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ABSTRACT 

Numerical simulations of laminar convective heat transfer 
with nanofluids in two different geometries involving a 
straight pipe and a 90o curved pipe are presented. The Navier-
Stokes and energy equations for an incompressible Newtonian 
fluid are solved in a body fitted coordinate system using a 
control-volume method. In the present work, the nanofluid is a 
mixture of water and alumina particles, and its thermophysical 
properties are considered as a function of temperature as well 
as particle concentration. The accuracy of the models 
employed for estimating the effective thermophysical 
properties of this nanofluid are first evaluated using available 
experimental data for heat transfer in a straight pipe. The same 
models are then employed for the simulation of flows in a 
curved pipe.  

Present results indicate that both the nanoparticle and 
curvature effects enhance the heat transfer performance but at 
the expense of increased pressure drop. However, in the present 
case, the nanoparticle contribution to the pressure drop is 
dominant, which increases by up to two orders of magnitude at 
higher nanoparticle concentrations. The ratio of the nanofluid 
Prandtl number to the based fluid Prandtl number is established 
as a criterion for the choice of a nanofluid. This ratio must be 
less than 1 to achieve higher heat transfer rates with relatively 
low pressure drops as the particle concentration is increased.  

INTRODUCTION 
Improvement in the performance of heat exchangers is a 

crucial need in a wide variety of industrial applications. The 
low thermal conductivities of conventional heat transfer fluids 
such as water, ethylene glycol and engine oil greatly limit the 
heat transfer performance of heat exchangers. One of the 

techniques to break this fundamental limit is suspending solid 
metal or metallic oxide particles into these conventional heat 
transfer fluids. Recent developments in nanotechnology lead to 
a new type of solid-fluid mixtures called nanofluids, which are 
suspensions of nanoparticles (less than 100 nm) in conventional 
fluids. Compared to millimeter or micrometer solid particle 
suspensions, nanofluids are very stable and almost free from 
problems of sedimentation, clogging, abrasion and erosion [1].  

An important feature of nanofluids is thermal conductivity 
enhancement of the base fluid, which has been attributed to 
different  parameters such as the volume fraction [2-9], size [2-
7], shape [5 and 9] and type of the particle material [2,3,6], and 
to the temperature [3-5] and stability [7] of the nanofluid. 
Experimental data indicate that the convective heat transfer 
coefficients of nanofluids are also higher than those of the base 
fluids [10-15].  Besides the thermophysical properties of the 
base fluid that is influenced by the presence of the 
nanoparticles, other factors such as Brownian motion [13], 
particle–fluid interaction and particle migration [11] may also 
have an important role on the heat transfer performance of 
nanofluids.  

The convective heat transfer characteristics of nanofluids 
have been studied for different sizes, type of materials and 
shapes of nanoparticles and flow conditions. Williams et al. [14] 
performed experiments on the turbulent heat transfer behavior 
of alumina (Al2O3) and zirconia (ZrO2) inside a tube. They 
showed that the heat transfer and pressure-drop behavior of 
nanofluids under a fully developed turbulent flow matched with 
the correlations of a single-phase flow, if proper effective 
thermophysical properties are used in calculating the 
dimensionless numbers. Rea et al. [15] reported similar results 
on laminar flows of the same nanofluids. 

There are some numerical studies simulating the convective 
heat transfer of various nanofluids such as TiO2 [16], Al2O3 
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[17-21], CuO [18], Cu [18,22] and CNT [23] at different flow 
geometries such as straight tubes [16,18-20,22,23] and curved 
pipes [17,21], which appear in many industrial applications. 
Curved pipes enhance heat and mass transfer due to the 
generation of secondary flows. Despite the fact that there is a 
rich literature of fluid flow and heat transfer in curved tubes 
[24-28], the information available on convective heat transfer of 
nanofluids in curved pipes is rather limited. Akbarinia and Laur 
[17] and Akbarinia [21] have numerically studied the mixed 
convective heat transfer of Al2O3/water nanofluid in a 180° 
curved pipe.  

