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This paper develops several aspects of shift-invariant spaces on locally compact abelian
groups. For a second countable locally compact abelian group G we prove a useful
Hilbert space isomorphism, introduce range functions and give a characterization of shift-
invariant subspaces of L2(G) in terms of range functions. Utilizing these functions, we
generalize characterizations of frames and Riesz bases generated by shifts of a countable
set of generators from L2(R") to L?(G).
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1. Introduction and Preliminaries

Shift-invariant (SI) subspaces of L?(R™) are the spaces which are invariant under
integer translations. The theory of shift-invariant spaces plays an important role in
many areas, most notably in the theory of wavelets, spline systems, Gabor systems,
radial function approximation and sampling theory. The general structure of these
spaces in L2(R™) was revealed in the work of de Boor, DeVore and Ron with the use
of fiberization techniques based on range functions.? The study of analogous spaces
for L?(T, H) with values in a separable Hilbert space H, in terms of range functions,
is quite classical and goes back to Helson.® Recently Bownik gave a characterization
of shift-invariant subspaces of L?(R"™) following an idea from Helson’s book.? So far
the theory of SI spaces has been investigated on R™ but to work with other concrete
examples of locally compact abelian (LCA) groups, it is essential for the theory to
be extended to the general setting. Some general properties of SI spaces on LCA
groups, have been studied by the authors.'® The present paper is devoted to the
study of structural properties of SI spaces on second countable LCA groups using
a range function approach.
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Let G be an LCA group equipped with a Haar measure mq. We shall use the
notations and constructions of Ref. 6 associated to LCA groups. The dual group of
G is denoted by G The Fourier transform f of any function f € L!(G) is defined by

=J.f 2)dme(z), where € is an element in G. The Plancherel Theorem
asserts that the Fourier transform ™ : LY(G) N L2(G) — Co(G), f — f extends
uniquely to a Hilbert space isomorphism from L2(G) onto L2(G), the so-called
Plancherel isomorphism again denoted by ~.6

Let K be a closed subgroup of G and G/K be the quotient group whose Haar
measure v is unique up to a constant factor. If this factor is suitably chosen we
have

/G f(x)dz = /G p /K f(ay)dmy (y)dv(zK), | € LY(G). (11)

This identity is known as Weil’s formula.b

A subgroup L of G is called a uniform lattice if it is discrete and co-compact
(i.e. G/L is compact). For a uniform lattice L in G, a fundamental domain is a
measurable set Sz, in G such that every x € G can be uniquely written in the form
r = ks, where k € L and s € Sp. The existence of a fundamental domain for a
uniform lattice in a LCA group is guaranteed by Ref. 11.

Let L be a subgroup of G. Then the subgroup L+ = {¢ € G; &(L) = {1}} is
called the annihilator of L in G. For a uniform lattice L in G the subgroup Lt is
a uniform lattice in G.

Now we define a SI space on a LCA group.

Let G be a LCA group and L be a uniform lattice in G. A closed subspace
V C L?(G) is called SI (with respect to L) if f € V implies Ty, f € V, for any k € L,
where T}, is the translation operator defined by Ty f(z) = f(k~'z) for all z € G.
For any subset ¢ C L?(G), let S(¢) = span{Typ; ¢ € ¢, k € L} be the SI space
generated by ¢.

The rest of this paper is organized as follows. In Sec. 2, we prove a Hilbert
space isomorphism, which is famous on R"”, in the setting of LCA groups, under
the aspects of direct integral and group theory. In fact we have found a formulation
that does not require the concepts that are peculiar to R™. In Sec. 3, we give
a definition of a range function in a LCA group. The main result of Sec. 3 is
Theorem 3.1, which sets out a characterization of SI subspaces of L?(G) in terms
of range functions, using various tools in abstract harmonic analysis. In Sec. 4, we
generalize a characterization of frames generated by shifts of a countable set of
generators in terms of their behavior on subspaces of [?(L+1). In Sec. 5, we give
some examples which reveal the strength of our generalization.

2. A Hilbert Space Isomorphism

Throughout this paper we always assume that G is a second countable LCA group,
L is a uniform lattice in G, and S;1 is a fundamental domain for L+ in G with
a measure d¢ on it. We show that L?(G) is isometrically isomorphic to the space
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L?(Sp1,12(L1Y)) of square integrable functions from Sy . to I2(L+). Notice that
this space is just the direct integral ff Hed¢, where A = Sp. and He = I?(L71),
for all ¢ € S;..5 L?(Sp.,1?(LY)) is a Hilbert space with inner product (f,g) =
s, AF(©),9()iz(z+)d(€)?

