removed
in [6] by requiring the consistency of the couplings with linear T-duality. Moreover, this
consistency fixes the couplings of non-constant dilaton and B-field at the order O(a/?) in
the action which are reproduced by the corresponding disk level scattering amplitude. In
particular, it has been found in [6] that the consistency with T-duality/S-matrix requires
the non-constant dilaton appears in the string frame action only as the overall factor of e 2.

The CS part on the other hand describes the coupling of D-branes to the RR fields.
For constant background fields it is given by [7, 8]

Scs = Tp/ e (1.2)
ML

'Our index conversion is that the Greek letters (u,v, - --) are the indices of the space-time coordinates,
the Latin letters (a,d, ¢, --) are the world-volume indices and the letters (i, j, k, - - - ) are the normal bundle
indices.



where MP*! represents the world volume of the D,-brane, C' is meant to represent a sum
over all appropriate RR potential forms and the multiplication rule is the wedge product.
The abelian gauge field can be added to the action as B — B + 2ma’F. The curvature
corrections to this action has been found by requiring that the chiral anomaly on the world
volume of intersecting D-branes (I-brane) cancels with the anomalous variation of the CS
action [9-11]. This correction is

A(4r2a’ Ry) 1/2
Scs =T, e 1.3
s P /Mp+1 ¢ <./4(47T20/RN) (1.3)
where A(R7 n) is the Dirac roof genus of the tangent and normal bundle curvatures re-
spectively,
=1 trRT — trR 1.4
\/A(47r2a'RN) T ggype (PFT —URy)+ (14)

For totally-geodesic embeddings of world-volume in the ambient spacetime, Ry n are the
pulled back curvature 2-forms of the tangent and normal bundles respectively (see the
appendix in ref. [3] for more details).

It has been pointed out in [12] that the anomalous CS couplings (1.3) must be in-
complete for non-constant B-field as they are not compatible with T-duality. T-duality
exchanges the components of the metric and the B-field whereas the couplings (1.3) in-
cludes only the curvature terms. Compatibility of this action with T-duality should give a
bunch of new couplings [13, 14].

In this paper we would like to show that for non-constant RR and NSNS fields there are
other contribution to the action (1.3) at order O(a’?) which may not arise from requiring
the consistency of the action (1.3) with T-duality. These terms which involve linear NSNS
field can be found by studying the S-matrix element of one RR and one NSNS vertex
operators [4] and by requiring them to be consistent with linear T-duality. We will find
the following string frame couplings at order O(a/?):

g ~ Tp/dex £0-+ap <2|(p |:F(p) Haoala,z _ F(p) (Haoa%a _ HanZ,J)

_ 1)] 1a2--Ap,a P aiaz--ap,t
2 1 (p+2) . 1 (p+2) ~ e
+p! |:2!Fial"'apjvaRaa0U B P + 1Fa0...apj,iRU
1 (p+4) ijk,a
T31(p + 1)1 Lo angeall (1.5)

where as usual commas denote partial differentiation.

It has been shown in [6] that the compatibility of the curvature corrections to the DBI
action with linear T-duality transformations requires the non-constant dilaton appears in
the string frame action only through the overall factor of e=?. This factor has been absorbed
in the RR field so one expects that the dilaton appears in the above action only through
the string frame metric. We will show that the coupling of one F?*2) and one dilaton in
the Einstein frame which can be calculated by the S-matrix element, is reproduced exactly
by transforming the couplings in the second line above to the Einstein frame.



The couplings in (1.5) have been found by the S-matrix element of one RR and one
NSNS vertex operators and by T-duality. The S-matrix method produces the on-shell
couplings and consistency of the couplings with linear T-duality then fixes the on-shell
ambiguity of the couplings. Correction to this action can also be found by requiring it to
be consistent with nonlinear T-duality transformations. We will consider one particular
nonlinear term in the T-duality transformation of the RR field and then examine the
consistency of (1.5) with it to find new couplings. The new couplings are given by the
above action in which F( is replaced by F(™ where

F) = F 4 BAFC=2 4 g A3 (1.6)
+21'B/\B AFO—Y 4 21'B/\H/\C(”*5) + ;'HAB/\C(”*@ 4.
— dcm)

where C = ¢BC, is the RR potential in the CS action (1.2).

An outline of the paper is as follows: We begin the section 2 by writing the S-matrix
element of one RR and one NSNS vertex operators. From the contact terms of this ampli-
tude at order (a/)?, we will find the on-shell couplings of one massless RR and two NSNS
fields. In section 3, we review the T-duality transformations and the strategy for checking
the consistency of a D-brane action with T-duality. In section 3.1, we check the consistency
of the couplings found in section 2 with linear T-duality which fixes the on-shell ambiguity
of the couplings. After fixing the on-shell ambiguity of the gravity couplings, we show that
the dilaton appears in the action only through the string frame metric. In section 3.2, we
check the consistency of the couplings (1.5) with nonlinear T-duality and show that the
field strength in the action (1.5) should be given by (1.6).

