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for blow-up problems
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Abstract

In this paper, the dynamical moving mesh method is merged with the local time stepping technique and the new method
is applied for blow-up problems. It has some benefit in approximating an accurate blow-up time by starting at any positive
initial time (t0 > 0).

Our numerical experiment shows that without applying the local time stepping method, wrong blow-up time will be
obtained, if the equation integrates from t0 > 0.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

A wide class of mathematical idealization in physical models has singular property in finite time. Semi-
linear parabolic equation which has a blow-up behavior is a kind of model that describes ignition in chemical
reaction.

Sometimes, in such models important changes occur which change the properties of model. Thus the posi-
tion and time of these changing are important, if one wants to know when, where and how these changes occur
accurately. Such equation has no exact solution, and should be solved numerically.

Moving mesh method in the last decade was used for solving time-dependent PDEs with large variation in
solutions widely. For solving such equations, moving mesh methods are divided to static and dynamic parts.
In dynamic state, mesh equation and original differential equation are solved simultaneously. It is well known
that the time steps associated with the moving mesh methods are proportional to the smallest mesh size in
space. It is then natural to use local time stepping refinement (LTSR) to increase the efficiency of moving mesh
methods. Local time stepping for one-dimensional conversation laws was first proposed by Osher and Sanders
[8]. Tang and co-workers [11] then proposed variable time stepping for one and two dimension at conversation
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laws, which use semi-dynamic moving mesh method such that the CFL condition be used to obtain time inter-
val refinement to compute the solution of system.

All of the moving mesh methods were investigated solutions of blow-up problem by starting from t0 = 0.
Sometimes, we need to decrease the relation between the initial condition and the first time step t0 = 0. By
starting from t0 > 0 and using the same initial condition, the accurate blow-up time or the blow-up point
may not be obtained. In the section of numerical results, we demonstrate that the MMPDE method with
the LTSR may be applied in this case to modify the solution such that the accurate blow-up time or the
blow-up point of the system be obtained like t0 = 0.

According to our numerical experiment, a logical relative relation between variation of the blow-up time t*

and variation of the first time step t0 is earned.
This paper is organized as follows: In Section 2, we describe the moving mesh methods with local time step-

ping refinement technique for 1D problems. In Section 3, we consider blow-up equation and discrete it based
on computational coordinates, then convert it to quasi-lagrangian form. In Section 4, several new smooth
monitor functions are studied to investigate a better solution and integrate the equation further close to
the blow-up time. Numerical results have been presented in this section for different monitor functions with
and without LTSR.
2. Moving mesh method based on local time stepping refinement

One of the main tasks of adaptive methods for solving partial differential equations is a suitable mesh
generation at each time step. This mesh generation is basically derived with the equidistribution principle
and usually formulated with respect to the monitor function [5,6,10]. The local time stepping refinement is
added for these kinds of moving mesh methods [11]. For solving problems using moving mesh, the positions
that have quick and sudden changes should be found and the mesh points should be concentrated into these
positions.

Most of the monitor functions are defined based on some physical and geometrical properties. Various
functions are proposed such as the arclength lacking enough ability to tend the approximation of blow-up
problem to the self similar solution. Another important monitor function is MðuÞ ¼ up�1 based upon the anal-
ysis of blow-up problem [1]. Two new monitor functions were considered and a comparison of the numerical
results among these monitor functions is made. Sometimes, the phenomenon which is not set in appropriate
coordinates for doing mathematical computations, transfers to another appropriate coordinate which helps in
doing mathematical calculation easily. The first coordinate system is the physical coordinate and the second
one is the computational coordinate. Suppose that ðx; tÞ is presentation in physical coordinates and ðn; tÞ are
computational coordinates, let function uðx; tÞ define xL < x < xR, where
xL ¼ x0 < x1ðtÞ < � � � < xn�1ðtÞ < xn ¼ xR:
Each of the two coordinates are defined on [0,1]. Usually mesh points are distributed uniformly on compu-
tational domain
ni ¼
i
n
; i ¼ 1; 2; . . . ; n; ð1Þ
where n is the number of partition on [0,1].

2.1. The equidistribution principle

The equidistribution principle is the key strategy for the chosen appropriate mesh; say if there is a measure
of error from M, the appropriate mesh should be chosen based on the following below rule: the error in all of
the subintervals should be distributed equally.

