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Abstract—We propose a new equalization technique based on
nonlinear Hammerstein type filters to mitigate the intersymbol
interference (ISI) effect. This technique is a nonlinear
generalization of the linear equalizer. In the present work, linear
frequency selective fading channels in presence of additive white
gaussian noise are considered and BPSK modulation is
employed. Comparison of the simulation results based on our
proposed technique with the results obtained when linear
equalizer is employed, shows that our technique leads to a
considerably better BER performance at moderate and higher
SNRs. We also show that our method presents a better MSE
estimator than the linear structure.
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[. INTRODUCTION

In frequency selective channels, the transmitted signal is
corrupted by intersymbol interference (ISI) as well as noise.
Hence, in these channels, the optimum receiver is based on the
maximum likelihood sequence estimation (MLSE) [1].
However, MLSE is a nonlinear method with a high
computational complexity that increases exponentially with
the channel memory length. As an alternative to MLSE,
suboptimum receivers for frequency selective channels have
been proposed. Linear and decision feedback equalizers (DFE)
are the most common techniques [1]. Linear equalizer (LE) is
simply a linear transversal filter with a limited number of taps.
Linear transversal filters are also employed in DFE as
feedforward and feedback blocks. Many other equalization
techniques have also been proposed. Examples of theses
methods can be found in the recent published works [1-3].

In this work we offer a generalized nonlinear structure for
channel equalization, which is based on Hammerstein type
filters. We employ this technique for frequency selective
fading channels. Hammerstein filter is a nonlinear polynomial
filter used in many applications such as system identification [4],
[5], modelling [6], [7], echo cancellation [8], [9], and noise
cancellation [10]. Hammerstein decision feedback equalization
(HDFE) has been employed in fiber-wireless channel for
compensation of nonlinear distortion in the electrical-to-
optical converter [11], [12]. Also, in our previous work, we
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have proposed a new diversity combining technique based on
Hammerstein filters to mitigate the fading effects in frequency
selective fading channels [13].

This paper is organized as follows. In the next section we
present the system model. Section III introduces our nonlinear
Hammerstein equalization technique. In section IV, we
explain our motivation for using these filters in the proposed
system. Simulation results and discussions are presented in
section V, before concluding the paper in section VI.

II. SYSTEM MODEL

In this section the equivalent low-pass discrete time model
of the system is presented. In this work we employ BPSK
modulation. The transmitted sequence x(n)e{+1,-1} is

drawn from an i.i.d. source with equi-probable symbols. We
consider a frequency selective fading channel, modeled by a
tapped delay line with L taps, as:

H:[hl h, (D

n],

where 4, is the random gain of the ith tap. These components

are assumed to be real-valued zero-mean gaussian random
variables with variance o;,. Furthermore, they are assumed

uncorrelated and normalized to unity, i.e.:

>,
i=1

The channel fading is assumed sufficiently slow, such that the
tap gains do not vary during one data frame. We also assume
that the frequency selective fading channel has a specific
power delay profile (PDP), which is the profile of the mean
square values of the tap gains. Example of these profiles used
in our simulations is presented in section V.

The received signal which is corrupted by ISI and noise is
expressed as:

=1,

2
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Fig. 1. Generalized Hammerstein Equalization Technique (GHE)

y(n):z h,x(n—i+1)+w(n), 3)

where w(n) is a real-valued zero-mean white gaussian noise
with variance o’. Eq. (3) can be expressed in matrix form:

y(n)=HX(n)+w(n), “)

where H is the channel vector and X(# ) is the received data
vector, defined as:

X(n)=[x(n) x(n-1)..x(n-L+1)]". )

In suboptimum receivers, the detected signal is obtained by
passing y(n) through an equalizer and a hard detector,

respectively.
I11. GENERALIZED HAMMERSTEIN EQUALIZATION TECHNIQUE

A. Equalizer Model

The structure of Generalized Hammerstein Equalization
technique (GHE) is illustrated in Fig. 1. As shown in this
figure, the received signal is passed through a delay line with
L, taps. Then, the signal at each tap is applied to a

eq
Hammerstein filter of order D . The output polynomial of the
ith filter is then:

D
Zi (n): Zk:l(kudd}

where g, is the kth coefficient of the output polynomial of

g, 5 (n) for i=1,2,...,L

s g >

(6)

the ith filter, and 7, (# ) is defined as the signal at ith tap, i.e.:

- oL, 1 )
y,»(n)=y(n—l+T) for i=12,. L, . (7)

Note that only the odd powers appear in the summation of Eq.
(6). Similar to our previous work [13], it can be proved that
the terms corresponding to the even powers are equal to zero.