2 Scattering amplitudes

A method for finding the couplings in effective field theory is the S-matrix method. The
standard CS coupling (1.2) has been confirmed by the S-matrix method in e.g., [15,
16]. The couplings of NSNS and RR fluxes to various types of D-branes have been found
in [17] by evaluating disk amplitudes among two open string and one closed string vertex
operators. To find the couplings of one RR and one NSNS states to D,-brane, one needs
the scattering amplitude of their corresponding vertex operators which is given by [4]

1 [(—a't/4)T(c/ ¢
A(er,p1;€2,p2) = — paIQK(LQ) ( /AT (' q7)

8 I'(1—a't/4+dq?)
1 1 m2a/?
= T,K(1,2 “ 2.1

where ¢> = p‘fpl{nab is the momentum flowing along the world-volume of D-brane, and
t = —(py + p2)? is the momentum transfer in the transverse direction. The kinematic



factor is

q2

K(1,2) = i
(1,2) /2
ot

_22\/2 [Tr(P-T'y(yMyy-D-e3 -D-p3) — Tr(P_Ty () Myy-€2-D-ps)

Tr(P-T'y(ny Mpy"y-(p1 + p2)7*) (2 D)o (2.2)

—Tr(P-T'y () Mpy-D-p2)Tr(e2- D))

where the matrix DJ is diagonal with +1 in the world volume directions and -1 in the
transverse directions, and
1 V1 Vn
Digmy = Py ooy
+1

L LA (2:3)

where F] is the linearized RR field strength n-form and e is the volume p + 1-form of the
D,-brane. In equation (2.2), P_ = %(1 — 711) is the chiral projection operator and &g is
the NS-NS polarization. The 11 in the chiral projection gives the magnetic couplings and
1 gives the electric couplings. The first term in (2.1) produces the massless poles resulting
from the (a’)? order of the DBI and CS couplings on the D-brane, and the supergravity
couplings in the bulk. The second term in (2.1) should produce (a’)? couplings of one RR
and one NSNS on the D-brane in which we are interested.

Using the identity M,y* = D, "M, [4] and the algebra {*,~+"} = —2n*", one can
write the above kinematic factor for the electric couplings as

2
K(1,2) = iy Ty Moy (o1 + 227" (e2)n (24)

t

—1 — Tr(T ‘D-gg-D-paM,
4\/2 ( 1(n)Y 2 P2 p)

1
—2Tr(I’l(nw“Mpw-D-pgv”)(D-eg-D + 62T)W

One can easily check that the kinematic factor is zero for n < p — 2 and for n > p + 4.
This factor is non-zero for n = p, n = p+ 2 and for n = p + 4. Let us consider each case
separately.

2.1 n=p case

For n = p case, one needs to perform the following traces:
Tr(ry)ul . Py/’l'p/')/lu'fyao e ,Yap,ya,yu) and Tr(fylu'l e fy/’l‘Pfya/’yaO e fyaﬂ) (25)
They make various contraction of the indices. The first one simplifies to

()Pl eon et 4 g pfoty i — ptgtotyttin — ppttptotgt
—pn Ot — pp ot i p(p + 1)Tr (42 - AHra2 o yfr) - (2.6)



The second trace simplifies to

Tr(yHt e oy @y ™0y ) = (1)o@ p(p + 1) Tr (92 - fry® - y) (2.7)

and the trace Tr(H2 ... Hr~2...~4%) causes the RR field strength to contract with the
volume form €, i.e., F1yqy.-a,€0 .
Using the above traces, one finds that the kinematic factor (2.4) for the graviton is

ot
K(L 2) ~ =1 2\/2 [Flal---ap (52)aoap2a +pF1aa2---ap (52)a1ap2a0]6a0 o (28)

Using the fact that the indices ao, - - - , a, contracted with the totally antisymmetric e

tenser and the conservation of the momentum pi, + pa, = 0, one can write

pFIaag---app2ao = pplaclag---app%m
= Flaoaz---app2a (29)

which makes the kinematic factor (2.8) to be zero. For B-field, one finds the following
non-zero result for the kinematic factor (2.4):

2
3 q . .
K(1,2) ~ — (2 2F1a1a5-a, (€2)agi (P1 + P2)" — PFliay--a, (€2)aga, (P1 + D2)']

2v/2
ot ;
-1 \/2 Flalaz---ap (62)a0ip22> etoaran (2'10)
As a check of the calculation, if one replaces the B-field polarization with (£2), — C.(p2)y—
Cv(p2)y the kinematic factor vanishes, as expected from the Ward identity.
To find the field theory couplings corresponding to the above momentum space contact

terms, we use the following identities:

p
F1a1~~~ap (52)a0a - Flaag---ap (52)(10(11

2
Flal'“ap(pl)i = pFliag---ap(pl)al (2.11)
where we have used the fact that the indices ag,--- ,a, contracted with the totally anti-

symmetric €% tenser. Using these identities one can write the kinematic factor as

i

V2

1 .
K(l, 2) ~ = <(52)a0a1 |: - 2]91'V'P1F1ia2~~ap (pQ)Z - pl'N'pQFlaag---ap (Pz)a}