The flow structure and heat transfer patterns in curved pipes 
are more complex than those in straight pipes. Previous studies 
indicate that curvature effects enhance the heat transfer rates; 
however, the effects of nanofluids have not been well 
documented. Therefore, in the present work, the effects of 
nanofluids on laminar convective heat transfer inside a 90 
degree curved pipe have been studied. The incompressible 
Navier-Stokes and energy equations for Newtonian fluids are 
solved numerically in a body-fitted coordinate system using a 
control-volume technique. The effects of nanoparticles are 
considered by adopting the proper effective thermophysical 
properties reported in literature. The density and specific heat of 
the water mixture with nanoparticles are computed based on the 
classical two-phase mixture models. The effective thermal 
conductivity and the dynamic viscosity of nanofluids are 
obtained by available curve fits to experimental data reported in 
the literature. The thermophysical properties of nanofluids 
(density, viscosity, thermal conductivity, and specific heat) are 
considered as a function of temperature, in addition to the 
nanoparticle concentration. The numerical scheme with the 
effective thermophysical properties have been validated by the 
existing experimental data for straight pipes. 

MATHEMATICAL MODELING 
Figure 1 shows two pipes with the same length, L=1.01 m, 

and diameter, D=4.5mm. One is a straight pipe, while the other 
is a 90o curved circular pipe with two straight parts at both ends. 
The straight part at the curve inlet is 61D long, whereas it is 
extended to 91.25D at the curve exit to preserve the specified 
length and to ensure fully developed flow at the outlet of the 
flow domain. The curvature radius of the 90o bend is 46D as 
shown in Fig.1. This figure also includes the location of some 
selected cross sections and axial lines, which will be used to 
discussed the flow features later in the paper. 

The governing equations for a laminar, incompressible, 
Newtonian flow are the Navier–Stokes and energy equations 
as follows: 
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Figure 1. Flow geometries and the locations of the 

important cross sections and lines. 
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where V

v
, P and T are the velocity vector, pressure, and 

temperature. The effective thermophysical properties of the 
nanofluid indicated by the subscript e  are density, eρ , thermal 
conductivity, ek , dynamic viscosity, eμ , and heat capacity, 

epC . These effective properties are modeled as temperature 
dependent variables using available correlations and 
experimental data as follows: 
 
Density: 
 

pfe TT φρρφφρ +−= )()1(),(  (4) 
 
Heat capacity: 
 

( )
pf

ppfp

ep T

CTCT
TC

φρρφ

ρφρφ
φ

+−

+−
=

)()1(

)()()()1(
),(  (5) 

 
The dynamic viscosity and thermal conductivity of Al2O3/water 
nanofluid as a function of temperature and nanoparticle volume 
fraction are taken from [15]: 
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As for boundary conditions, uniform velocity profile is 

assumed at the inlet, while zero gradients are applied to all 
variables at the outlet. At the walls, the no-slip condition for 
the velocity components and a constant heat flux for the 
thermal field are considered. 
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NUMERICAL METHOD 
The numerical solution is based on a projection-type 

method which solves the flow field in two steps. First, an 
intermediate velocity field is obtained using the available 
pressure field. Next, velocity and pressure corrections are 
calculated from a Poison equation designed to satisfy the 
continuity equation. The numerical scheme was originally 
developed by Chorin [29] and improved further by Dwyer [30] 
and the present authors [31]. Following Dwyer et al. [28], a 
new pressure correction is employed to improve the 
convergence performance of the Poisson equation solver. The 
correction is based on the physical considerations of 
preserving mass flow rate at each cross section corresponding 
to the incompressible flow assumption. Therefore, the pressure 
correction, p′ , is obtained based on the local velocity defect 
as: 

 

t
U
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Δ
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∂
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− ρ  (8) 

 
where the local velocity defect, UΔ ,  at each cross section, k,  
is defined as: 
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In the above equations, iU  is inlet velocity, s is the streamline 
direction, and A  is pipe cross sectional area. 

