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ABSTRACT

In order for numerical simulation to achieve its full potential as a predictive tool, scientist must have

confidence that the simulation results are an accurate representation of reality. Therefore, it is essential to have

available tools that can be used to verify simulation results. In this paper we will utilize invariance and

conserved quantities of dynamical system as a diagnostic tool to verify the approximate solution produced by

two commercial dynamical simulation package. Noether's theorem and conservation of energy are used as a

potential tool to verify the approximate solution of dynamical systems. The novelty of this paper is the use

of conservation of energy as a diagnostic tool, which we call energy check to verify the accuracy of the

numerical solution. A double pendulum is simulated using two well known commercial software and the

accuracy of the simulation is investigated by the proposed tool. It is shown the proposed diagnostic tool,

energy check, can accurately predict the accuracy of the simulation package. To our knowledge this is the first

instance where conservation of energy is used as a means to verify simulation results.

Key words: numerical simulation, accuracy, Noether's theorem, diagnostic tool, conservation of energy,

verification

Introduction

A key tool for hardware and controller design, trajectory generation and dynamics analysis for robotics

research is a dynamical simulation tool capable of calculating all physical data with sufficient accuracy. In

comparison with experimental investigations, simulations are easier to set up, faster, less expensive, more

convenient to use, and allow the user to perform experiments without the risk of damaging the physical setup.

Building up new models is usually fast and variety of control programs can be tested extensively, offering

convenient debugging facilities. Today, there are many commercial packages that are used for performing

dynamical simulations, such as, MSC.Adams [1], Dymola [2], Webots [3], SimMechanics [4] and Catia [5].

No doubt, these simulation packages are one of the key contributing factors in modern times productivity

increase.  In general, most of the simulation packages only need knowledge of the model geometry. The

governing equations of motion do not need to be supplied by the end user and the problem is solved using

numerical techniques.

Beside the various advantages of dynamical simulation tools, researchers must be aware of potentially

incorrect results. Not only are dynamical simulation tools plagued with all the well-known problems affecting

software development in general, they must cope with the special challenges of numerical computation.

Approximations occur at all levels. Continuous functions are replaced by discretized versions. Infinite processes

are replaced by finite ones. Real numbers are replaced by finite precision numbers. As a result, errors are built

into the mathematical fabric of dynamical simulation tools which cannot be avoided (Einarsso et al., 2005).

Therefore, researchers face a critical issue: How should confidence in modeling and simulation be critically

assessed? Verification and validation (V&V) of dynamical simulation tools are the primary methods for
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building and quantifying this confidence. Briefly, verification is the assessment of the accuracy of the solution

to a dynamical model by comparison with known solutions. Validation is the assessment of the accuracy of

a dynamical simulation by comparison with experimental data. In verification, the relationship of the simulation

to the real world is not an issue. In validation, the relationship between computation and the real world, i.e.,

experimental data, is the issue. Stated differently, verification is primarily a mathematics issue; validation is

primarily a physics issue (Roy and Blottner, 2001). In this paper we mainly consider the verification of

dynamical simulation tools.

While we expect that developing accurate and reliable dynamical simulation tools will remain a challenging

enterprise for some time to come, we believe that techniques and tools are now beginning to emerge to

improve the process. To show the process we present some recent techniques and tools for verification and

validation of simulation tools. Oberkampf and Trucano (2002) presents an extensive review of the literature

in verification and validation (V&V) in computational fluid dynamics CFD, discusses methods and procedures

for assessing V&V, and develops a number of extensions to existing ideas. Roy (2005) provides a broad

overview of verification procedures for computational simulation and gives details on some of the more

practical aspects of verification.  Enright, (2006) investigated the effectiveness of a suite of tools Enright,

(2002) to verify approximate solutions of ordinary differential equations. He used the notion of ‘effectivity

index’ to quantify the credibility of the verification tools. Oberkampf and Trucano, (2008) presents

recommendations for the effective design and use of code verification benchmarks based on manufactured

solutions, classical analytical solutions, and highly accurate numerical solutions. A comprehensive book in this

area is edited by Einarsson, (2005). The authors of this book investigate the nature of some special challenges

of numerical computation and provide some insight into how to overcome them. This book is divided into

three parts: pitfalls in numerical computation, diagnostic tools and technology for improving accuracy and

reliability.

The purpose of our paper is to introduce a simple but efficient diagnostic tool that can be used to assess

the accuracy and reliability of special class of dynamical system, namely conservative systems. It makes use

of the idea of invariant quantities in dynamical systems. Invariant quantity is identified in a given dynamic

system with the aid of Noether's theorem. This quantity is not varied over the time and it could be used as

a valuable measure for checking the accuracy and reliability of the simulation. The proposed diagnostic tool

does not necessarily improve results, but it can be used to increase one's confidence in its validity. 

