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Abstract

In this paper, an analytical method is presented to investigate dynamic
characteristics in a functionally graded thick hollow cylinder under thermal shock
loading. Thermo-mechanical properties of functionally graded (FG) thick hollow
cylinder are assumed to be temperature independent and vary continuously in the
radial direction. Dynamic thermo-elastic equation of the problem is analytically
solved by employing the Laplace transform and series solution. The dynamic
thermo-elastic stresses in a functionally graded thick hollow cylinder subjected to
axisymmetric thermal shock loading are obtained and presented in closed forms at
Laplace domain. The results are obtained in time domain using the fast Laplace
inverse transform method. The dynamic behaviors of thermo-elastic stresses are
illustrated and discussed for various grading patterns of thermo-mechanical
properties in several points across the thickness of FG cylinder and cylinder
thickness parameter. The presented analytical method furnishes a ground to study
the time histories of radial and hoop stresses in FG cylinders with different
thickness and various exponents of volume fraction. The presented results show
good agreement with published data in previous literatures.

Key words: Analytical Method, Dynamic Thermo-Elastic Stresses, Thermal Shock,
Functionally Graded Materials, Time History Analysis

1. Introduction

One of the most important structures in various industries (such as airspace, chemical
and petroleum industries) is thick hollow cylinder that is used as pressure vessels and
cylindrical shells. Consequently, the dynamic characteristics of them are obviously
important for engineering purposes and optimum design. In modern industries using new
materials such as composites and functionally graded materials (FGMs) in cylindrical shells
are increasing because of their capability to control stresses caused by thermal and
“Received 16 Nov., 2009 (No. 156-1) mechanical loads. FGMs are new kind of composite materials whose thermo-mechanical
[DOI: 10.1299/mmp.4.1346] properties vary continuously along certain directions. In the recent years, a number of
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analytical and numerical solutions have been obtained by some researchers to determine the
stress distribution in cylindrical shells.

Using the Hankel asymptotic expansions, the stresses and displacements in the initial
phase of applying a thermal load at the bounding surfaces of an orthotropic hollow circular
cylinder are obtained by Kardomateas'”. Wang and Gong® and Wang® presented an
effective analytical method to analyze the histories and distributions of the dynamic
thermo-elastic stresses in a homogeneous thick hollow cylinder subjected to thermal and
mechanical shock loadings. Tanigawa®
thermo-elastic problems for nonhomogenous materials. Cho and Kardomateas® developed
a closed form elasto-dynamic solution for stress field in a thick orthotropic cylindrical shell
under thermal shock. They used three-dimensional linear dynamic elasticity approaches, the

reviewed the methods of analytical development of

finite Hankel and Laplace transforms for observing the stress wave propagation
phenomenon. Jabbari et al.© investigated one-dimensional steady-state thermal stresses in a
hollow thick cylinder made of functionally graded materials. In their analysis the material
properties have been assumed as power function of radial displacement. Using the
orthogonal expansion technique, thermo-elastic equations of a nonhomogenous orthotropic
elastic cylindrical shell with arbitrary thickness subjected to arbitrary thermal load was
solved by Ding et al.”. A multilayered approximation method employed to obtain the series
solutions of temperature, displacement and stress fields in a functionally graded circular
hollow cylinder with finite length subjected to thermo-mechanical loading by Shao™. Also,
Shao et al.”) presented an analytical method based on series solution for analysis of
transient thermo-mechanical stresses in a FG hollow circular cylinder with infinite length
using Laplace transform. The inertia term in equation of motion was not considered by them
and they considered pseudo dynamic conditions (considering elastic governing equation
without inertia term in equation of motion) for their problem. Recently, they used same
method for analysis of FG circular thick hollow cylinders subjected to mechanical loads and
linear-type heat supply '”. Hosseini et al."" studied the vibration and dynamic analysis of
functionally graded thick hollow cylinders with axisymmetry and plane strain conditions.
The mean velocity of radial stress wave propagation, natural frequency and dynamic
behavior of FG cylinder were presented in their work using Galerkin finite element with
linear functionally graded elements and Newmark methods. To analyze the transient heat
conduction in functionally graded thick hollow cylinders, an analytical method based on
composition of Bessel functions was presented by Hosseini et al.'?. Jabbari et al.'®
analytically solved the thermo-mechanical field equations to show thermal and mechanical
stress behavior in a finite length functionally graded hollow cylinder subjected to the 2-D
axsymmetric steady-state thermal loads. As a numerical method Shariyat'? presented a
Hermitian transfinite element method for nonlinear transient behavior analysis of
functionally graded thick cylindrical vessels or pipes. He obtained the temperature,
displacement and stress field of a FG thick cylinder with temperature-dependent material
properties under thermo-mechanical loads. Also, Shariyat et al."”
propagation characteristics in FG thick hollow cylinders with temperature-dependent
properties subjected to dynamic thermo-mechanical loading. They used a second-order
point-collocation method to analyze nonlinear transient thermal stresses and elastic wave