Now, with using a suitable monitor function, the area of sudden and rapid changes of uðx; tÞ is determined
and also the moving mesh equation (in dynamic case) or mesh redistribution technique(in static case), try to
concentrate most mesh points in these positions. The one to one function which connects the physical and the
computational coordinates usually has the form
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nðx; tÞ ¼
R x

0
Mð~x; tÞd~x
hðtÞ ; ð2Þ
where
hðtÞ ¼
Z 1

0

Mð~x; tÞd~x: ð3Þ
If mesh points ni are obtained by xi based on (2), then
Z xiþ1

xi

Mð~x; tÞd~x ¼
Z xiþ1

0

Mð~x; tÞd~x�
Z xi

0

Mð~x; tÞd~x ¼ hðtÞ nðxiþ1; tÞ � nðxi; tÞ½ �: ð4Þ
Consider n as a uniform mesh, then
Z xiþ1

xi

Mð~x; tÞd~x ¼ hðtÞ
n
; i ¼ 1; 2; . . . ; n� 1: ð5Þ
In other words, we have
Z xiþ1

xi

Mð~x; tÞd~x ¼
Z xi�1

xi

Mð~x; tÞd~x ¼ hðtÞ
n
; ð6Þ
equivalently, and on differentiating is obtained
o

on
M

ox
on

� �
¼ 0; xð0; tÞ ¼ 0; xð1; tÞ ¼ 1: ð7Þ
A mesh is equidistributed when it satisfies in (7).
In order to obtain an accurate and non-oscillatory solution, it is necessary to smoothen the mesh points. In

[3], a technique is used which smoothens the nodes concentration defined by 1
xiþ1�xi

. In [12], it has been proven
that smoothing node is basically equivalent to smoothing the monitor function over all points. We apply a
smooth monitor function which is proposed in [6]
eM i ¼
Piþip

k¼i�ip Mk
c

cþ1

� �jk�ij

Piþip
i�ip

c
cþ1

� �jk�ij ; ð8Þ
where ip is a nonnegative integer and c is a positive constant such that in this paper c = 2 and ip = 2.

2.2. Moving mesh methods for PDEs

For moving mesh points based on natural behavior of the problem, equations are derived to do it. Such
equations are named moving mesh partial differential equations (MMPDEs). Different MMPDEs and their
stability are discussed in [6,7].

For various MMPDEs which are proposed in [6], we apply MMPDE4 and MMPDE6
s
o

on
M

o _x
on

� �
¼ � o

on
M

ox
on

� �
ðMMPDE4Þ ð9Þ
and
s
o

2 _x

on2
¼ � o

on
M

ox
on

� �
ðMMPDE6Þ; ð10Þ
where _x denotes ox
ot jnFix and s is a small parameter which tends the mesh toward equidistribution state [2,9]. By

central finite differences the following discrete form of moving mesh equations for MMPDE4 and MMPDE6
are obtained
sð eM iþ1
2
ð _xiþ1 � _xiÞ � eM i�1

2
ð _xi � _xi�1ÞÞ ¼ �ð eM iþ1

2
ðxiþ1 � xiÞ � eM i�1

2
ðxi � xi�1ÞÞ ð11Þ
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and
sð _xiþ1 � 2 _xi þ _xi�1Þ ¼ eM iþ1
2
ðxiþ1 � xiÞ � eM i�1

2
ðxi � xi�1Þ

� �
: ð12Þ
Notice that MMPDE4 and MMPDE6 have time scale Tmesh for mesh adaption toward equidistribution state
[2] such that
T mesh ¼ OðsÞ ðMMPDE4Þ;

T mesh ¼ O
s
M

� �
ðMMPDE6Þ:
If Tmesh is much bigger than the natural time scale Oðt� � tÞ, then the mesh cannot adapt with the behavior of
solution. Therefore if t� � t� s, then MMPDE4 cannot create mesh with enough rate. In comparison of
MMPDE4, consider MMPDE6 [1,2,9] with monitor MðuÞ ¼ up�1, then
s
M
¼ sðt� � tÞ if p ¼ 2; ð13Þ

¼ s
b
ðt� � tÞ if p > 2; ð14Þ
where b ¼ 1
p�1

. Eqs. (13) and (14) demonstrate that time scale is a multiple of s such that it is less than t� � t.
This difference leads to fact that MMPDE6 could obtain solutions when t! t�.