+p1-V 'plFliaz---ap (pl)al (82)a0i> o (2'12)

which satisfies the Ward identity. The couplings corresponding to the above terms are:

T

1 i 3
2'(}? i 1)' /dpJF 7 €20a1-ap (FZ.(CZ)___GP,GHGOGIGZ _ chla)i---ap,iHaoall a> (213)

where

H,ul/a = B,uu,a + Ba,u,u + Bua,,u (214)



The other terms in (2.1) correspond to the higher derivative of the couplings (2.13) in
which we are not interested in this paper.

The last coupling in (2.13) has on-shell ambiguity. To see this we note that the index
a in this term can be either ag or aq. If a = ag, it can be written as —2Faoa2...ap,il'-[,wli’a/p7
and if a = aq, it can be written as —2Fa1a2...ap7,~Ha0ai’“/p. Interchanging a; < ag in the
latter expression and using the fact that it has the overall factor of the volume form, one
can write it as the former expression. Hence, the last term in (2.13) can be written as
—2Fa1a2...ap7iHa0ai’a/p. Moreover, using the on-shell condition H,,q,,* = 0, one can write
it as 2Fy; ay--ap,iHagj" /p o1 as

1 . .
— pFal...ap,i(Haoal’“ — Hgyi™) (2.15)

We will fix the above on-shell ambiguity in section 3 by requiring the consistency of the
coupling with the T-duality transformations.

2.2 n=p+ 2 case

For n = p + 2 case, the traces in (2.4) simplify to

TI‘(’)/MI . fyﬂp+2fyﬂfya0 - fyapfyaf)/”) — (p + 1)(]7 + Q)Tr(fyﬂ?s . fyﬂp+2fya1 . fyap) X
[t 0RO gl R toRs 4
(p+ )iy gt phaO ey 4 0ty )]
Tr(y# -ty ®y 0 yfr) = 290 (p 4+ 1) (p + 2)Tr(f#2 - - - A2 7))

The trace Tr(y#3 ... yHr+2~91 ... ~4%) causes the RR field strength to contract with the
volume form as Fiy, yya;--a, €% Inserting these traces in (2.4), one finds the kinematic
factor for B-field becomes

ot ; ;
K(l, 2) ~ _22\/2 [_Fliao---ap (52)2(1]92(1 + (P + 1)F1iaa1~~~ap (EQ)ZaPZ(m]EaO “r (216)
Using the fact that the indices ag,--- ,a, contract with the totally antisymmetric tensor

€% and the conservation of the momentum py, + p2, = 0, one can write

(p + 1)F1iaa1---app2ao£a = Fliaoal---app2a£a (217)

for any vector ¢%. This makes the kinematic factor (2.16) to be zero. For the symmetric

polarization, graviton or dilaton, one finds the kinematic factor (2.4) to be

2
K(L 2) ~ <Z 1 [Fljao---ap (EQ)Ji(pl +p2)l + (p + 1)F1iua1---ap (52)“(10 (pl +P2)Z]

V2

ot . .
+22\/2 [2F1ia0---ap (52)mp2a - (p + 1)F1aa1---ap (52)aaoplz]
7 ; t
—2\/2F1m0...app§(q2 - 2)TI“(62)> g0t ar (2.18)



The last term is zero for graviton, but is has contribution to the dilaton amplitude. Using
the identity (2.17), one can write the above equation for the graviton as

ip+1 - o
K(1,2) ~ (\/2 ) (Fijaas-apP2a0P5 (€2)7 01 — P1-V D2 Flijayap (€2) ao Db

+p1-N pa[Fliay -, (€2) aoPh — 2F1iaar ay (£2)“P2ao]) €047 (2.19)

It satisfies the Ward identity. Using the identity

Fljaa1~~~app1ip2ao - Fliaal---appleZ(zo - Flija1~~~app1ap2ao 5 (220)

one finds that the field theory corresponding to the above amplitude is

Ty / P+ 0 <1F(p+ D iR’ + F0? R%J”) (2.21)

p! 9 ijai--ap,a jaai--ap,i

The Riemann tensor at the linear order in the graviton is

1
Rul/p)‘ - 9 (thVp + hvmw\ - hup,w\ - hw\,up) (2'22)

where we have considered perturbation around the flat space where the metric takes the
form G, = 1y + hyw. The last term in the above amplitude has again on-shell ambiguity.
We will show in section 3 that this term in the present form is not consistent with T-duality.
However, it can be written in a T-dual invariant form using the on-shell conditions.

