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STABILITY OF THE MONOMIAL FUNCTIONAL EQUATION
IN QUASI NORMED SPACES

ALIREZA KAMEL MIRMOSTAFAEE

ABSTRACT. Let X be a linear space and Y be a complete quasi p-norm
space. We will show that for each function f : X — Y, which satisfies
the inequality
[|AZf(y) = nlf (@)]] < o(z,y)

for suitable control function ¢, there is a unique monomial function M
of degree n which is a good approximation for f in such a way that
the continuity of ¢ — f(tx) and t — @(tz,ty) imply the continuity of
t— M(tx).

1. Introduction

The concept of stability of a functional equation arises when one replaces
a functional equation by an inequality which acts as a perturbation of the
equation. In 1940, Ulam [18] posed the first stability problem. In 1941, D.
H. Hyers [10] gave the first significant partial solution to his question. Hyers’
theorem was generalized for additive mappings by T. Aoki [3] in 1950 and D. G.
Bourgin [5] in 1951. In 1978, Th. M. Rassias [17] solved the problem for linear
mappings by considering an unbounded Cauchy difference. The phenomenon
that was introduced and proved by Th. M. Rassias in the year 1978, is called
the Hyers-Ulam-Rassias stability.

Let X and Y be linear spaces and YX be the vector space of all functions
from X to Y. Following [11], for each € X, define A, : YX — YX by

Auf)=flx+y)— fly), feY™, yeX.

Inductively, we define

Apyran FY) = Day 1 (Ba, f())
for each x1,...,2n,y € X and f € YX, we write

AL f(y) = Dayran f(y)
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if x4 =--- =z, = z. By induction on n, it can be easily verified that
n
i (n
L) A = Y0 ([ ), neNayex,
k=0
It can be easily verified that every polynomial of degree at most n satisfies the
functional equation A”*! f(y) = 0. Hence the functional equation A” f(y) =0
is called the polynomial functional equation of degree m — 1. The functional
equation

(1.2) A7 f(y) = nlf(z)

is called the monomial functional equation of degree n, since the function
f(x) = ca™ is a solution of the functional equation. Every solution of the
monomial functional equation of degree n is said to be a monomial mapping
of degree n. In particular additive, quadratic, cubic and quartic functions are
monomials of degree one, two, three and four respectively.

The research on the stability of polynomial or monomial equations was ini-
tiated by D. H. Hyers in [11]. The problem has been recently considered by
some authors see e.g. M. H. Albert and J. A. Baker [1], L. Cadariu and V.
Radu [6], A. Gildnyi [8, 9], Z. Kaiser [13], Y.-H. Lee [14] and D. Wolna [19].

In Section 3, we use the fixed point alternative theorem to prove the Hyers-
Ulam-Rassias stability of monomial functional equation of an arbitrary degree
in complete quasi-normed spaces. More precisely, we will show that if a function
f from a linear space X to a complete p-normed space Y for some n € N satisfies
the inequality

for suitable control function ¢, then f can be suitably approximated by a
unique monomial M : X — Y of degree n. In Section 4, we will show that,
for each x € X, the continuity of s — f(sz) and s — ¢(sz, sy) guarantee the
continuity of s — M(sz). It follows that in this case, M(tz) = t"M(x) for
eacht € R and z € X.

2. Preliminaries

In this section, we give some preliminaries, which will be used in this paper.
We start by the following definition.

Definition 2.1. The pair (X, d) is called a generalized complete metric space
if X is a nonempty set and d : X? — [0, oo] satisfies the following conditions:
(a) d(z,y) > 0 and the equality holds if and only if z = y,

(b) d(z,y) = d(y,z),

(c) d(z,2) < d(z,y) +d(y, 2),

(d) every d-Cauchy sequence in X is d-convergent.

Note that the distance between two points in a generalized metric space is
permitted to be infinity.
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Definition 2.2. Let (X, d) be a generalized complete metric space. A mapping
A : X — X satisfies a Lipschitz condition with Lipschitz constant L > 0 if

d(A(z),A(y)) < Ld(z,y), =,yeX.
If L <1, then A is called a strictly contractive operator.

In 2003, Radu [15] employed the following result, due to Diaz and Margolis
[7], to prove the stability of Cauchy additive functional equation. Using such
an elegant idea, several authors applied the method to investigate the stability
of some functional equations, see [6, 12, 16].

Proposition 2.3 (The fixed point alternative principle). Suppose that a
complete generalized metric space (£,d) and a strictly contractive mapping
J : & — & with the Lipschitz constant 0 < L < 1 are given. Then, for a
given element x € £, exactly one of the following assertions is true: either

(a) d(J"z, J" ) = oo for alln >0 or

(b) there exists some integer k such that d(J"z, J" lz) < oo for all n > k.

