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Abstract: Let p be a quasi-continuous function from a topological space B
to C,(K), where K is a compact Hausdorff space. In this note we discuss about
conditions which imply continuity of ¢ on a dense subset D of B to C(K) with the
norm topology.

1. Introduction

Let' B and X be topological spaces. A mapping ¢: B — X is said to be
quasi-continuous at b € B, if for every open subset W < X, containing the point
@(b), there exists some open subset ¥ of B such that be ¥ and (V) < W.

Suppose that (X, 7) is a topological space and 7’ is another topology on X,
not necessarily related to the topology of X. We say that the topological
space (X,t) has Baire (respectively a-favorable) 7’-quasi-continuity property, if
for each quasi-continuous mapping ¢ from a Baire (an a-favorable) space B
into (X, 1), there exists a dense G5 subset D of B such that ¢: D — (X,7’) is
continuous.

In 1985, Talagrand [20] provided an example of a continuous mapping
¢ from an a-favorable (hence Baire) space B to (C(K), pointwise) where K is
compact Hausdorff space such that for each point xe B, ¢ : B — (C(K), || - |))
is not continuous. The result of Talagrand raises the following question:

What are compact spaces K such that for every Baire (or a-favorable) space
B and (quasi-)continuous mapping ¢ : B — (C(K), pointwise) must be norm
continuous at each point of some dense subset Gs subset D of B?

Several partial answer to the above question have been obtained by several
authors under some geometrical restrictions (see e.g. [1, 2], [5]-[11], [14]-[17]
and [19, 20]).
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A. Bouziad in [2] has shown that every continuous mapping from a Baire
space B to C(K) with the pointwise topology is norm continuous on a dense
subset of B if there is a family # of compact subsets of X such that

(1) U is dense in K,

(2) for each Le ¢ and a continuous mapping ¢ from a Baire space B
to (C(L), pointwise), there is a dense Gs subset D of B such ¢ is norm
continuous on D and

(3) for any sequence {L,} in ¢, Uizl L; is a closed subset of K.
Namioka and Pol in [17] have obtain similar result for norm g-fragmentability
in C(K) with the pointwise topology.

Kendrov and Moors [13] have shown that if a compact space K has
a representation of the form K = Unle" such that each neN, C(K,) is
sigma-fragmented by the supremum norm then so is C(K). In [10] and [11],
Kenderov et al. have modified the winning rule of fragmenting game [12] on a
topological space (X,7) to give a characterization for a-favorable ' -quasi-
continuity property. In fact they have shown that the absence of a winning
strategy for one of the player implies a-favorable quasi-continuity property.
In the next section, we will prove that if a topological space does not have
Baire quasi-continuity property, then the other player has no winning strategy.
Moreover, we apply this characterization to show that following similar result
of Bouziad [2] is true for a-favorable quasi-continuity property:

Let & be a family of compact Hausdorff subspace of a compact space
K such that for each Le #, C,(L) has a-favorable norm-quasi-continuity
property. If | )% is dense in K and for each countable subset {Ln} of &,
ULy is a closed subset of K, then C(K) with the pointwise topology has o-
favorable norm quasi-continuity property.

2. Results

Let us recall the following topological game, which is known as ““Banach-
Mazur” or “Choquet” game (see [4] or [18]).

Let X be a topological space. The Banach-Mazur game BM (X) is played
by two players « and B, who select alternately, nonempty open subsets of X. s
starts a game by selecting a nonempty open subset V; of X. In response to
this move the player « replies by selecting some nonempty open subset W; of
Vi. At the n-th stage of the game, n > 1, the player § chooses a nonempty
open subset V, = W,_| and o answers by choosing a nonempty open subset W,
of V,. Proceeding in this fashion, the players generate a sequence (Vi W)yl
which is called a play. The player « is said to have won the play (Vs Wa) oo
if (V01 Va= (Vus1 Wn # &; otherwise the player B is said to have won this
play. A partial play is a finite sequence of sets consisting of the first few
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moves of a play. A strategy for a player is a rule by means of which the
player makes his/her choices. Here is a more formal definition of the notion
strategy. A strategy s for the player o is a sequence of mappings s = {s,},
which is inductively defined as follows:

The domain of s; is the set of all open subsets of X and s; assigns to each
nonempty open set V7 — X, a nonempty open subset W = s(V;) of V1. In
general, if a partial play (V1,...,W,_;) has already been specified, where
Wi=s:(Vi,...,Vi), 1 <i<n-—1. Then the domain of s, would be the set

{(V, W,...,Wu1, V) : V = W,_; can be the next move of B-player}

and it assigns to each choice V, = W,.; some nonempty open subset

Wn =Sn(V17 Wla"', Wn—l, Vn)

of V,.