The dilaton amplitude can be found from the amplitude (2.18) by using the following
polarization:

1
Euvr = \/8 (nuu - gupu - gupu) ; tp=1 (223)

where the auxiliary vector £, insures that the polarization satisfies the on-shell condition
p-€, = 0. One finds the dilaton amplitude to be

i(p—3 )
K(172) ~ (p\/2 ) (pl'N'pZFliao---appé) groaar (2.24)

The field theory corresponding to the above amplitude is

—3)T, -
30 [z oo (212 9) 225)

This coupling is zero for D3-brane which is consistent with the fact that the world volume

theory of Ds-brane is a conformal field theory.

2.3 n=p+4 case

For n = p 4+ 4 case, one needs only the following trace:

Tr(/')/ﬂl e fyﬂp+4fyﬂfya0 e fyaﬂfyafyy)
= (=1)PpHrnhten”is (p + 2)(p + 3)(p + 4) Tr(y#4 - - - Aty 4fe)  (2.26)



One can easily check that the kinematic factor (2.4) is zero for graviton, and for B-field
it is
. i apa
K(1,2) ~ _22\/2F1ijkao---ap(€2)] P2 0dp (227)

which satisfies the Ward identity. The coupling corresponding to the above amplitude is

T -
1, a0y ) k
3;(1,_];1);/ T € E gy (2.28)

Note that H7%® = H%%* when the indices i, j, k are totally antisymmetric, as in above
equation. In the next section, we will examine that the consistency of the above couplings
with T-duality.

3 T-duality

In this section we would like to study the transformation of the couplings that we have
found in the previous section under the T-duality. We denote y the Killing direction along
which the T-duality is going to be implemented. The full set of T-duality transformations
has been found in [18-21]

} 26
20— ¢
Gyy
~ 1
G, =
yy ny
~ B
G — Hy
12 ny
éuv = G — GuyGuy — BuyBuy
Gyy
- G
B — 12
Hy ny
Buv — B, — ByGuy — GuyBuy
Gyy
N - cla.
Oy = C) —(n—1) G‘y loly
vy
() (n+1) (n-1) vt Ba G
~(n o n+1 n—1 pevly |aly Y
Crivag = Crvapy T 170 1o Bay + n(n —1) Gy (3.1)

where u, v, a, 8 # y. In above transformation the metric is the string frame metric. If y is
identified on a circle of radius R, i.e., y ~ y+ 27 R, then after T-duality the radius becomes
R = o//R. The string coupling is also shifted as § = gv/o//R.

The strategy for finding T-duality invariant couplings is given in [6]. Let us review it
here. Suppose we are implementing T-duality along a world volume direction of a D,-brane
denoted y. One should first separate the world-volume indices into y index and the world-

volume indices which do not include y, and then apply the above T-duality transformations.



The latter indices are complete world-volume indices of the T-dual D,_;-brane. However,
the y index in the T-dual theory which is a normal bundle index is not a complete index.
On the other hand, the normal bundle indices of the original theory are not complete in the
T-dual D,_;-brane. They are not include y. In a T-duality invariant theory, the y indices
must be combined with the incomplete normal bundle indices to give the complete normal
bundle indices in the T-dual D,_;-brane. If a theory is not invariant under the T-duality,
one should then add new terms to it to have the complete indices in the T-dual theory. In
this way one makes the theory to be T-duality invariant by adding new couplings.

One may also implement T-duality along a transverse direction of a Dp-brane denoted
y. In this case one must first separate the transverse indices to y and the transverse
indices which do not include y, and then apply the above T-duality transformations. The
latter indices are the complete transverse indices of the T-dual D, i-brane. However, the
complete world-volume indices of the original D,-brane are not the complete indices of
the T-dual D,4q-brane. They must include the y index to be complete. In a T-duality
invariant theory, the y index which is a world-volume index in the T-dual theory must be
combined with the incomplete world-volume indices of the T-dual D, 1-brane to give the
complete world-volume indices.

3.1 Linear T-duality

In this subsection we would like to study the consistency of the couplings with linear T-
duality transformations. Assuming the NSNS and RR fields are small perturbations around
the flat space, the T-duality transformations take the following linear form:

- 1 - -
¢=¢— thya hyy = —hyy, hyy = By,
Buy = hyy, by = Py, By = By
~\n n—1 ~(n n+1
C oy = Ot o g =ot (3.2)

Consistency of the curvature squared corrections to the DBI action under the above linear
T-duality transformations has been examined in [6]. The consistency requires adding some
H-squared terms to the DBI action which are also consistent with the corresponding S-
matrix element. We are going to do similar calculation for the couplings that we have
found in the previous section.