Proposition 2.1. The mapping T : L*(G) — L2(Sp,I2(LY)), defined by Tf(€) =
(f(&n))ner+ is an isometric isomorphism, between L*(G) and L*(Sp.,*(LY)).

Proof. For every f € L?(G), using Weil’s formula and the Plancherel Theorem we
have

|TF? = / ITFE) 3 0 e

Ll

- [ X ifenpa

SpL neLt

- / F(o)[de
G

= |I£13-

So T is an isometry. Let g € L*(Sy, I2(L4)). Let f be given by f(n) = g(&)(a),
for every 7 € G of the form 1 = &a, for € € Sp.,a € Lt. Then obviously Tf = ¢
So 7 is onto, and the proof is complete. O

—~

2.1)

Applying Proposition 2.1 to G = R™ and L = Z", the following corollary, which
is stated in Ref. 3, is immediate.

Corollary 2.1. The mapping T : L*(R") — L*(T",1*(Z")) defined for f € L*(R")
by Tf : T — 12(Z"), Tf(x) = (f(z+k))kezn, is an isometric isomorphism between
L*(R™) and L*(T™,1*(Z"™)).

Consider L2(L,I12(L')) as the direct integral fja 2(LY)d), for A = L with
its Haar measure \. It is interesting to note that this space is also isometrically
isomorphic to L?(G). To prove it we use a direct integral argument.

Proposition 2.2. L2(L,I1?(L1)) is isometrically isomorphic to L*(G).

Proof. By Ref. 5, we have
(7] 52}
(/ (Cd/\) ®I2(L1) :/ (C®I%(L1))dN,
L

i
where ® is the Hilbert space tensor product (see Ref. 12). The right-hand side is
isometrically isomorphic to [ ﬁ@ 12(L*)d\. Therefore,

LA(L) @ 1*(L*) = L*(L, (L)),
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Let S; denote a fundamental domain for L in G. We have ZQ(LJ-) ~
L2(Sr), L*(L) ~ L*(Sp.).** Thus,

L*(S; 1) ® L*(Sp) ~ L*(L,1*(LY)).
But L*(Sp.) ® L*(Sy) ~ L*(Sp. x Sp),° (note that Sy, and Sp. are of finite

measure'!), and L?(G) ~ L*(Sp: x Sp).M' So L*(G) ~ L*(L,I>(LY)). (By ~ we
mean “is isometrically isomorphic to”.) O

As an immediate consequence of Propositions 2.1 and 2.2 we have:

Corollary 2.2. Suppose G is a second countable LCA group, L is a uniform lattice
in G and Sp. is a fundamental domain for L' in G. Then the three Hilbert spaces
L?(G), L*(L,1?(L*Y)) and L?(Spo,1?(L1Y)) are isometrically isomorphic.

3. A Characterization of Shift-Invariant Spaces

Let G be a LCA group and L be a uniform lattice in G. A range function is a
mapping
J = Sp1 — {closed subspaces of I>(L*)}.

J is called measurable if the associated orthogonal projections P(€) : I2(L*+) — J (&)
are measurable i.e. £ — (P(£)a, b) is measurable for each a,b € [?(L1) (see Ref. 5).
The main result of this section is the following characterization theorem in

L%(G).

Theorem 3.1. Suppose G is a second countable LCA group, L is a uniform lattice
in G, and Sy 1 is a fundamental domain for L+ in G. A closed subspace V C L2 (G)
is SI (with respect to the uniform lattice L) if and only if V = {f € L*(G), Tf(§) €
J(&) for ae. & € Sy}, where J is a measurable range function and T is the
mapping as in Proposition 2.1. The correspondence between V' and J is one to one
under the convention that the range functions are identified if they are equal a.e.
Moreover, if V.= S(¢) for some countable set ¢ C L*(G) then

J(§) = span{T¢(&); ¢ € ¢} (3.1)

We will prove this theorem in the sequel. For this, we need some preparations.
We start with a definition.

Definition 3.1. For a given range function .J, we define the space
My ={p e L*(Sp.,I*(LY)), (&) € J(€) for ae. £ € Spo (3.2)

The following proposition entails that M ; defined by (3.2) is a Hilbert subspace
of L2(Sp.,1?(LY)).