A s-play is a play in which « selects his/her moves according to the
strategy s. The strategy s for the player o is said to be a winning strategy if
every s-play is won by a. A space X is called a-favorable if there exists a
winning strategy for o in BM(X).

It is easy to verify that every a-favorable space X is a Baire space, that is,
a space in which the intersection of countably many dense and open subsets
is dense in the space. There are examples of Baire spaces which are not o-
favorable (see for example [9]). It is known that X is a Baire space if and only
if the player  does not have a winning strategy in the game BM(X) (see [19]
Theorems 1 and 2).

We refer the reader to [3] for a survey on topological games and their
applications in analysis.

We need to the following result which may be known in the literature,
however, we mentioned it here for the sake of completion:

LemMmA 1. Let ¢ be a mapping from a Baire space B into a metric space
(X,p). Then ¢: B— (X,p) is continuous on a dense subset of B, if and only if
Jor each € > 0 and nonempty open subset W of B, there exists a nonempty open
subset U of W, such that p-diam ¢(U) < e.

Proor. Let D be a dense subset of B, such that ¢ is p-continuous at each
point of D. Then for each non empty open subset W of B, WND # . Let
xpe WND, by the p-continuity of ¢ at xo, for each ¢ > 0, there exists a
nonempty open subset U of W (containing x;), such that p-diam ¢(U) < e.

Conversely, suppose that for each ¢ > 0 and each nonempty open subset U
of B, there exists a non empty open subset U of W, such that p-diam ¢(U) < e.
For each ne N, we define
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G,=\J{V:V c B is open and p-diam ¢(V) < 1/n}.

Clearly each A4, is open subset of B. We will show that each G, is dense in
B. Let W be a nonempty open subset of B. By our assumption, there exists
a non empty open subset ¥ of W such that p-diam ¢(V) < 1/n. Therefore
g5 #V < G,NW. This shows that each G, is dense in B. Let D= ﬂnzl G
Since B is Baire, D is dense in B. Clearly, ¢ : D — (X,p) is continuous.

a

Kenderov et al. in [11] introduced the following topological game: Let
(X,7) be a topological space and 7’ be a another topology on X, which is not
necessarily related to 7, the game KM (X,7,7') is played between two players
X and Q as follows:

X starts the game by choosing some non-empty subset 4; of X. Then Q2
chooses some nonempty z-relatively open subset B; of 4;. In general, if the
selection B, # & of the player Q is already specified, the player 2 makes the
next move by selecting an arbitrary non-empty set 4., contained in B,. By
continuing this procedure, the two players generate a sequence of sets

AioB o> 2A4, 2B, > -
which is called a play and is denoted by p = (4;,B;)2,. If

1= (Al),‘..,p,, = (Al,Bl,...,An)

are the first “n” move of some play (of the game), then p, is called the
n™ partial play of the game. The player Q is said to have won a play p :=
(Ai, Bi);s 1, if the set ﬂnZIA,, is either empty or contains exactly one point
x and for every t/-open neighborhood U of x, there is some positive n with
B, = U. Otherwise the player X is said to be the winner in this play.

Under the term strategy for Z-player, we mean a mapping ¢ = {o,}, which
is defined inductively as follows:

o1 assigns to the topological space B = X a nonempty subset A; = o1 (Bo).-
Therefore, the domain of gy is the set {Bo}. If the partial play p, = (4y,..
B,_1,A4,) have already been specified. Then the domain of ¢, is the set

vy

{(By,A1,...,An, B): B can be a response of £ player to (Ai,...,A4n)}

and o, assigns to each response B, of the Q-player to (4, .. , Ay}, a nonempty
subset Anr1 = Ony1(Al, .., Buo1, An, Ba) of B,. A play p= (4, By);», is called
a o-play if A4;=0i(Bo,A1,...,Bi-1) for each i>1. ¢ is called a winning

strategy for the player X if he/she wins every o-play. Similarly, a winning
strategy for the Q player can be defined.
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In [11], the authors characterized a-favorable quasi-continuity as follows:

THEOREM 2.1. Let t, v/ be two Ty topologies on a set X. Suppose that
Jor every t'-open set U and every point x € U there exists a t'-neighborhood V
of x such that V* < U. Then the following conditions are equivalent:

(i) The game KM(X,t,7') is X-unfavorable;

(i) every quasi-continuous mapping f : Z — (X, 1) from a complete metric
space Z into (X,t) has at least one point of tv'-continuity;

(iii) every quasi-continuous mapping f :Z — (X,7) from an o-favorable
space Z into (X ,1) is ©'-continuous at the points of a subset which is of second
category in every nonempty open subset of Z.

When p is a metric on X and 7’ is the p-topology on X, then we have the
following result which is of special interest:

THEOREM 2.2. Let (X,t) be a topological space and p be a metric on X.

(a) If (X,t) does not have Baire p-quasi-continuity property. Then there
exists a strategy o for the player X in the game KM (X ,1,p), such that the player
X wins some o-play (A;, B;);s .

(b) If (X,1) does not have a-favorable p-quasi-continuity property. Then
there exists a strategy o for the player X in the game KM(X ,1,p), such that the
player X wins all o-plays.

Proor. Let B be a Baire space and ¢ : B — (X, 1) be a quasi-continuous
mapping such that for every dense subset D of B, ¢|D is not p-continuous. By
Lemma 1, there exists some ¢ > 0 and a nonempty open set W of B, such that
for each nonempty open subset V' of W,

p-diam ¢(V) > «.

We will show that for every strategy ¢ for Q-player in KM(X,7,p). There
exists a strategy o for Z-player such that he/she wins some play. Let W) = W
be the first choice of f-player in BM(B) and let ¥, = ¢{(W)) be the answer of
o according to his/her strategy ¢. Let 4, = ¢(V)) be the first choice of X-
player. Then by our assumption, p-diam 4; >e&. Suppose that the answer
of Q-player to A, is B;, a nonempty relatively open subset of 4;. Then by
the continuity of ¢, there exists some nonempty open subset W, of ¥ such
that ¢(W,) < B;. We define W, as the next move of f-player. Let V; =
t(W1,Vi,W>) be the answer of o according to his/her strategy 7 Let
(A1, B1) = Ay, where A, =¢(V>). Since V; is a nonempty open subset
of W, p-diam A, > ¢ Proceeding like this, we construct inductively the
strategy o for the player X. Together, with each o-play (4, Bi);5,, we
construct also a t-play (W, V;);,, in Banach-Mazur game, with 4, = ¢(V})
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and V, =o(W, V1,...,W,) =W for n=1,2,..., such that p-diam 4, > e.
The strategy ¢ for f-player is not winning, hence there exists a play (W}, V)5,
such that « wins this play. Hence ﬂl>1 Vi# . It follows that

B #0(Nis1 Vi) < Ning 0(Vi) = (is14i-  Therefore (a) holds.
(b) follows from Theorem 2.1 for p =7’ O

LeMMA 2. Let {L } be a sequence of compact subsets of a compact space
K such that U s1Ln is closed and for each neN, C,(L,) has a-favorable
norm-quasi-continuity property. Then C,(K) has a-favorable || I, ., L,"quasi-
continuity property.

Proor. Let B be an a-favorable space and ¢: B — Cy(K) be a quasi-
continuous mapping. Then for each neN, ol : B— Gy(K)|p, is quasi-
continuous. Hence, there is a dense G; subset D, = B such that ¢|;
D, — (C(K),]| - ll,) is continuous. Define D = ﬂn>1 Since B is a-
favorable, D is a dense Gj; subset of B. Clearly ¢: D — (C(K), || - ||U"Zl L)
is continuous. N

CoROLLARY 2.3. Under conditions of Lemma 2, (C(K), pointwise on
Ups1 Lns |- Wy,,,2,) s Z-unfavorable.

Proor. Follows from Theorem 2.1 and Lemma 2. O
We are ready to state the main result of this paper:

THEOREM 2.4. Let A" be a family of compact Hausdorff subspace of a
compact space K such that for each Le X', C,(L) has a-favorable norm-quasi-
continuity property. If U.)i” is dense in K and for each countable subset
{La}nzr of A, \U,»; Ln is a closed subset of K, then Cy(K) has a-favorable
norm quasi-continuity property.