2.3. Local time stepping refinement

Consider discretization of the problem based on computational coordinates. According to dynamical mov-
ing mesh method, this equation should be coupled with one of MMPDEs (9) or (10). Therefore we have an
ODE system
discretization of the problem in the computational coordinates

ð11Þ or ð12Þ:

�
ð15Þ
Usually this system is solved with starting value at t0 = 0. Sometimes, we have to start from t0 > 0, thus this
difference between t0 = 0 and t0 > 0 leads to the creation of error. In other words, in physical and natural
problem, we may have the exact solution at t0 > 0 and may want the solution on the time interval [0, Tf], where
Tf should be bigger than blow-up time. The efficiency of local time stepping refinement is present here such
that it does not need to start from t0 = 0 and if the integration starts for all t0 < Tf, then accurate blow-up
time similar to t0 = 0 can be obtained. The details of the Local time stepping refinement method (LTSR)
are given below:

Let time steps of the problem have the form
ft0; t1; . . . ; tng;

where tn 6 Tf.

Now, we apply the refinement scheme at each time step, for example, on the first time step ½t0; t1�. Set
Dt ¼ t1�t0

k0
, where k0 2 N is a constant and depends on the local truncation error and the tolerance
t0þðk0�iÞDt ¼ t0 þ ðk0 � iÞDt; i ¼ k0; k0 � 1; . . . ; 0: ð16Þ

Thus the time integration from t0 to t1 involves k0 substep such that
t ¼ t0 ! t ¼ t0 þ Dt! t ¼ t0 þ 2Dt! � � � ! t0 þ k0Dt ¼ t1 ð17Þ

solves k0 ODE systems similar (15) to approximate uðx; t1Þ and x(t1). In each ODE system, we need the initial
conditions which are obtained by solving the pervious ODE system. In other words, the initial condition of the
jth ODE system is the approximation of the ðj� 1Þth ODE system at tj.

Generally, suppose that we are at time level t = tn and want to move toward t ¼ tnþ1, similarly, consider
Dt ¼ tnþ1�tn

kn
such that
tnþðkn�iÞDt ¼ tn þ ðkn � iÞDt; i ¼ kn; kn � 1; . . . ; 0: ð18Þ
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Values of uðx; tnþ1Þ and xðtnþ1Þ are obtained by solving kn ODE system
t ¼ tn ! t ¼ tnþDt ! t ¼ tnþ2Dt ! � � � ! t ¼ tnþknDt ¼ tnþ1: ð19Þ

This process continues until tiþ1 6 Tf.

If we start to integrate the blow-up problem from t0 = 0 and uðx; t0Þ ¼ u0ðxÞ, then both solutions of with
and without local time stepping refinement (LTSR) methods are the same. Now assume 0 < t0 < t�, then
the numerical approximation with initial condition uðx; t0Þ ¼ u0ðxÞ and without LTSR obtained wrong
blow-up time, but our experience confirms that we can capture the right blow-up time in this case with LTSR
method.

The numerical solution without LTSR for different values of t0 2 ð0; t�Þ shows that the blow-up time trans-
fers linearly to the right, meaning
T 00 ¼ T 0 þ Dt0; ð20Þ

where T 00 and T0 are the blow-up times with initial time t0 and t00, respectively, and Dt0 ¼ t00 � t0.

The LTSR method may be derived as follows:

Algorithm

Step 1: Set xj ¼ j
N, j ¼ 1; 2; . . . ;N and obtain uðx; 0Þ with initial value xj and set i = 0.

Step 2: Set Dt ¼ tiþ1�ti
ki

, ki 2 N and s = 1.
Step 3: Solve ODE system (15) at time level t ¼ tiþsDt, the initial value of which in this step is obtained by solv-

ing ODE system (15) at t ¼ tiþðs�1ÞDt.
Step 4: Set uiþðs�1ÞDt ¼ uiþsDt, xiþðs�1ÞDt ¼ xiþsDt and s ¼ sþ 1.
Step 5: If s 6 ki then go to step 3, or else i ¼ iþ 1
Step 6: If ti 6 Tf then go to step 2, or else break.
3. Semi-linear parabolic PDE with blow-up

Consider the following blow-up problem:
ut ¼ uxx þ up; p > 1;

uð0; tÞ ¼ uð1; tÞ ¼ 0;

uðx; 0Þ ¼ u0ðxÞ > 0:

8><
>: ð21Þ
It has been shown by several authors [4] that if u0(x) is sufficiently large, positive and has a single non-degen-
erate maximum, then there is a blow-up time t* <1 and a unique blow-up point x* such that
uðx; tÞ ! 1 if t! t�; ð22Þ
uðx; tÞ ! uðx; t�Þ <1 if x 6¼ x�; t! t�: ð23Þ
For numerical computation, we transform (21) to the computational coordinates n, then obtain the difference
equation on uniform mesh. Therefore, (21) is first transformed to quasi-Lagrangian form
_u� un

xn
_x ¼ 1

xn

un

xn

� �
n

þ up ð24Þ
and by using central finite difference discretization, we have
_ui �
uiþ1 � ui�1

xiþ1 � xi�1

_xi ¼
2

xiþ1 � xi�1

uiþ1 � ui

xiþ1 � xi
� ui � ui�1

xi � xi�1

� �
þ up

i ; ð25Þ
where u0 ¼ uN ¼ 0 and i ¼ 1; 2; . . . ;N � 1.

4. Numerical results

We solve Eq. (21) with p = 2 and smoothing technique for monitor function with ip = 2 and c = 2. Based on
dynamical moving mesh methods, the mesh equation should be coupled with the physical PDE. The resulting
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coupled systems of nonlinear ODEs which govern the mesh and the solution, are (11) or (12) and (25), then
integration in time is done using ’’ODE15s’’ in Matlab 7.0.4. We set the tolerances of absolute and relative
error 10�8. Homogeneous boundary conditions are proposed such that u0 ¼ uN ¼ 0 and the initial solution
profile[Budd’s paper] uðx; 0Þ ¼ 20 sinðpxÞ is taken.

The efficiency of the method with four monitor functions and various t0 is presented. The self similarity of
various solution profiles computed over time is most easily determined by comparing directly to the following
asymptotic formula derived by [1] such that ð u

umax
Þp�1 ’ cos2ðpðn� 0:5ÞÞ where umax :¼ max u for all x repre-

sents how far the code is capable of computing into the singularity. Ideally, umax is as large as possible, plots
for N = 40 points and s is selected fixed and equal to 10�5. In particular, our best estimate of blow-up time is
t� � 8:2319� 10�2.

Example. Consider the blow-up equation
Table
Using
the blo

MMPD

6
6
6
6

Table
MMPD
and t0

MMPD

6
6
6
6

Both t
ut ¼ uxx þ u2;

uð0; tÞ ¼ uð1; tÞ ¼ 0;

uðx; 0Þ ¼ 20 sinðpxÞ:

8><
>: ð26Þ
Applying this method with and without using LTSR method obtains similar results. For investigating the effi-
ciency of LTSR method, consider t0 > 0 and calculate uðx; tÞ and x(t) of problem (26). Consider t0 ¼ 0:02.

By starting from t0 ¼ 0:02 and according to Table 1, it is demonstrated that the blow-up time changes and a
wrong blow-up time is obtained. The variation of blow-up time is satisfied based on (20).

If we start from t0 ¼ 0:02, normally the number of time steps will be reduced in comparison to starting from
t0 = 0. Table 2 shows these differences.

According to the use of these monitors, MðuÞ ¼ up�1 have accurate blow up time with respect to the others,
because this monitor is obtained based on the analysis of blow-up problem. In other words, it coincides with
the natural behavior of blow-up problem.

Now, we want to show the difference of mesh trajectories for these four monitor functions during time
steps, which is selected by ode15s.

With Monitor function u
p�1

2 proposed in [9], we have high rate for moving toward self similar blow-up solu-
tion, but the new monitor u

p�1
1:5 could capture the umax bigger than the others (see Table 3). The monitor up�1

which is obtained by analysis of the blow-up problem has a stable behavior from changing t0 from 0 to 0.02
such that it has the same time steps for both cases listed in Table 2.
1
MMPDE6 with four smooth monitor functions ðip ¼ 2; c ¼ 2Þ, t�O demonstrate the blow-up time without LTSR on [0,Tf] and t�N is
w-up time which obtain without LTSR derived on ½0:02;Tf �
E Monitor t�O t�N

u
p�1
0:5 8:2115� 10�2 1:02115� 10�1

up�1 8:2318� 10�2 1:02318� 10�1

u
p�1
1:5 8:2361� 10�2 1:02361� 10�1

u
p�1

2 8:2376� 10�2 1:02376� 10�1

2
E6 with four smooth monitor functions ðip ¼ 2; c ¼ 2Þ, NTSð1Þ and NTSð2Þ present number of time steps in ODE15s with t0 = 0
¼ 0:02, respectively

E Monitor NTSð1Þ NTSð2Þ
u

p�1
0:5 2889 2886

up�1 2554 2554
u

p�1
1:5 1776 1765

u
p�1

2 1694 1684

ime steps are obtained without using LTSR method.