Proposition 3.1. Let J be a range function. Then My is a closed subspace of
L2(Spo,I2(LY)).
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Proof. Let ¢ € Mj;. Take any (p,) C My converging to ¢ in L2(S;.,12(LY)).
By Ref. 5, there exists a subsequence (¢,,) of (¢,) which converges to ¢ almost

everywhere; that is ¢, () — ¢(§) as n; — oo, for a.e. £ € Spi. Since the space
J(&) is closed, ¢ € M ;. Hence M is closed. |

The following lemma is needed in the proof of Theorem 3.1.

Lemma 3.1. Let J be a measurable range function with associated orthogonal pro-
jections P. Let Q denote the orthogonal projection of L?>(Sy.,1?>(LY)) onto Mj.
Then for any ¢ € L?(Sy.,1?(LY)),

(Qp)(€) = P(&)(»(£))

for a.e. £€ S,

Proof. Define P': L2(S; ., 12(L%)) — L2(Sp.,12(LY)), by (P')(€) = P(€)(0(€)).
Note that P'(L2(Sp.,l2(LY))) € L2(Spo,1?(LY)). Indeed, since |[P(€)]| < 1 for
every o € L2(Sp.,1?(L1)), we have

IPelZas, oy = [ TP OOy
8,1
- /ﬂ IPE) )3 0 de

</ QG

= ”90“%2(SLL,Z2(LJ-)) < 00.

Clearly (P")2 = P" and (P')* = P’, since P(£) has these properties for a.e. £ € Sy 1.
So P’ is an orthogonal projection with range M. Obviously M C M, (since P(€) is
an orthogonal projection onto J(€)). To complete the proof we show that M; C M.
Suppose by contradiction that there is 0 # ¢ € M ; which is orthogonal to M. Then
for each p € L?(Sy1,1?(L+)) we have

0= (Pot)iacs,ancain = [ (Plol€) w(Ohsde

_ /S (PE)(P(€)), B(E))ie (1.1 dE
_ /S (P(€), PEVU(E) ) (1.0 dE

_ /S (PE), V(E)) 2 (111

= (P, V) r2(s, L 12(LL))-

So ¢ = 0 which is a contradiction. This completes the proof. |
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Proof of Theorem 3.1. Suppose V' = S(¢) is a SI space for some countable
set ¢ C L?(G), M = TV and J(&) is given by (3.1). It is enough to show that
M = Mj. Let ¢ € M. Then there exists a sequence {¢,} converging to ¢ such
that 7 o, € span{Trp;p € ¢, k € L}. Since TTrp(§) = (Tre)(EN))perr =

(@(EMEE))yerr = E(R)T @(8), thus ©n(€) € J(§) and so ¢(&) € J(&). This implies
that M C M.

To show that M; C M, we observe that M+ = {0}. Take any 1 €
L?(Sp.,1?(L*Y)) which is orthogonal to M. For any ¢ € T¢ and k € L,
we have Mypp € TV, where Mpp(¢) = E(k)p(&), so 0 = (Mpp,¥) =
Js, . ER)(@(&), ¥ ()2 (r+yd€. Hence (p(€),9(¢)) = 0 for ae. & € Spu and any
@ € Tg. Thus (&) € J(&)* for ae. & € Spi. This implies that there is no
0 # 1 € My which is orthogonal to M. Therefore M = M ;. Moreover we need
to show that J, given by (3.1) is measurable. Let P(£) be the orthogonal pro-
jection of I2(L*) onto J(¢) and ¢ € L2(Sp1,I2(L*Y)). By Ref. 5, it is enough to
show that & — P(&)¥(§) is measurable. Let @) denote the orthogonal projection of
L2(Sp.,1?(L1)) onto M. Since the field £ — Q(€) is measurable, by Lemma 3.1,
so is & — P(&)y(§). Thus J is measurable.

Conversely, if J is a measurable range function and V is given by (3.1) then
since V = 7 ~' M, obviously it is a closed shift-invariant space.

Suppose M, = M, for some measurable range functions J; and Js with asso-
ciated projections P, and P, respectively. Then Ji(§) = Jo(§) for ae. £ € Spr.
Indeed, if we apply Lemma 3.1 to the constant function ¢(§) = e,, where (e;),cr+
is the standard basis of [2(L1), then we have Py (&)e, = Py(€)e, for all n € L+
and a.e. £ € Sp 1. Therefore Pi(§) = Py(§) for a.e. £ € Sp,.. So the correspondence
between V' and J is one to one. O

Our goal in the next section is to generalize a characterization of frames gener-
ated by shifts of a countable set of generators in L?(G).