We begin by studying the T-duality of the couplings in (2.13). Consider implementing
T-duality along a world volume direction of the D,-brane.? From the contraction with the
world volume form, one of the indices ag,--- ,a, of the RR field strength or the indices
ag,ay of the NSNS field strength in (2.13) must include y, and so there are two cases to
consider: First when y appears as an index on the RR field strength and second when y
is an index in the NSNS field strength. In the former case, we note that there are p — 1
indices in the RR field strength which are contracted with the volume form. Each of these
indices can be y. However, because of the totally antisymmetric property of the volume

2The couplings (2.13) are consistent with the linear T-duality transformations (3.2) when implementing
the T-duality along a transverse direction.



form and the RR field strength, they all are identical. So one can write (2.13) as

T 1 G . .
2!(]9 i 2)! /dp+ zetvnTrty <Fz’(c€2)---ap—1y,aHa0a1a’Z - chsi---ap—ly,iHGOGIZﬂ) (3-3)

Note that the indices i,a appear as the derivative indices so nigher of them can be y.
Moreover, because of the world volume form, none of the indices ag,---a,—1 can be y.
The transform of the above couplings under the linear T-duality (3.2) gives the following

couplings for D,,_;-brane:

T, _ A _ A
27T\/O/2' P /dp:c g0 ap-1 <F(p L Haoal ot — F(p 1 Haoalzﬂ)

_(p_ 2)' 1a2-Ap—1,a aaz--ap—1,1

where we have also used the fact that 7}, ~ 1/gs. Using the relation 2V o T, ="1T,_1, one
observes that the above couplings are exactly the couplings (2.13) for D,_;-brane.

We will now check the case that the T-dual coordinate y is carried by the NSNS field
strength. There are two possibilities for the NSNS field strength in (2.13) to carry the
T-dual coordinate y, i.e., either ag or a; carries the index y. Since the two possibilities are
identical, one can write (2.13) as

T 1 A '
v _pl)! /dp+ 2 €Yarap <ﬂ%)2)~~~ap,aHya1a7z _ Fégi...a%iHymZ’a) (3.4)
Note again that the indices i,a and ay, - - - , a, can not be y. The above couplings transform

under linear T-duality to the following couplings of D,,_;-brane:

T,_1 ‘ .
P (p+1) (p+1)
(p—1)! /dpx et (zFiaz--'apy,aRamzy - 2Faa2---apy,z‘Rla1ay) (3.5)
where we have used the assumption in T-duality that all field are independent of the Killing
direction y. The coordinate y in the T-dual theory is a transverse coordinate. Inspired by
the above couplings, one may guess that the correct form of the couplings for D,_q-brane
are in fact,
Tpfl dp ai--ap F(p+1) Ra i 2F(p+1) RZ aj 3.6

(p - 1)' re 1a2--apj,a ar aaz--apj,i’ " a1 ( . )
This is consistent with the couplings (2.21) that we have found from the S-matrix.

The last term above is not consistent with the T-duality along the world volume
direction. To see this, consider the case that a; carries the index y. The world volume
index a should be separated into y and @, which does not include the coordinate y. So the
second term in (3.6) can be written as

2T, 1 +1 i ai +1 .y
(p _p 1)! /dpx S (Fé§2...2zpj,iRlya] + Fy(sg...ij,iRzyyj) (3.7)
Under the linear T-duality it transforms to
T -1 — +2 P ..
- (pi 1)! /dp 1x e (FégT“glpjy»iHaw’Z - (_1)chE§-)--apj7ihyy7”) (3'8)

,10,



The first term above, in particular, indicates that there must be the following coupling:

TP +1 (p+4) ki
T 2(p 4+ 1)! /dp 2T E a1 (3.9)

However, this coupling is not produced by the S-matrix element (2.27). To fix this in-
consistency, we use the on-shell conditions to rewrite the second term in (3.6) in a T-dual
form. The index @ in this term can be only a1 so we can rewrite it as _2F¢§f¢j21~)~apj iRia“j /-

Moreover, using the on-shell conditions, one can write the curvature as R%Y where

1 a
Rij = 5 (Ria"j = Rix";) (3.10)

It does not have aq index anymore to produce inconsistency with T-duality. It has been
shown in [6] that it is invariant under linear T-duality transformations (3.2) when 4, j # v.
Hence, the couplings (3.6) can be written for D,-brane as

1 . 1 Ny
+1 (p+2) (p+2)
2Tp/dp z et (2!])! Fial...apj,aRaao” - (p+ 1)!Fao---apj7iRZ]> (3'11)

which are equivalent to the couplings (2.21) using on-shell conditions. These are the cou-
plings in the second line of (1.5).