Actually, if (b) holds, then the sequence {J™x} is convergent to a fized point
z* of J and

(b1) z* is the unique fized point of J in F := {y € €,d(J*x,y) < oo};

(b2) d(y,x*) < % for ally € F.

Remark 2.4. The fixed point z*, if it exists, is not necessarily unique in the
whole space &; it may depend on z. Actually, if (b) holds, then (F,d) is a
complete metric space and J(F) C F. Therefore the properties (bl) and (b2)
follow from “The Banach fixed point theorem”.

Definition 2.5. A quasi-norm on a real vector space X is a function z +— |||z|||
from X to [0,00) which satisfies

(i) ||]x]|] > O for every x # 0 in X,
(ii) |[[tz||| = |¢t|-|||x||| for every t € R and z € X,
(iii) thereis k > 1 such that |||z +y||| < k(|||z|||+||ly]|]) for every z,y € X.

Aoki [2] (see also [4]) has shown that every quasi-normed space (X, ||| -]|])
admits an equivalent quasi-norm || - || such that for some 0 < p <1,
(2.1) [z +yll” < fl][” +[lyll”, =y € X.
In this case, (X, || ||) is called a quasi p-normed space. In special case, when
p=1, (X,]|| - |||) turns into a normed linear space.

3. Stability of monomial functional equations

Throughout the remainder of this paper, unless otherwise stated, we will
assume that 0 < p <1 and g = %, X is a real vector space and Y is a complete
quasi p-norm space.

In 2006, D. Wolna in [19] proved the following result:
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Lemma 3.1. For every mapping f : X — Y and m,k € N, the following
identity holds:

(3.1)
F(2z) — 2™ f(z) = % [(’g) Fi(z)+ -+ (Z) P (z) — H(x)}, ze X,

where
Fi(x) =Alf(iz) —mlf(z), z€X;i=1,....m+1

and

H(z)= AL f(x) —m!f(2z), z€X.
Proof. [19, Lemma 2, page 102]. O
Corollary 3.2. If f: X — Y is a monomial of degree m, then
(3.2) f(2z)=2"f(z), ze€X.
Proof. If f is a monomial of degree m, then Fy(z) = -+ = Fq1(x) = H(z) =0
for each z € X. Hence the result follows from Lemma 3.1. d

Lemma 3.3. Let v : X — [0,00) be a function and € =Y X. Define
d(g,h) =inf{a > 0: |[g(x) — h(2)|| < a¥¢p(x) Vz € X}, g,heE.
Then d is a generalized complete metric on &.
Proof. Clearly d(f,g) > 0 for each f,g € £ and the equality holds only when

f = g. By the definition, d is symmetric. Let g,¢’,¢"” € &, d(g,¢') < a1 and
d(g’,9") < az. Then

llg(z) — ¢'(@)|| < afy(z) and |lg'(x) — ¢"(x)|] < afep(x)
for each z € X. It follows that

lg(x) — g"(@)|IP < |lg(z) — g'(@)[[F +lg'(z) — g" (x)|]”
< (a1 + ag)(z/)(x))p, e X.

Therefore d(g,g"”) < a1 + as. Since this holds for each a;,as with d(g,¢’) < a4
and d(¢', ¢") < az,
d(g,9") <d(g,9") +d(g',9")
Let {f,,} be a Cauchy sequence in €. Then for each & > 0, there is some ng € N
such that
d(fn, fm) <&, n,m >ng.
By the definition, for each n,m > ng,

(3.3) [[fn(2) — fn(2)|| < %P(z), z€X.

Hence, for each x € X, {f,(x)} is a Cauchy sequence in complete space Y.
It follows that f(z) = lim,— fn(z) exists for each z € X. By (3.3) for each
n Z no,

1f (@) = fu(@)]| = lim |[fm(2) = fu(@)]| <e%P(z), e X.
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Therefore d(f, f,) < e for each n > ng. Hence lim, . d(f, fn) = 0. This
completes the proof of the lemma. (I
Theorem 3.4. Let ¢ : X x X — [0,00) and f: X — Y satisfy the inequality

(3.4) AT f(y) —mif(2)]| < o(z,y), zyeX
for some m € N. Define

35) w(z) = 2m1m1 (i [(T) oo, i+ 02)]" + [pr.0)]")" zex.

=0

If for some L < 1,
(3.6) 27™p(22) < Lp(x), ze€ X
and lim, o 2™ p(2"2,2"y) = 0 for all x,y € X, then there exists a unique
monomial mapping M : X — Y of degree m such that

P(x)
(3.7) [M (z) — f(2)]] <

Proof. By Lemma 3.1
(3.8) 1277 f(2z) — f(2)]| < ¥(z), z€X.
Let £ =YX and define
d(g,h) = inf{a > 0:||g(z) — h(z)|| < a®(x),Vx € X}, g,hel.