4. A Characterization of Frames Generated by Shifts of Functions

Suppose H is a Hilbert space. X C H is called a frame (for Span(X)), if there exist
two numbers A and B with 0 < A < B < oo such that

Al[R]? < > [(h,m)* < BIA|]*> for h € span(X). (4.1)
neX

The numbers A and B are called the frame bounds. X is called a fundamental
frame if span(X) is dense in H.

Suppose G is a second countable LCA group, L is a uniform lattice in G, S 1 is
a fundamental domain for L* in G and ¢ C L2(G) is a countable set. The following
theorem allows us to reduce the problem of checking whether {Typ;p € ¢,k € L}
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is a frame in a subspace of L?(G), to analyzing the elements in subspaces of [2(L1),
parametrized by the base space Sy 1.

Theorem 4.1. Suppose G is a second countable LCA group, L is a uniform lattice
in G, Sp1 is a fundamental domain for Lt in G, ¢ C L?(G) is a countable set
and T is the mapping defined in Proposition 2.1. Then {Typ; ¢ € ¢, k € L} is a
frame for S(¢p) with bounds A and B if and only if {Tv(€); ¢ € ¢} is a frame for
J(&) with bounds A and B, for a.e. £ € Spi. Moreover {Typ;0 € ¢,k € L} is a
fundamental frame if and only if {Tw(€);p € ¢} is a fundamental frame, for a.e.
Ee S,

Before presenting the proof, we need to establish the following lemma.

Lemma 4.1. Retain the assumptions of Theorem 4.1. Then for any f € L*(G),
we have

SO (T )2 §j/ (To(€), TH(€))Pde. (4.2)

pEPkEL pEP
Proof. For f € L?(G), k € L and ¢ € ¢ we have
(Trp, ) = (TTip, Tf)

L<nm&m&mw5

~

(Tep(Eners, (FEN ) ners i ns)de

L

E(R)((PEM ) er, (FEM) yert iz prydE

L

ER)(T 0(€), TS (¢))d¢

I
§‘~\ e o

Utilizing the Plancherel Theorem, the Pontrjagin Duality Theorem,® and the fact
that L2(Sp.) = L?(L), we have

S KT, HP =D

pEDkEL pEDkEL

=3 [ R@F@E | FoR@E

pePp kel

=D D Fok)Ey(k)

pep kel

=Y (Fe. Fo)ew

pEP

/5 (Tole ﬁ@%
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=2 (Fo Fo) oy

PEP

= Z/ (T o), THE 2 (0 P

pEP

where F,(&) = (T9(£),Tf(£)). -

Proof of Theorem 4.1. Let J be the range function associated with S(¢), given
by (3.1). Suppose that {Tp();p € ¢} is a frame for J(§) with bounds A and B,
for a.e. £ € S i.e.

Allall®> <> T HT@(€), a)izpay* < Bllal|*  for a € J(9). (4.3)
pEP

If f € S(¢), then a =Tf(§) € J(&) for a.e. £ € Spo. Now by (2.1), (4.2) and (4.3),
{Twp; 0 € ¢,k € L} is a frame with bounds A and B. Indeed, since

AITFEN? < Y KT o), T(E))ewn | < BITFOI?,

pEP

we have

Af ORI Y [ 1TAO T O e

pEP

<5 [ IO

L

Therefore, A||f||§ < queU ZkeL |<Tk80»f>l2(Ll)|2 < BHfH%
For the converse suppose that {Typ; ¢ € ¢,k € L} is a frame with bounds A

and B. Let {d;}22, be a dense subset of [?(L*). It is enough to show that

AIPE)di])> < Y (T @(&), P(E)di) ez ()]

PEP

< B||P(&)d;||* forae. £€S;., forallicN, (4.4)

where P(§) is the projection onto J(£). By the contrary assume that (4.4) fails.
Then there exist a measurable set D C Sy .1, with |D| > 0, ip € N and ¢ > 0, such
that at least one of the following holds:

> UT (&), P(&)dig)iz)|” > (B+2) | P()dsy > (€ € D) (4.5)
pEP

Y UT@(€), PE)dig)iwn® < (A=e)|[P(E)din > (€ € D). (4.6)

pEP
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First suppose that (4.5) happens. Let f € S(¢) be given by Tf(§) = xp(§)P(§)d;, -
Then by (4.2),

SO (T, s = /S ST (6), xp () P(E)di, ) 2de

keL pcp Lt peg

- /S 0 (©) - T (€, P(E)di,) Pde

PEP

> / (B + )y (©)|P©)ds, |2de
S, .
— (B+e) / Ixp(©)P(E)ds, |2t
S, .