It has been speculated in [6] that the non-constant dilaton appears in the string frame
D-brane action in the same way that the constant dilaton appears in the action, e.g., the
non-constant dilaton appears only through the overall factor of e~? in the string frame DBI
action. This proposal has been verified for DBI action by explicit calculation at order a’?
in [6]. We now check the proposal for the couplings that we have found. According to this
proposal the dilaton appears only through the string frame metric in (3.11). In other words,
the dilaton couplings in the Einstein frame should be given by transforming the string frame
couplings (3.11) to the Einstein frame, i.e., replacing h,,, — ¢, /2. This replacement gives

R = 0, R'a™ — (170" +11a¢V) /4 and RN — [0 ¢ "+ (1" —2) ] /4. Using the

on-shell condition that Fao...api’i = —Fug-.apa’® = 0, one finds the following dilaton coupling:
Tp(p—3) 1 oy (p+2) ’
N 212p+ 1)! / P O Fo i® (3.12)

which is exactly the coupling (2.25). Note that if one uses the replacement hy, — ¢n,,,/2
in the couplings (2.21) which is consistent with S-matrix but not with T-duality, one would
not find the correct dilaton coupling in the Einstein frame.

Having fixed the on-shell ambiguity of the last term in (2.21) by requiring the consis-
tency with linear T-duality, we now fix the on-shell ambiguity of the last term in (2.13)
by requiring that the T-duality along a transverse direction of the equation (3.11) should
produce the F® H couplings. Reversing the steps to find the first term in (3.11), one finds
the first term in (2.13). To find the T-dual of the last term in (3.11), we write it as

27,

- pHly aora (P+2)  55ij (P+2)  Hiy
(p+1)!/d v (Fao---apj,zR + Fogapyi® ) (3.13)
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where the transverse index j does not include y. The T-duality transformation of the
first term above gives a term which is reproduced by the second term in (3.11), and the
T-duality of the second term gives the following terms:

Q(Pp: 1)! /dpﬂxdy e achEffai,i (H'ya— Hy;5) (3.14)

Inspired by these terms, one guesses that there must be the following couplings:

T ) .
2]1;" /derlx eal...apFéf:".}li’i (Hmao,a _ szao,j) (3.15)

This fixes the on-shell ambiguity in the second term in (2.13). Hence, the couplings which
are consistent with the S-matrix element and with the linear T-duality are those that
appear in the first line of (1.5).

Now we consider the transformation of the couplings (3.11) under linear T-duality
transformations along a world volume direction. From the contraction with the world
volume form, one of the indices of the RR field strength or the index of the curvature in
(3.11) must include y, and so again there are two cases to consider: First when y appears
as an index on the RR field strength and second when y is an index in the curvature. In
the former case, one can easily check that the T-dual couplings are consistent with (3.11).
In the latter case, we write (3.11) as

1 ..
2Tp / dp+1x evai-ap (2!]9!511‘(51‘.%.?31,]‘7@7?’&3/”) (316)

It transforms under linear T-duality to the following coupling of D,,_i-brane:

1 +3 o
Tp— / dP et <2!p!ﬂ(§’l...3pjy,aH’W> (3.17)

Note that after T-duality the transverse indices 7, j should be written as i, which do not
include y, however, because H%¥ is totally antisymmetric we wrote it as H%/. Inspired by

this couplings, one may guess that the correct form of the coupling for D,-brane is in fact,

1 .
+1 (p+4) k7,
Tp/dp renm (3!(p+1)!Fi50'““Pj’“’“HZ N) (319

which is the coupling (2.28) that we have found from the S-matrix element. This is the
coupling in the last line of (1.5). There is no index in the NSNS field strength in above
coupling that contracts with the world volume form. So continuing the T-duality along
a world volume direction, one would find no new term involving FP*%. This is consistent
with the S-matrix calculation in the previous section that indicates there is no coupling
for FP+6,

3.2 Non-linear T-duality

We have seen in the previous section that the couplings (1.5) are consistent with the linear
T-duality transformations (3.2). However, they are not consistent with nonlinear T-duality

- 12 —



transformations. In this paper, we would like to study the effect of the second term in the
T-duality transformation of the RR potential in (3.1). So we consider the following T-

duality transformations:

T N T n Am) _ ~(n—1)

huy = Buy,  Buy = hyys My = by By = B, C;ﬁ-uaﬁ = ”C[:---uaBB]y (3.19)
The reason for choosing only the nonlinear term above is that the consistency of the RR
potential C' with this term makes it to be e?C. To see this, consider the linear coupling of
the CS action (1.2), i.e.,

T
T, / cleth) = v +”1)! / g o o) (3.20)

The transformation of the above coupling of D,-brane under T-duality along a transverse

direction gives the following coupling for D,,41-brane:

T
1])9-:-1/dp—i—lxdyan...apyCég?_ap_lBapy (321)

This dictates that there must be the following coupling:

2!(pTi 1)! / @ e CR), L Bayiay = Ty / C¥OnB (3:22)
which is a standard term in the CS action (1.2).