Extensive computations have been performed to identify 
the number of grid points that produces reasonably grid 
independent results. It was found that in the case of the curved 
pipe the minimum grid points of 42 × 41 × 251 are required in 
the azimuthal, radial, and axial directions, respectively. 
Uniform grid spacing is used in the azimuthal and axial 
directions, while the expansion ratio of 1.1 is employed in the 
radial direction.  

VALIDATION 
To validate the present numerical scheme, the results have 

been compared with the experimental data of [27] for steady 
flow in a 90o curved pipe with a curvature radius of 24mm and 
Reynolds number of 300 based on the pipe diameter of D = 
8mm. The axial velocity profiles in the symmetric plane at 
several cross sections of the curve are compared with 
experimental data in Fig. 2, where reasonably good agreement 
is observed. 

As for thermal validation of the model, the convective heat 
transfer of a nanofluid flow in a pipe has been considered. The 
numerical heat transfer coefficients have been compared with 
the experimental data of [15] for laminar flow in a straight 
pipe, 1.01m long and 4.5mm in diameter, under the constant 
heat flux condition. Experimentally, the applied heat flux is 
obtained by measuring the inlet and outlet temperature and the 
mass flow rate according to: 
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Figure 2. Comparison of axial velocity profiles with the 
experimental data [27] for flow in a 90o curved pipe. 

 
 
The axial variations of the heat transfer coefficients for 

different Reynolds numbers and nanoparticle concentrations 
are compared with the experimental data in Fig. 3, where 
reasonably good agreement is observed. 

 
 

Pipe length (m)

h
(W

/m
2

K
)

0 0.2 0.4 0.6 0.8 1
500

1000

1500

2000

2500

3000

0 0.0495 1022.985

2.76 0.0895 859.9716

2.76 0.1513 1481.374

6 0.204 676.5182

6 0.2518 832.7725

φ(vol%) Q(gpm) Re

Line: Numerical Symbol: Experimental

 
Figure 3. Comparison of the axial variations of the heat 
transfer coefficients (solid lines) with the experimental 

data (symbols) [15] for Al2O3/water nanofluid at 
different Re and nanoparticle concentrations. 

 

RESULTS AND DISCUSSION 
As mentioned earlier, the accuracy of the correlations 

developed for thermophysical properties of nanofluids can only 
be evaluated with the experimental data available for straight 
pipes (as in Fig. 3). However, not much information is available 
for the case of a curved pipe. Therefore, the same correlations 
have been employed for the numerical simulations of nanofluid 
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flow in a 90o curved pipe assuming that the thermophysical 
properties are basically independent of the flow geometry. The 
validity of this assumption still remains to be determined 
experimentally.   The same length and diameter are chosen for 
straight and curved pipes, which makes the comparisons more 
convenient.  

The results are presented for the Al2O3/water nanofluid 
similar to the case considered with respect to Fig. 3. The flow 
conditions  of  Re = 833,   Tinlet = 25.6 °C,  and a heat flux of 
qw = 42316 W/m2 are considered, which is basically one of the 
cases examined in the experimental study of [15] for a straight 
pipe. The axial variations of the heat transfer coefficient for 
different nanoparticle concentrations are shown in Fig. 4 for 
both straight and curved pipes. 
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Figure 4. Axial variations of the heat transfer coefficient 
for different nanoparticle concentrations in straight and 

curved pipes at Re = 833. 
 

 
The solid lines are related to the curved pipe, while the 

dashed lines are used for the straight pipe. The heat transfer 
coefficients are presented in dimensional form in accordance 
with the experimental data [15]. As expected, the heat transfer 
coefficients in the straight entrance section of the curved pipe 
(sections a - c) perfectly coincide with those of the straight pipe. 
However, along the bend, due to secondary flows superimposed 
on the axial flow field, strong fluid mixing occur, which leads to 
a more uniform cross sectional temperature distribution and 
reduces the peripheral averaged wall temperature as discussed 
later. Since the mean fluid temperatures in both cases are 
basically the same due to the constant applied heat flux as 
shown in Fig. 5, the heat transfer coefficients increase along the 
bend.  