The filters outputs are summed to produce the equalizer
output z(n):

Le D -
SO IND I ACHE ®)

Eq. (8) can be expressed in matrix form:
2(n)=Gy Yy (n), ©)

where G, is a L (D+1)/2x1 vector that consists of
coefficients g, , and Y, (n) isa L, (D+1)/2x1 vector defined
as:

Y, (n)=[¥7(n) ¥7(n) Y7 (n) ... Y2 (n)]". D odd, (10)

where Y, () isa L, x1 vector defined by using Eq. (7):

Y, (n)=[57(n) 52(n) .. Fo,(0]". @y

z(n) is an estimate of the transmitted symbol x(r). Our goal
is to find the coefficients g, such that the mean square error
is minimized. z(n) is then passed through a hard detector for

making the output decision %(n).
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B. Calculation of the Coefficients

The coefficients of the Hammerstein filters are found from
the training mode by using the MSE criterion. In this mode,
the transmitter sends a training sequence that is assumed to be
known to the receiver as the desired signal d(n). The error

signal is defined as difference between the desired and
estimated values:

e(n)=d(n)-z(n)=x(n)-z(n) (12)
The cost function is defined as below:
¢=£fe(n)f. (13)

The coefficients are computed such that to minimize ¢ .
Using Egs. (9) and (12) in (13), we get:

= £ {[ x( nG, ]}
X

HT‘{H ] [ n - YHT

n)-G
} G,E nxn}

—E{x( (14)
{x(n Y (n)}G } +GE (Y, ()Y (n)]G,,
If we define the L, (D+1)/2x1 crosscorrelation vector:
Py = £ (Y, (n)x(n)}, (15)
and the L, (D+1)/2xL, (D+1)/2 autocorrelation matrix:
R, =E{Y, (n) ¥, ()}, (16)

and note that £{x(n)Y,(n)}=P,", G,'P, =P,"G, , and
E{x2 (n)}:l,we obtain:

£=1-2G P, +G, R, G,,. (17)

This is a quadratic function of vector Gy with a single global
minimum. To minimize ¢ , we need to have:

V=0, (18)
where V is the gradient operator. From Eqgs. (17) and (18) and
using the gradient properties we can write:

V{=2R,G,-2P, =0. (19)
Finally, the coefficients of Hammerstein filters are obtained
by solving Eq. (19):

G,=R,/'P,,

opt

(20)

assuming that R, is invertible.

IV. THEORETICAL BASIS

In this section we explain our motivation for using
Hammerstein filters in the proposed system. For simplicity,
we first consider a system with L=2 and L, =3. In this case

at time n, the observed signals at the receiver are:
6,(n)= y(n+l) =h, x(n+l)+ h, x(n)+ w(n+l)

0,(n) :y(n) =h, x(n)+ h, x(nfl)Jr w(n)
6, (n) :y(nfl) =h, x(n71)+ hzx(n72)+ w(nfl)

(2]

Based on these observed data, we would like to estimate the
transmitted symbol x(n) . Using the MSE criterion, the

optimum bayesian estimator z(n), is defined as [14]:

z:E{x‘ﬁl,Hz,ﬁs}:f xp(x|6.6.6,)dx, (22)
where the notation p(.) represents the probability density
function (PDF), and the time index is omitted for notation

simplicity. The conditional PDF can be written as:
p(6,.6..0] x) p(x)

[ #la.0.0] Dpl)dx

©

p(x6.6,.6,)= (23)