By Lemma 3.3, d is a complete generalized metric on £. Define J : £ — £ by
J(g)(x) =27™g(2z) for each g € £ and z € X. Let £ > 0 and a = d(g,h) + <.
Then by the definition,

lg(z) — h(@)|| < a(z), =€ X.
Thanks to (3.6), for each z € X,
1 (9)(2) = J(h)(@)]| = ||27"g(2x) — 27" h(2z)]]
< 27™a%)(2x)
< La®y(x).

By the definition, d(J(g),J(h)) < L? a = LP(d(g,h) + €). Since ¢ > 0 was
arbitrary,

z e X.

d(J(g),J(h)) < L* d(g,h), g,h€E.
This means that J is a contractive mapping with Lipschitz constant LP < 1.
By (3.8), d(f,J(f)) < 1, therefore, by Proposition 2.3, J has a unique fixed
point M : X — Y in theset F = {g € £ : d(f,g) < oo}, where M is defined by

(3.9 M(z) = nh—{go J(f)(x) = nh_)nolo 27mn f(2™x), e X.

Moreover,

AT 1

< .
I R 7
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This means that (3.7) holds. Thanks to (1.1) and (3.9), for each z,y € X, we
have

|AZ M (y) — m!M(z)||

13 (=03 (") M(ja +y) — m!M(2)]]
> (7 st

i 27 S (M) penie 4 2) - mipo)|
=0

nlLIr;O 27| Ay f (2" y) — mlf(272)]]|

IN

lim 27" (2", 2"y) = 0.
n—oo
Hence M is a monomial of degree m.

To prove the uniqueness assertion, let us assume that there exists a monomial
M': X — Y of degree m, which satisfies (3.7). Thanks to Corollary 3.2, M’
is a fixed point of J in F. However, by Proposition 2.3, J has only one fixed
point in F, hence M’ = M. O

The following result can be obtained by imitating the proof of Theorem 3.4.

Theorem 3.5. With the notations of Theorem 3.4, let (3.4) hold for some
m € N. If for some positive L < 1,

2Mp(27 x) < Lap(x), wE€X

and limy, o 2™ (272,27 "y) = 0. Then there exists a unique monomial
M : X —Y of degree m such that

Ly (x)

(A= L)’ z e X.

1M (z) = f(2)]] <

4. Continuity behavior of monomial mappings

In this section, we investigate continuity of monomial mappings in quasi p-
normed spaces. In fact, we will show that under some conditions on f and 1,
the monomial mapping s — M (sz) is continuous.

Theorem 4.1. Let the conditions of theorem 3.4 (or Theorem 3.5) hold. If for
each x € X, the function s — f(sz) from R to Y is continuous at some point
so and for some xy € X, the function s — ¥(sxg) from R to [0,00) is bounded
in a neighborhood of sg, then s — M (sxq) from R to Y is continuous at sg.

Proof. We prove the theorem under conditions of Theorem 3.4. The proof for
the other case is similar. Let o > 0 and &; > 0 be such that

|s — so| < 01 = P(szo) < .
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Given ¢ > 0, choose some ng so that
L™« €
I <37
Since 0 < L < 1, such a choice is possible. By the continuity of s +— f(2"0sx),
we can find positive § < §; such that

(4.1) [s — sol <& =||f(2™0szp) — f(2™°s0m0)]|| <
Let |s — so| < 6. Then
[|M (sz0) — M (s00)||”
= [|27™™MO M (2™ s20) — 270 M (2™ 800 ||P

< 27mmop (||M (2 smp) — F(2" o)+ [|£(2 s70) — F(2" s00)P

9
3920

+[1£(2"s0w0) = M(2" s0w0)| )

That is

|s — 50| < 0 = ||[M(szog) — M(soxo)|| < e.
The above inequality proves continuity of s — M (szg) at sp. O
Corollary 4.2. If s — f(sz) and s — (sz) from R to Y and R respectively

are continuous, then s — M (sx) is continuous. In this case, M (tx) = t™ M (x)
foreacht € R and x € X.

Proof. Follows from Theorem 4.1 and [13, Lemma 5]. O

Corollary 4.3. Let (X,[||-|||) be a normed space. Let for some ¢ > 0 and
positive real number 3 # m, f: X — Y satisfy the inequality

1A7 £ ) = mig @)l < e (llall® + lgll?), @ € X,

(i) If B < m, there is a unique monomial M : X — Y of degree m such
that

1f (z) = M(z)]]
e [ll«lll” S

7 (Z [(ﬂ;)(l + @+ 1)5)}p +(27 + 1)P)q, reX.

2! (1 - 2<ﬁp—mp>> =

(ii) If B > m, there is a unique monomial M : X — Y of degree m such
that

1 (z) = M(z)]]
e 20770 |jaf||?

a 2mm!(1—2<mpfﬁp>)q (i

NE

[(7)(1 v+ 1)P)q, z € X.