Proor. Let C,(K) do not have a-favorable norm quasi-continuity
property. Then by Theorem 2.2(b) in the case when 7 is the pointwise
topology on C(K) and p is the supremum norm on C(K), X has a winning
strategy ¢ such that for each a-play (4;, B);.,,

() 4; # & & norm-diam 4; > ¢, Vi>1

i>1

for some ¢>0. Let 4; be the first choice of X. By our assumption,
| l-<diam 4y >¢. Therefore, there are f, and f; in A4; such that
lfo—fill > €/2. Since () is dense in K, there is some x;eL;e. %
such that |fo(x1) — fi(x1)| > &/2. Let n, = |f(x1) — fi(x1)| —&/2 and define

Vi={fed:|f(x) - filx)l <m}.
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Then for each f e ¥y,

£ Ge) = fo(x)l 2 folxr) = filxn) = £ (er) = fi (1)l
> o) = filx)] —m = ¢/2.

Put 4;(1) = {f|,, : fe 1} = C(L1). Let B\(1) be the answer of Q-player to
A1(1). In general, if A1(1), Bi(1),...,4,-1(1) and B,_1(1) are specified, define

4n(1) = 03,1 (41(1), By(1), .., An_1(1), By_1 (1)) = Bp_y(1).

Since Cp(L;) has norm-quasi-continuity property, there exists a play, which is
denoted by p(1) = (4;(1),B;(1)), such that p(l) is won by Q and p(l) is a
continuation of (4;(1),B;(1)). Take some i; > 1 such that

. 1
IF- Nz, -diam(B; (1)) < 5.

Define B; = {f € V1; f|;, € B;(1)}. Then B, is a nonempty relatively point-
wise open subset of 4;. Let B; be the answer of Q to A;. Suppose that, in
the step n, 41,..., 4, together with points f;,..., f,_; in C(K), x1,...,%,_; in
K, pointwise open subsets V7,..., V,_; and compact subsets L; c--- < L, | of
K have already been specified. By our assumption, norm-diam(4,,) > ¢, hence
we can take some f, € 4, such that ||f, — f,_1]| > ¢/2. By Lemma 2, we can
assume that 2 is closed under finite union. Hence we can select some point
Xn € L, € A" such that L, ; = L, and |f;(x,) ~ Ja-1(xn)| > €/2. Define

Vi ={f € 4u:|f(%n) = fu(xn)| < M},
where 7, = |fu(xn) = fu-1(Xs)| — ¢/2. Hence for each f e V,,

Lf Gen) = St (%n)| 2 [fu(6n) = fao1 ()] = £ () = S (6]
> |fa1(Xn) ~ faln)| = 1, = &/2.

Define 41(n) = {f|,, : f € Va} = C(L,). If By(n) is the answer of Q-player to
Ay(n), by applying similar argument used above, we can find a play p(n) =
(4i(n), Bi(n)),;, which is a continuation of the partial play (A4;(n), Bi(n)), such
that 4;,1(n) = B,(n) for each i > 1 and for some i, > 1,

. 1
I+ 11, -diam(B;, (1) < .

Define

B, ={f:feVuflg,eB,n}



22 Alireza KAMEL MIRMOSTAFAEE

as the answer of Q player to (4y,...,4,). Hence by induction on #, the play
P = (4i,Bi);5, is determined.

Let ge()A,. Our construction shows that g is not in the pointwise
closure {f1, f,...} on |, Lr. However, for each xe |, | Ly, x € Ly, for
some ng. But then for each m > ny, x € L,,, hence

nx>1

. . 1
Jim |fu(x) = g()| < I - ., -diam(Bplp,,) < ——-

This means that g belongs to the pointwise closure of {fi, f2,...} on |, ., L

nx>1"+n
Contradiction. O

Remark 2.5. The proof of Lemma 2 shows that the result of the Lemma
is true for Baire norm-quasi-continuity property. In [8] (Theorem 2), it is
shown that Baire norm-quasi-continuity property is the same as the Namioka
property. Hence, the Bouziad’s result in [2] is true for Baire norm-quasi-
continuity property:

Let K be a compact Hausdorff space, then C(K) has Baire norm-quasi-
continuity property if there is a family of compact subsets " of K such that 4
is closed under countable union and for every element L € ¢, C(L) has Baire
quasi-continuity property.
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