— (B+te) / ITF(6)]2de

= (B+e)llfII3

which is a contradiction. A similar argument shows that (4.6) cannot hold. So (4.3)
is true. The statement about fundamental frames is an immediate consequence of
Theorem 3.1. O

For a Hilbert space H, X C H is called a Riesz family if there exist two constants
A and B such that

2
AN P <D | < B [l (4.7)

nex nex nex

for all finitely supported (hy),ex C C. The ideas in the proof of Theorem 4.1 can
be used to prove an analogous necessary and sufficient condition for {T;p; @ € ¢,
k € L} to be a Riesz family. That is we have

Theorem 4.2. Retain the assumptions of Theorem 4.1. Then {Trp; ¢ € ¢, k € L}
is a Riesz family with constants A and B if and only if {Tv(); ¢ € ¢} is a Riesz
family with constants A and B, for a.e. £ € Sp.1.

5. Application and Examples

We provide here some examples that illustrate the power of the results developed
in this paper. Applying Theorem 3.1 we get to an observation about the image of
continuous wavelet transform. Let G be a second countable LCA group, L be a
uniform lattice in G and S; . be a fundamental domain for L' in G. Suppose that
7 is the left regular representation of G on L?(G) (see Ref. 6). For an admissible
vector ¢ € L%(G), consider the continuous wavelet transform V, : L?(G) — L?(G)
defined by Vyp(x) = (@, m(x)¥). By Ref. 7, Vi, (L*(G)) is a closed shift-invariant
subspace of L*(G). So by Ref. 10, V,(L*(G)) = @,,cn Vi, where {hy}nen is a
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Parseval frame generator (see Ref. 10) of the space V. If we apply Theorem 3.1
to this space then Vi, (L*(G)) = {f € L*(G); Tf(&) € J(€) ae. £ € Sy}, for the
range function J given by J(&) = span{h,(£);n € N}. (For example, let G = Z and
L = 27Z. Then Lt = (2/-2\Z) =7 = 7y and T is a fundamental domain for Zs in
G=T.)

Example 5.1. For applications the most important class of LCA groups is the class
of compactly generated LCA Lie groups. By the Structure Theorem for compactly
generated LCA Lie groups, these groups are of the form RP x Z9 x T" x F, where
p,q,7 € Ng and F is a finite abelian group (see Ref. 8). Let G = R® x Zb x T¢ x Zq4
for a,b,c,d € N, where Zg is the finite abelian group {0,1,2,...,d — 1} of residues
modulo d. Fix a € N. Then G = R® x Z¢ x T® x Zy and L = Z% x aZb x Zy
is a uniform lattice in G. Thus Lt = Z% x Z¢ x Zb. Obviously Sy = T¢ x
aT? x Zg is a fundamental domain for Lt in G. Consider the orthonormal basis
B := B; ® By ® By ® By for L*(G), where By = {M,Tyx[o,1); k,7 € Z*}, in
which M, Tyx(o,1)(z) = €™ "x(o1)(x — k) for z € R, By = {x{my;m € Z'},
By = {e*™; 1 € 2}, By = Zq. Then V := @ cp epr Viy, in which Vi, =
span{M,T.p; k € L}, ¢ € B,y € L, is a shift-invariant subspace of L*(G). By
Theorem 3.1, V = {f € LA(G), (f(&n)yers € J(€) for ae. € € Spi}, where
J(€) ={T(M,¢)(€); ¢ € B, v € L*} =span{p(y "€n)yeL; ¢ € B, vy € L'}

Example 5.2. Assume that A is an n by n expanding matrix which preserves
Z". Let ¢ € L*(R") be a wavelet. Define v, x(z) = |det A|"™/2¢p(A™x — k), for
m € Z, k € Z". For each m € Z, define W,,, := span{., x; k € Z"}. Since each W,
is a shift-invariant subspace of L2(R™) for m > 0, s0is (B,,50 Wm)* = @,,<o Win-
So by Theorem 3.1, (D,,~o W) = {f € L*(R"); Tf(z) € J(z), for a.e. z € T"}
for the range function J given by J(z) = Span{g,,(x), m > 1}, where the isometric
isomorphism 7 : L2(R™) — L2(T",[2(Z")) is given by Tf(€) = (f(€+1))iezn, and

gm(z) = (&((AT)m(JU +0))iezn, ae.
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