We now study the consistency of the couplings in the first line of (1.5) under the
T-duality transformation (3.19). To study the effect of last term in (3.19), we have to
consider the couplings in which the RR field carries no index y. We begin by implementing
T-duality along a transverse direction of the D,-brane. The B-fields in the first line of
(1.5) are invariant under (3.19), so these couplings transform under the T-duality to the
following couplings for D, 1-brane:

Tpt1 1 ~ P ) .
2!(pp— 1)! / @ ady ety (ng)---ap,aHaom“” - pFéf?..ap,i(Haoa““ - Haoj’vﬂ)>(3.23)

Let us first consider the second term above. The transformation of the RR field strength
Féf.)..ap under the T-duality (3.19) is

B =(p—1
Py = PO

B 1)
= pF¥"Y Bay,+ 7 (v ) )ng’...ilflﬂapyal (3.24)

where here and in the subsequent identities we have used the fact that the world volume
indices ag,a1,---a, are contracted with the totally antisymmetric world volume tensor.
Inserting this in the second term in (3.23), one finds that there must be the following
couplings:

Tp+1/ 1 ( 1 (p—1) 1 (r—2)
— K/ zdy €09 W1 Fap___a By + Cap---a CHy ..
2! 21(p—1)1" H TRl g (p ) T e et |

X (Haga"" = Haojm) (3.25)

)
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The terms in the bracket in the first line is

1 1

BAF®PDy,

(p+ 1)!( Jor-apia (p+1)

Hence, the couplings (3.25) are given by the second term in (1.5) in which the RR field
strength is (1.6).

The transformation of the RR field strength Fi(ai)__

 (H A CP=2), iy (3.26)

in the first term of (3.23) is

ap
() _ A1) ~(p—1)
Eag---ap - Cag---ap,z’ (p - 1)Cia3---ap,a2
1 _ 1
= (p—VFE ) Bay+ (—1)P2FE0) By, (3.27)
=D -2) -2 o
+(_1)p ? 2 Ci(al/)g"'ipngap—lapy + (p - 1)Ctgg~~~a)p,1Hapyi

Inserting this in equation (3.23), one finds that there must be the following new terms:

Ty (1 o 1
g! /dp-l—l;cdy U0 pApi1 [ A <2!(p_2)! ﬂ(fQ...g,,,lBapaw + (p—1)! Fé?..alHBmQ
1 (p—2) 1 (p—2)
- Caoay i, + Cabap + H ; (3.28)
3!(]9 _ 3)[ ag-ap—2t~ " dp—10pAp+1 2!(]9 _ 2)' az-ap—1+tapapi1i u

Consider the following identities:

1 1 1 (p—1) 1 (r—2)

! (B AF@ )w2 api1 = (p B 1)!Bia2Fa§...ap+1 — 2!(1) - 2)!BGSG2Fi54---ap+1 (3.29)
1 —92 1 ( *2) 1 ( 72)

! (H A C(p )mQ apy1 = 2!(]) _ 1)!Hia2agcai---ap+1 - 3!(]) . 3)!Ha2a3a4ci55map+1

The sum of the above terms gives exactly the terms in the bracket in (3.28). Hence the
new terms (3.28) are given by the coupling in the first term of (1.5) in which the RR field
strength is given by (1.6).

Now consider T-duality of the couplings in the first line of (1.5) along a world volume
direction. From the contraction with the world volume form, one of the indices ag, a; of
the NSNS field strength must include y. Note that the RR field has no y index in the
nonlinear T-duality transformation (3.19). The T-duality on the B-field is the same as in
the previous section, so the couplings transform under the T-duality (3.19) to the following
couplings for D,_q-brane:

Q(pr_i)] /dpx et <Fi(fz)---ap,aRaa1 W ;Fé?)--ap,iﬁ’iy> (3'30)
The transformation of the RR field strengths are given by (3.27) and (3.24). However,
the y coordinate is now a transverse coordinate, so unlike the previous case the new terms
inspired by the above couplings can not be written as B A F'+ H A C. This indicates that
there must be some other contributions as well. The other contributions are coming from
the T-duality transformation of the couplings in the second line of (1.5) along a transverse
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direction. The transformation of these terms under (3.19) gives the following couplings for

D, +1-brane:

Tpt1 1 ~(p+2 i 1 ~p42) 4
2 ; | / dPady €Y (2!@3;__3? Rl = 1Fé§___apj,i72” (3.31)
The new couplings inspired by the couplings (3.30) and (3.31) should be given by the
couplings in the second line of (1.5) in which the RR field strength is (1.6).

Similarly, the T-duality of the couplings in the second line of (1.5) along a world volume

direction is given by the following coupling for D,_q-brane:

I =42 v
T, / P e (2!p!Fg’l___3pj7aHW> (3.32)

and the T-duality of the coupling in the last line of (1.5) along a transverse direction is

given by the following coupling for D, -brane:

1 - (p+4) »
ot / Fady ot <3l(p - 1)!Fi(apo~~~apjk7aH o (3.33)

The new couplings inspired by the couplings (3.32) and (3.33) should be given by the
couplings in the last line of (1.5) in which the RR field strength is (1.6). Let us check this
case explicitly.