In Fig. 6, the axial variations of the peripheral averaged wall 
temperatures are shown for the same flow conditions as those of 
Fig. 4. As mentioned earlier, the averaged wall temperature 
decreases along the bend due to the secondary flows in the 
bend. Therefore, the temperature difference between  the  wall  
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Figure 5. Axial variations of the cross sectional mean 
temperature for different nanoparticle concentrations 

and both geometries at Re = 833. 
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Figure 6. Axial variations of the peripherally averaged wall 
temperature for different nanoparticle concentrations in 

both geometries at Re = 833. 
 

 
and the fluid bulk decreases, which leads to the increase in heat 
transfer rates observed in Fig. 4. The reduction in temperature 
difference is considerable at some axial locations; for example, 
for the based fluid and at the axial location of 0.4 m from the 
inlet, the temperature difference is about 33°C for the straight 
pipe and about 10°C for the curved pipe. 

Figure 4 also shows that the heat transfer rates increase with 
increasing nanoparticle volume fraction. Figures 6 and 7 also 
indicate that both the averaged wall temperature and the cross 
sectional mean temperature decrease with increasing 
nanoparticle concentration. However, the decrease in the mean 
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temperature is larger as compared to the decrease in the 
averaged wall temperature, which leads to increased heat 
transfer rates.   

Furthermore, from Fig. 4 it can be seen that the thermal 
entrance length increases as the nanoparticle volume fraction 
increases. This is more evident for the case of a straight pipe, 
which can be justified by the constant Reynolds number 
considered here and the increase in Prandtl number due to the 
increase in nanoparticle concentration.  

The axial variations of the cross sectional mean 
temperature at Re = 833 and different nanoparticle 
concentrations are plotted in Fig. 5. All flow conditions are the 
same as those in Fig. 4. As indicated before, for a constant 
heat flux condition and the flow geometries considered here, 
the curved and straight pipe must have identical mean 
temperatures since the flow rates and pipe wall areas are the 
same. The slight discrepancies close to the exit region between 
the curved and straight pipes for the case of base fluid may be 
attributed to the fact that the straight part after the curved 
section is not long enough for the thermally fully developed 
conditions to be established at the exit of the curved pipe.  

The linear axial variations of mean temperatures in Fig. 5 
are because of the constant heat flux condition; however, the 
reductions in the mean temperatures due to the increase in 
nanoparticle concentrations are related to the increase in the 
Prandtl number; signaling that momentum diffusion occurs 
faster than heat diffusion. Therefore, the total temperature 
variation across the pipe decreases as the nanoparticle 
concentration is increased. In Table 1, the inlet and outlet 
temperature differences for different nanoparticle 
concentrations are listed for a curved pipe. This table indicates 
that a specified amount of heat transfer can be achieved with 
lower bulk and wall temperatures if the nanoparticle 
concentration is increased.   

 
 
Table 1. Total outlet and inlet temperature differences for 
different nanoparticle concentrations in a curved pipe at 

Re=833. 
∆T (out - in) φ (volume %) 

55.9 0 
35.3 2 
19.7 4 
9.2 6 

 
 
In addition to the secondary flows in curved pipes, which 

reduce the wall temperature as compared to straight pipes, Fig. 
6 also shows that increasing the nanoparticle concentration 
results in a lower wall temperature for both geometries. Since a 
higher nanoparticle concentration augments the effective 
conductivity with little change in density while reducing the 
heat capacity, the thermal diffusion in a nanofluid increases.  

As mentioned earlier, the temperature profiles are more 
uniform in a curved pipe than in a straight pipe due to flow 
mixing as can be seen in Fig. 7. In this figure the temperature 
profiles in the symmetry plane of the exit section for different 
nanoparticle concentrations are shown for both geometries. 
Thus, for the constant wall heat flux case, heat spreads out 
through   the  fluid  faster,  causing   the  wall   temperature   to  
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Figure 7. Temperature profiles in the symmetry plane of 
the exit section for different nanoparticle concentrations 

in both geometries at Re = 833. 
 
 

decrease. Clearly, at higher nanoparticle concentrations, due to 
the increase in thermal diffusion, the temperature profiles 
become more uniform in both geometries. 