The remaining of the paper is organized as follows. Section 2 provides the necessary background

information on the invariance and conserved quantities of dynamical system and especially the Noether's

theorem. Section 3 provides examples which demonstrate the applicability of the method. Finally, concluding

remarks relating the overall study is drawn in the last section.

Invariance and Conserved Quantities of Dynamical System

Our everyday experience tells us that in nature, there exist systems which, in spite of changing ambient

conditions, change little or not at all, i.e. they remain constant. Noether, (1918) states this observation in a

mathematical theorem. Noether's theorem is an amazing result which lets physicists get conserved quantities

from symmetries of the laws of nature. The conserved quantities are a good measure for checking the accuracy

of a physical simulation. In this paper we focused on the conservation of energy as a consequence of Noether's

theorem.

Noether's Theorem in a Nutshell

Emmy Noether's theorem Noether, (1918) is a profound reinterpretation of the Euler-Lagrange equation.

Noether's theorem can be stated informally: If a system has a continuous symmetry property, then there are

corresponding quantities whose values are conserved in time (Thompson, 1994).

The essence of Noether's theorem is the following: Imagine that the time integral I of a function known

as the Lagrangian L is invariant under small perturbations of the time variable t and the generalized coordinates

q.

  (1)

where the perturbations ät and äq are both small but variable. For generality, assume that there might be

several such symmetry transformations of the action, say, N; we may use an index r=1, 2, 3,...,N to keep track

of them. Then a generic perturbation can be written as a linear sum of the individual types of perturbations
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   (2)

using these definitions, Emmy Noether showed that the N quantities

  (3)

are conserved, i.e., are constants of motion; 

Energy Check as a Diagnostic Tool

In this section we introduce energy check as a diagnostic tool based on conservation of energy. The

conservation of energy is a common feature in many physical theories. From a mathematical point of view it

is understood as a consequence of Noether's theorem, if the theory's symmetry is time invariance then the

conserved quantity is called energy. The energy conservation law is a consequence of the shift symmetry of

time; energy conservation is implied by the empirical fact that the laws of physics do not change with time

itself. In other words, if the theory is invariant under the continuous symmetry of time translation then its

energy is conserved. Conservation of energy for finite systems is valid in all modern physical theories.

Under the belief  that  mechanical  laws are invariant over time t, we  assert  that              , so that

changes in L over time depend purely on changes to its parameters:

   (4)

Rearranging and expressing as a single time derivative, we have

   (5)

The expression in the bracket is the conserved property of the system. For a mechanical system it can be

shown (Mainzer, 1988) that the property being conserved is the total energy. We can therefore use this theorem

as a diagnostic tool to verify the accuracy of a numerical solution produced by simulation packages.

In the next section, we will use a double pendulum and obtain its total mechanical energy. Next, we select

two commercial dynamical analysis software, SimMechanics and MSC.Adams, to simulate its dynamic

behavior. We will then use the proposed approach, energy check, to verify the accuracy of the simulation

results.

Illustrative Examples

A two link robot is considered. The motors are assumed inactive thus allowing us to model the system

as double pendulum and a conservative system. Equation for mechanical energy is presented. Small and large

angle variations are studied. A well known parameter affecting the accuracy of the results is the value of

integration step size. Therefore, for the small and large variation cases, two different integration step size are

also studied.

Double Pendulum

1 2 1 2A double pendulum is shown in Fig. 1. l  and l  are the link length and m  and m  are the masses of the

links 1 and 2, respectively. The parameters of the robotic manipulator are chosen as.

1 2 1 2 1 2m  = 2 kg; m  = 3 kg; l  = 0.4 m; l  = 0.6 m; I  = 0.0267 kg.m ; and I  = 0.09 kg.m .2 2
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Double pendulum (Lian and Lin, 2005)

1 2Lagrangian for this system is defined in Eq. 6. è  and è  are the absolute angles measured from the

horizontal line. Datum line is the x axis.

Fig. 1: Double pendulum (Lian and Lin, 2005)

   (6)

The Lagrangian is not explicit functions of time and it is invariant (symmetric) under changes t 6 t + ät.

Therefore, with respect to Noether's theorem the mechanical energy is conserved (Eq. 7).

  (7)

Equation 7 provides a valuable measure for checking accuracy of the simulation software. The double

pendulum example is studied in three ways. The first two case studies are performed in SimMechanics, for

both small and large variation in angles. The third case study is performed in MSC.Adams for large variation

in angles.

Small Variation in Simmechanics:

1 2The initial condition is set to è  = -80 deg and è  =-80 deg. Note, in this configuration robot is near its

equilibrium point. The robot is released from rest without any external torques. The first simulation is

performed in SimMechanics using ODE45 solver and “auto max step size”. Max step size specifies the largest

time step that the solver can take. The default value (auto) is determined from the start and stop times (Eq.