Shifting p — p+ 1 in (3.32), one can write this equation as

1 - o
1. ap-- (p+3) ,
1, [t (2!<p+ 1 Pty ) (3:34)

The transformation of the RR field strength F (P35 inder (3.19) is

iag---apj

F(p+3) _ 2@(p+2) o (p+1)@(p+2)

1ag-+-apj ao+apj,t ia1--apj,a0
_ op(pt+2) (p+2)
- 2512‘50---(1ij?4 - (p + 1)&50...ap71jBapy (335)

p(p+1) o+

) ao---ap_gij apyYap—1

_2(]9 + 1)C(p+1) 'Hapyi + Ca(tg-—i-_-bLiji +

ag-Gp—1J

Inserting this in equation (3.34), one finds that there should be the following new terms:

L+ 1 (p+1) 1 (p+1) ik
— O Hy kit Con ) Hjgi + crr o Hy ok H"®
21pl a0 ap-1] apkt 3!(])—1-1)! ao--ap=Ljke 2!2!(])—1)! ag---ap—21j~ " dp—1ap "

1 (r+2) L w+2)
2!(p + 1)!Fifo~~a,,3jk - 2!p!Fi£)...a,,,1jBapk (3.36)

)

Checking the indices, one realizes that the above terms are not given by the last term of
(1.5) in which F' is replaced by (1.6). Now shifting p — p — 1 in equation (3.33), one can

write it as

1 ~ (D3 o
Tp/dpxdy o1y <3!(p)!Fi(apo---¢lp1jk7aHZk]7a> (3.37)
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The transformation of the RR field strength F Ljx under (3.19) is

a0 ap—
Fet+3) .= 30P+2) C(P+2)

iao--ap—1j ao--ap—1jki  PYiar-ap_1jk,a0

= 3F0 ) By +PEG) i Bay iy

a0 ap—17 iag---ap—2jk

-1
_|_3pc(p+1) Hap_lyi+3c(p+1) Hkyi+P(P )C(p+1) Hap oy 1y

ao---ap_gjk a()"'apflj 2 ial---ap_gaojk

Inserting this in equation (3.37), one finds that the first , third and fourth terms above are
reproduced by the new couplings (3.36) when one chooses a, =y in (3.36). The other two
terms led us to guess that there should be the following new terms:

1
1 (p+2)
Tp/dp+ 2 0 ([2!3!@ kB (3.38)

_ Cp___ ~kHa e a Hkia
313l(p — 2)! w0 apmaigh T p 2 |

One can easily check that the new couplings (3.36) and (3.38) are reproduced by the last
term in (1.5) in which the RR field strength is given by B A F®+2) 4 H A ¢+,

Now consider the new couplings in (1.5) which have one RR and two NSNS states.
If one implements the T-duality on these terms and use the nonlinear T-duality transfor-
mations (3.19), one should find new terms which are given by (1.5) in which the RR field
strength is given by the terms in the second line of (1.6). Let us check this for the second
term in (1.5) which is simple to analyze. Implementing the T-duality along a transverse
direction, one finds the following couplings for D,,11-brane:

T ) .
_ p2+1 /dp+1.%'dy€a0mapy(Haan’a_HaonJ) (3'39)

o (o 1
Baya, FE72 4

—4
7 3l(p - 4)!H“l“?“SC‘(LZ"'“)‘HB“pO i

)

X<2!p1—2!
(p—2)

where the T-duality of the RR field strength is given in (3.24). Inspired by the above
equation, one guesses that there must be the following couplings:

T +1 . .. 1 _3
_ p2 /dp+1xdy €490 apy(Haoal,a _ HaonJ) (2'2'2'(p B 3)!Ba1a2FOE§---az,_1Bapap+1
1 (p—4) 1 (p—1)
+2!2!3!(p - 4)!B“”QC“‘*“'“P*H“P%““S * 21213!(p — 4)!HamwsCm--.apleapapH i

)

Shifting p+1 — p, one finds that the above couplings are exactly given by the second term
in (1.5) in which the RR field strength is given by the second line of (1.6). This ends our
illustration of the consistency between the couplings (1.5) and the T-duality.

We have seen that the consistency with a particular term of the nonlinear T-duality
guides us to write the RR field strength in (1.5) as F = dC. The resulting couplings
however are consistent with all nonlinear terms of the RR potential. In fact the nonlinear
T-duality transformation (3.1) for the RR potential can be written as [22]

I e R ) (3.40)

a ;L---Vaﬁ u---uaﬁy
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The calculations in section 3.1 then show that the couplings (1.5) with the RR field strength
F = dC are consistent with the full nonlinear T-duality transformation for the RR field. It
would be interesting to confirm the couplings of one RR and two NSNS fields in (1.5) by
the disk level scattering amplitude.
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