Table 3
Using MMPDE6 with four smooth monitor functions (ip = 2), without using LTSR method on time interval [0,Tf]

MMPDE Monitor Umax CPU time (s)

6 u
p�1
0:5 4:43077� 1013 182

6 up�1 2:72471� 1013 126
6 u

p�1
1:5 7:90741� 1013 79

6 u
p�1

2 7:71913� 1013 63
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Now for a summary on using MMPDE6 (see Fig. 1), the difference of using various monitor functions such
as how these functions move toward self similar blow-up is demonstrated. Scaled solution of the blow-up
problem with using MMMPDE6 be presented in Fig. 2. We try to carry out these calculations with MMPDE4
such that all computations are used with smoothing monitor functions which are smoothed by (8). Similarly,
in this case system, (15) is used with (11) such that uðx; tÞ and x(t) are the solution of these ODE systems solved
by ode15s. Like before, four different monitor functions are applied and the solution with different initial time
t0 is compared to present the efficiency of LTSR method. These numerical results are presented in Tables 4–6.

First consider t0 = 0, in this case for all monitor functions without using LTSR have the same solutions
with using LTSR, but with starting from t0 ¼ 0:02 (or for each t0 that satisfies in 0 < t0 < t�), find out the
blow-up time moving 0.02 without using LTSR. By using LTSR method with t0 ¼ 0:02, the accurate blow-
up time is obtained as t0 = 0.

Table 5 shows that the number of time steps which are selected by ode15s are roughly decreased when
t0 ¼ 0:02 instead of t0 = 0.

The mesh trajectories for different monitor functions versus the number of time steps with MMPDE4 are
plotted in Fig. 3.

With comparing these monitor functions, it is natural that they have different umax. The numerical result
without LTSR method of umax and CPU time is presented in Table 6.The results show that the monitor func-
tion up�1 has captured the maximum umax and the least CPU times belong to the u

p�1
1:5 .
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Fig. 1. Mesh trajectories using MMPDE6 with smooth monitor functions such that plot (a) u
p�1
0:5 , (b) up�1, (c) u

p�1
1:5 and (d) u

p�1
2 , where p = 2.
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Fig. 2. Scaled solution of the blow-up problem with using MMPDE6 and with four smoothed monitor functions ðip ¼ 2; c ¼ 2Þ such that
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Table 4
Using MMPDE4 with four smooth monitor functions (ip = 2)

MMPDE Monitor t�O t�N

4 u
p�1
0:5 8:214118� 10�2 1:0214118� 10�1

4 up�1 8:232483� 10�2 1:0232483� 10�1

4 u
p�1
1:5 8:236359� 10�2 1:0236359� 10�1

4 u
p�1

2 8:237755� 10�2 1:0237755� 10�1

t�O demonstrates the blow-up time without LTSR and t�N is the blow-up which is obtained without LTSR derived on ½0:02; Tf �.

Table 5
Using MMPDE4 with four smooth monitor functions (ip = 2), NTS(1) present ode15s time steps with t0 = 0 and NTS(2) demonstrate
ode15s time steps with t0 ¼ 0:02

MMPDE Monitor NTS(1) NTS(2)

4 u
p�1
0:5 1490 1475

4 up�1 8301 8301
4 u

p�1
1:5 1365 1351

4 u
p�1

2 1129 1107

Both ode15s time steps are obtained without using LTSR method.

Table 6
Using MMPDE4 with four smooth monitor functions (ip = 2),without using LTSR method on time interval [0,Tf]

MMPDE Monitor Umax CPU time

4 u
p�1
0:5 5:914900� 109 123

4 up�1 9:440564� 1010 1098
4 u

p�1
1:5 5:080135� 109 80

4 u
p�1

2 2:388994� 1010 105
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Fig. 3. The mesh trajectories with using MMPDE4 and four smooth monitor functions versus the number of time steps in (a) u
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2 (d).
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Fig. 4 plots the scaled approximation u=umax versus the physical coordinate x of the blow-up problem with
MMPDE4 for four different monitor functions. The top curve is the asymptotic solution.
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