The noise components in Eq. (21) are uncorrelated zero mean
gaussian random variables. Hence, for a particular channel
occurrence, the joint conditional PDF of the observed data
{6, }, conditioned on the transmitted sequence becomes:

p (91762793 ‘ x):ﬂp (‘9, X
i=1

( P 24
1 S0, -a,-p.x)
=———cxp| - ) 5
(270} ) { Z 20, }
where:
a, = hlx(n+1) B =h,
a, = hzx(n—l) and po=h (25)
a, =h]x(n—1)+ hzx(n—Z) =0

are known values. Also, based on our assumptions, we have:

[6(x+1)+5(x—1)). (26)

plx)=3

Finally, by substituting Egs. (23), (24), and (26) in Eq. (22),
the optimum MSE estimator can be obtained as :

—tgh{Z iﬁi(ﬂla,)}

@7
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Now, we generalize this result for arbitrary values of L and
L, . In this case using Eq. (7), the observed signals at time 7,

are:

6,(n)=5.(n) i=1,2,.L,. (28)

Also, the optimum estimator takes the following form:
Log
z(n)=1tgh| A, + 4,0 (n)],
g

29)

where 4, and 4, are defined as:

(30)

and the values of {a,} and {f} can be found similar to Eq.
(25). The Maclaurin expansion of Eq. (29) yields:

2(n) = {AO + ZA,H,(n):lé {AO +ZA,0,(n)}
i=1 . i=1 ) (31)
2 &

v {AO +ZA,.9,(n)} -

We can write this equation as z(r)=5, +5,, where using Eqgs.
(28) and (31) we have:

NP WEAIG)

S, = Other Terms

(32)

where the coefficients C, are known parameters. As can be
seen, S, is similar to Eq. (8), which is the output of a GHE
system. Furthermore, S, can in turn be written as S, =S, +S,,,

where:

Su=2 " (n)
Se=p > € ()

We can also see that S, is similar to the output of a linear

(33)

equalizer (LE) system.
From the above discussion we conclude that S, is included

in S, and also S, is a subset of the optimum estimator z(n).

This means that GHE system can be considered as a nonlinear
generalization of LE system and therefore it is closer to the
optimum estimator than LE. This conclusion will be verified
by our simulation results in the next section.

V. SIMULATION RESULTS

In this section the average bit error rate (BER) and the
average mean square error (MSE) are evaluated numerically
for both GHE and LE techniques and the results are compared.
The simulations are performed for a frequency selective
fading channel with an exponentially decaying power delay
profile shown in Fig. 2. This is an example of common
profiles used in wireless communication channels [1]. We
generate 10,000 random realizations of the channel and obtain
the average BER and MSE results by Monte Carlo simulations.
We also use a 100-bit sequence for training mode.

In Figs. 3-a and 3-b, the average BER versus SNR are
shown for GHE and LE techniques. In these simulations,
which are performed for two different number of taps
L, €135}, we choose the order of Hammerstein filter D=5 .

From these figures it is observed that at moderate and higher
SNRs, GHE has a considerable better performance than LE.

For example, for L, =3, when the SNR=40dB , the average

BER of GHE is 30 times lower than LE, which is a valuable
advantage of our proposed technique. However, at low SNRs
the performances of GHE and LE systems are almost the same.
In other word, the nonlinear terms in Eq. (33) are not effective
at low SNRs. This is due to the inherent property of all
nonlinear systems at low signal to noise ratios. Examples of
these behaviors are observed in decision feedback equalizers
and FM modulators, in which their superiority over linear
techniques appears when the SNR is above a threshold level.
Figs. 4-a and 4-b show the average MSE versus SNR for
GHE and LE techniques when L, e{3,5} and D=5. From

these figures it is concluded that at moderate and higher SNRs,
GHE is a better MSE estimator than LE. This confirms our
theoretical discussion in section 4.