I
o
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Furthermore, if f is continuous, then M is continuous and M (tz) = t™ M (x)
foreacht € R and x € X.

Proof. Let oz, y) = a(||||z|\|\ﬁ n |||y|||ﬂ) and ¢ be defined by (3.5). Then

q

(4.2)  (z) = W(i [(T) (1+ (i + 1)5)]1” 420 + 1)p) , z€X.

If B < m, then

27 (2z) = 27 TPy (x), 2 € X.
Hence for L = 2=™%# < 1, the conditions of Theorem 3.4 hold. Therefore, we
can find a unique monomial function of degree m such that

17(0) = M@ £ Tgiaryyse € X

This proves (i). In case (ii), when 8 > m, by (4.2), we can write
2mp(27 ) = 2Py (z), = € X.

By Theorem 3.5 for L = 2™~ % there is a unique monomial function M : X — Y
of degree m such that

(m—p)
170 = M@ < Ty = € .

The last assertion follows from Theorem 4.1. O

Corollary 4.4. Let for somee >0, f: X — Y satisfy the inequality
AT f(y) —mif(z)|[ <& xyeX.

Then there is a unique continuous monomial mapping M : X — Y of degree
m such that

e (X ()" +1)"
(@) = M@ € G

Furthermore if f is continuous, then M is continuous and M (tx) = t™ M (x)
foreacht € R and x € X.

Proof. Apply Theorem 3.4 for L =2~ and ¢(z,y) =¢, z,y € X. O

r e X.

References

(1] M. Albert and J. A. Baker, Functions with bounded nth differences, Ann. Polon. Math.
43 (1983), no. 1, 93-103.

[2] T. Aoki, Locally bounded linear topological spaces, Proc. Imp. Acad. Tokyo 18 (1942),
588-594.

, On the stability of the linear transformation in Banach spaces, J. Math. Soc.
Japan 2 (1950), 64-66.

[4] Y. Benyamini and J. Lindenstrauss, Geometric Nonlinear Functional Analysis. Vol. 1,
American Mathematical Society Colloquium Publications, 48. American Mathematical
Society, Providence, RI, 2000.

3]




STABILITY OF THE MONOMIAL EQUATIONS 785

[5] D. G. Bourgin, Classes of transformations and bordering transformations, Bull. Amer.
Math. Soc. 57 (1951), 223-237.
[6] L. Cadariu and V. Radu, Remarks on the stability of monomial functional equations,
Fixed Point Theory 8 (2007), no. 2, 201-218.
(7] J. B. Diaz and B. Margolis, A fized point theorem of the alternative, for contractions
on a generalized complete metric space, Bull. Amer. Math. Soc. 74 (1968), 305-309.
[8] A. Gildnyi, Hyers-Ulam stability of monomial functional equations on a general domain,
Proc. Natl. Acad. Sci. USA 96 (1999), no. 19, 10588-10590.
9] —, On the stability of monomial functional equations, Publ. Math. Debrecen 56
(2000), no. 1-2, 201-212.
[10] D. H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci.
USA 27 (1941), 222-224.
, Transformations with bounded mth differences, Pacific J. Math. 11 (1961),
591-602.
[12] S.-M. Jung, T.-S. Kim, and K.-S. Lee, A fized point approach to the stability of quadratic
functional equation, Bull. Korean Math. Soc. 43 (2006), no. 3, 531-541.
[13] Z. Kaiser, On stability of the monomial functional equation in normed spaces over fields
with valuation, J. Math. Anal. Appl. 322 (2006), no. 2, 1188-1198.
[14] Y.-H. Lee, On the stability of the monomial functional equation, Bull. Korean Math.
Soc. 45 (2008), no. 2, 397-403.
[15] V. Radu, The fized point alternative and the stability of functional equations, Fixed
Point Theory 4 (2003), no. 1, 91-96.
[16] J. M. Rassias, Alternative contraction principle and Ulam stability problem, Math. Sci.
Res. J. 9 (2005), no. 7, 190-199.
[17] Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer.
Math. Soc. 72 (1978), no. 2, 297-300.
[18] S. M. Ulam, Problems in Modern Mathematics, Science Editions John Wiley & Sons,
Inc., New York 1964.
[19] D. Wolna, The stability of monomial functions on a restricted domain, Aequationes
Math. 72 (2006), no. 1-2, 100-109.

(11]

DEPARTMENT OF PURE MATHEMATICS

CENTER OF EXCELLENCE IN ANALYSIS ON ALGEBRAIC STRUCTURES
FERDOWSI UNIVERSITY OF MASHHAD

P.O. 1159, MASHHAD 91775, IRAN

E-mail address: mirmostafaei@ferdowsi.um.ac.ir