8) [18].

  (8)
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Angles and angular velocities represent the states of the system. Therefore, the variations of these

parameters are studied and shown in Fig. 2. 

Fig. 2: Angles and angular velocities using Matlab auto Max step size

The total energy of the system is computed using Eq. 6 and shown in Fig. 3.

As shown in Fig. 3 total energy remains conserved during the simulation. Therefore, simulation is correct

and reliable. There is no need to increase the accuracy of the numerical solver.

Fig. 3: Energy variation using Matlab auto Max step size

Fig. 4: Angles and angular velocities using Matlab auto Max step size

Large variation in SimMechanics

1 2In this case the double pendulum is released from the horizontal position (è  = è  = 0). The same ODE45

solver with auto step size used in previous case is selected. As shown in Fig. 4, the variations of the angles

and angular velocities are large and the system is highly nonlinear. 
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The total energy of the system is computed and shown in Fig. 5. As shown, the energy does not remain

constant.

It is clear that the total energy is significantly changed during the simulation. Therefore, we can conclude

that the simulation is not correct and we must increase the precision of the numerical solver. The Max step

size is changed to 0.01. Energy variation with this new step size is plotted in Fig. 6.

As shown in Fig. 6 increasing the Max step size resulted in total energy being conserved during the

simulation. Therefore, simulation is correct and reliable. 

1When simulation reaches 8 seconds, the difference between the two Max step size is 28.61% for è  angle,

283.63% for è  angle, 95.7% and 23.3% for angular velocity of link 1 and 2 respectively. Because using the

lower Max step size results in energy being conserved, then, these differences reflect the actual simulation

errors.

Large variation in MSC.Adams

Clearly the larger variations produce more non linear effect and results are more sensitive to chosen

numerical Step Size. Therefore, for the case of MSC.Adams software, only the large variation is selected. The

default value for the Step Size used by the software, which is equal to 0.1, is selected. The Step Size indicates

the integration step size. As the previous case, the double pendulum is released from the horizontal position

1 2(è  = è  = 0). The resultant angles and angular velocities obtained from MSC.Adams are shown in Fig. 7. 

Energy variation during simulation time is indicated in Fig. 8. As shown, the energy varies significantly

during the simulation. Therefore, this simulation is not correct. Next, the Step Size is decreased, 0.001 and the

energy variation is also plotted in Fig. 8.

Fig. 5: Energy variation using Matlab auto Max step size

Fig. 6: Energy variation with Max step size = 0.01
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Energy Variation

As Shown in Fig. 8 there is no significant change in the total energy. Therefore, we can conclude that

the simulation with 0.001 of Step Size, is correct and the results are reliable.

To better show and summarize the effect of the proposed diagnostic tool, energy check, angle variations

using both simulation tools and simulation step size are compared.

 

Fig. 7: Angles and angular velocity using MSC.Adams with Step Size 0.1

Fig. 8: Energy variation

Comparison of SimMechanics and MSC.Adams 

As shown in Fig 9, SimMechanics using max-step-size of 0.01 and MSC. Adams using Step Size of 0.001

1 2have produced similar results for è  and è  angles. The correctness of these results is verified by changes in

energy shown in Fig 8 and Fig6. Clearly, the user of the dynamic simulation software needs to be aware of

the potential simulation error when default simulation settings are used.

Fig. 9: Comparison of SimMechanics and MSC.Adams 
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As expected, for all simulations performed, integration step size significantly affects the accuracy of the

simulation. It should be noted that, the purpose of this paper is not to show that increasing integration step

size will increase the accuracy of the simulation or to identify all sources that contribute to computational

errors. Clearly there exists other parameters affecting the accuracy of the results produced by the commercial

simulation software.

Conclusions

While numerical simulation will never replace physical experiments, it will continue to play an increased

role in the design, analysis, and optimization of engineering systems. Because of the high stakes involved, it

is essential that the software be accurate and reliable. The purpose of our paper is to introduce a simple but

efficient diagnostic tool, energy check, that can be used to assess the accuracy and reliability of special class

of dynamical systems, namely conservative systems. It makes use of the idea of invariant quantities in

dynamical systems. Invariant quantity is identified in a given dynamic system with the aid of Noether's

theorem. This quantity is not varied over time and it could be used as a valuable measure for checking the

accuracy and reliability of the simulation. A double pendulum was selected for the simulations. Two

commercial software were used for system dynamic simulation. Different integration step sizes were selected.

For one of the cases, a simulation error as high as 95.4% was identified. For each simulation, it was shown

that the proposed diagnostic tool could effectively be used to accurately verify the simulation. The proposed

diagnostic tool does not necessarily improve results, but it can be used to increase one's confidence in its

validity.
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