To see the effect of polynomial order D on the
performance of GHE, we performed the simulations for
different values of this parameter and observed that when
D > 5, the system performance did not change notably. Hence,
in this work we choose D=5 .
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Fig. 2. Example of an exponentially decaying power delay profile
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VI. CONCLUSION

In this paper we introduced a nonlinear structure for
channel equalization based on Hammerstein type filters. This
technique is a generalization of linear technique in which the
higher orders of the signal at each tap is used for equalization.
We employed BPSK modulation and assumed frequency
selective fading channels with a specific power delay profile.
Comparison of our simulation results with the results obtained
from linear equalizer, shows that:

o At moderate and higher SNRs, GHE is a better MSE

estimator than LE.

e At moderate and higher SNRs, the average BER

performance of GHE is superior to LE.

e Only the odd powers (D<5) of the received signal are

Average BER

required for channel equalization.

REFERENCES

A [1] J. G. Proakis, and M. Salehi, Digital Communications, 5th ed., New-
york: McGraw-Hill, 2008.

[2] C.Krall, K. Witrisal, G. Leus, and H. Koeppl, “Minimum mean square
error equalization for second order Volterra systems,” IEEE Trans. on
Signal Processing, vol. 56, no. 10, pp. 4729-4737, October, 2008..

[3] M. W. Kwan, and C. W. Kok, “MMSE equalizer for MIMO-ISI
channel with shorten guard period,” IEEE Trans. Signal Processing,

20 25 30 35 40 vol. 55, no. 1, pp. 389-395, January, 2007.

SNR [4] J. Jeraj and V. J. Mathews, “A stable adaptive Hammerstein filter
employing partial orthogonalization of the input signals,” IEEE Trans.
Signal Processing, vol. 54, no. 4, pp. 1412-1420, April, 2006.

[5] N. Kalouptsidis, and P. Koukoulas, “Blind identification of Volterra-
Hammerstein systems,” [EEE Trans. Signal Processing, vol. 53, Issue
8, Part 1, pp.2777 - 2787, Aug. 2005.

[6] F. Mkadem and S. Boumaiza, “Extended Hammerstein behavioral model
using artificial neural networks,” IEEE Trans. Microwave Theory and
Techniques, vol. 57, no. 4, pp. 745-751, April, 2009.

[7] J. M. Le Caillec, “Time series modeling by a second-order Hammerstein
system,” IEEE Trans. Signal Processing, vol. 56, no. 1, pp. 96-110, January,
2008.

[8] K. Shi, X. Ma and G. Tong Zhou, “Acoustic echo cancellation using a
pseudocoherence function in the presence of memoryless nonlinearity,”
IEEE Trans.Circuits and Systems, vol. 55, no. 9, pp. 2639-2649, October,
2008.

[9] K. Shi, G. T. Zhou and M. Viberg, “Compensation for nonlinearity in a
Hammerstein system using the coherence function with application to
nonlinear acoustic echo cancellation,” IEEE Trans. Signal Processing, vol.
55, no. 12, pp. 5853-5858, December, 2007.

[10] D. Zhou and V. DeBrunner, “Efficient adaptive nonlinear filters for
nonlinear active noise control,” /EEE Trans.Circuits and Systems, vol. 54,
no. 3, pp. 669-681, March, 2007.

[11] X. N. Fernando, A. B. Sesay, “A Hammerstein type equalizer for the
Wiener type fiber wireless channel,” in Proc. IEEE Conf. PACRIM 01,
Aug. 2001, vol. 1, pp. 546-549.

[12] X. N. Fernando and A. B. Sesay, “A Hammerstein type equalizer for
concatenated fiber-wireless uplink,” JEEE Trans. Vehicular Tech., vol. 54,
no. 6, pp. 1980-1991, 2005.

[13] A. M. Aminian-Modarres, M. Molavi-kakhki, A Nonlinear Signal
Processing Method for Diversity Combining Using Hammerstein Type
Filter, International Journal of Computer Science and Network
Security, vol. 9, no. 1, pp. 399-407, 2009.

[14] S. M. Kay, Fundamentals of Statistical Signal Processing, New Jersey:
Prentice Hall, 1993.

Average BER

[ SRR

Mean Square Error (MSE)

Mean Square Error (MSE)

Fig. 4. Average MSE for GHE and LE systems with L, € {3,5} and D=5

373

Authorized licensed use limited to: Chandigarh College of Engg. & tech. Downloaded on June 14,2010 at 10:00:05 UTC from IEEE Xplore. Restrictions apply.