The increase in heat transfer rates due to the curvature 
effects and nanofluids are accompanied by an undesirable 
effect which is an increase in pressure drop. In Table 2, the 
total pressure drops across the pipe for both geometries at 
different nanoparticle concentrations are listed. As expected, 
the pressure drops in a curved pipe are higher than those in a 
straight pipe. However, the pressure drop is very strongly 
influenced by the nanoparticle concentration such that, for a 
6% concentration, the pressure drop increases by almost two 
orders of magnitude in both geometries. Table 2 also shows 
that the pressure drop due to curvature effects is relatively 
small as compared to nanoparticle effects.  

 
 

Table 2. Total pressure drop for different nanoparticle 
concentrations in both geometries. 

∆P [Pa] (straight pipe) ∆P [Pa] (curved pipe)  φ (volume %) 
113 157 0 
348 477 2 

1379 1847 4 
7686 10016 6 

 
 

In general, the advantages of the nanofluids for cooling 
applications are directly related to the amount of the thermal 
conductivity increase leading to the heat transfer enhancement 
and to the amount of the viscosity increase leading to the 
higher pressure drop. Therefore, for cooling applications, the 
criterion for the choice of a nanofluid is that its thermal 
conductivity should increase more than its viscosity at higher 
nanoparticle concentrations. For the nanofluid used in the 
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present study, the viscosity of the based fluid increases faster 
than its thermal conductivity as the nanoparticle 
concentrations is increased at a given temperature. Therefore, 
the heat transfer enhancements come at the expense of 
considerable pressure drop. This criterion can also be 
explained in terms of the ratio of nanofluid Prandtl number 
(Pre) to the based fluid Prandtl number (Prf). It should be 
mentioned that this ratio is almost independent of temperature 
in the present case. In Table 3, the Prandtl number ratio is listed 
for different nanoparticle concentrations at 30o C. The ratio 
increases considerably with the increase of nanoparticle 
concentration, which means viscosity increases faster than 
thermal conductivity at higher concentrations.  
 

 
Table 3. The ratio of the nanofluid Prandtl number to the 

based fluid Prandtl number. 
Pre / Prf φ (volume %) 

1 0 
1.45 2 
2.4 4 
4.76 6 

 
 
Nanofluids are particularly appealing in applications in 

which the relative importance of heat transfer enhancement to 
the pumping power is much higher such as in the thermal 
management of high-power electronics. Therefore, future 
research should be directed towards the selection of 
nanoparticle materials, shapes, and sizes such that the ratio of 
nanofluid Prandtl number to the based fluid Prandtl number 
becomes less than one. 

CONCLUSION 
Nanofluid heat transfer performance in straight and curved 

pipes of equal length and diameter has been studied 
numerically. A water/alumina nanofluid is modeled based on a 
single-phase approach, and the Navier-Stokes and energy 
equations for an incompressible Newtonian fluid are solved in a 
body-fitted coordinate system using a control-volume method. 
The temperature dependence of the thermophysical properties 
of the nanofluid is also considered. The accuracy of the model 
has been established by comparing the numerical results with 
available experimental data for nanofluid flows through straight 
pipes.  

The results indicate that both the nanoparticle and curvature 
effects enhance heat transfer but at the expense of increased 
pressure drop. However, in the present case, the nanoparticle 
contribution to the pressure drop is dominant, which increases 
up to two orders of magnitude at higher nanoparticle 
concentrations. The ratio of the nanofluid Prandtl number to the 
based fluid Prandtl number is established as a parameter for the 
choice a nanofluid for a given application. This ratio must be 
less than 1 to achieve higher heat transfer rates together with 
acceptable pressure drops as the nanoparticle concentration is 
increased.     

It is shown that for a given heat flux, lower outlet and inlet 
temperature differences are obtained by increasing the 
nanoparticle concentration. In other words, for a given inlet and 
outlet temperature difference, higher heat transfer rates can be 

achieved by adding nanoparticles. Both the curvature effects 
and the presence of nanoparticles result in more uniform cross 
sectional temperature profiles as well as lower peripherally 
averaged wall temperatures.  
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