investigated stress wave

propagation in FG cylinder. Also, an analytical method based on composition of Bessel's
functions has been presented by Hosseini and Akhlaghi'® for pseudo dynamic problem in
FG thick hollow cylinder subjected to transient thermal loading. Recently, Hosseini and
Abolbashari'” presented an advanced analytical method to solve the wave motion equation
in functionally graded thick hollow cylinder using composition of Bessel functions. An
analytical method based on layerwise theory was presented to study displacements and
stresses of functionally graded plates subjected to thermo-mechanical loadings by Tahani
and Mirzababaee"®. They solved the layerwise nonlinear governing equations analytically.



Journal of Solid Mechanics Vol. 4, No. 8, 2010

and Materials Engineering

This work presents a high strength and effective analytical method to study the
thermo-elastic stress field in a functionally graded thick hollow cylinder subjected to
axisymmetric thermal shock loading. The governing equations of the problem are
transferred to Laplace domain and analytically solved using series solution technique. To
study the dynamic behaviors of thermo-elastic stresses, the stress field responses of FG
cylinder are obtained in time domain using the fast Laplace inverse transform (FLIT)
method. The thermo-elastic stresses of FG cylinder are obtained in closed form at Laplace
domain. The effects of various grading patterns of thermo-mechanical properties and
cylinder thickness on time histories of stresses are discussed in details for several points
across thickness of FG cylinder.

One of the most important differences between this paper and the other references is its
capability to model any FGM cylinder subjected to arbitrary transient thermo-mechanical
loading with whole governing dynamic equations (considering inertia term in equation of
motion). The presented analytical method furnishes a ground to study the time histories of
stresses in FG cylinders with various exponents of ceramic-metal volume fraction subjected
to arbitrary transient thermo-mechanical loading. Also, the presented method has a high
capability to use in wave propagation analysis of FG structures.

2. Problem Formulation

A functionally graded thick hollow cylinder with inner and outer radii @ and b and
infinite length is considered. The axisymmetry and plane strain conditions are assumed for
problem. Consequently, strain-displacement relations can be found as follows,

)=%, soplrt) = 121) (1)

7

& (r,t

where u(r,t), ¢,,(r,t)and £,,(r,¢) are displacement, radial and hoop strains, respectively.

Subscripts 77 and 66 denote radial and circumferential directions. Also, the terms ¢ and r
show time and radius.
The dynamic thermo-elastic stresses are given by

E(r)

a(r)E(r)
o, (r, t) = —(l N v)(l ) v) [(1 - v)g,,. (r, t)+ V&g (r, t)]— —(1 ~ 2v) T(r,t) )
E(r) a(r)E(r)
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where o,,(r,t) , 009 (r,t),V , E (r) ,a(r)andT (r, t) are radial and hoop stresses, Poisson ratio,

elastic modulus, thermal expansion coefficient and temperature of FG cylinder, respectively.
The equation of motion is

00, (r1) , olrt)=oulrt) _ o \0"ulri)

4
or r ot? @
where p(r)is the mass density.
The following mechanical boundary conditions are assumed for the problem
o, (a, t) =P, (t) (%)
o,.(b,t)=P,(t) (6)

where P,(f) and Py(f) are hydrostatic pressures applied on the inner and outer bounding
surfaces. Also, it is assumed that the temperature of the cylinder is changed as follows
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0 t<0

7
Ty t=20 7

T(r,t):TOH(t):{
where T and H(t) are a constant value (reference temperature) and Heaviside step function,
respectively. Furthermore, the initial conditions are considered as follows

u(r,O)zO, Y

1=0=0 (3)

For the sake of simplicity, some dimensionless parameters can be described as

=7 b= 5=t Be-EW) - 5-2b)
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where Cj, , &, T, , Eyand p, are reference values of stress wave propagation speed, thermal

expansion coefficient, temperature, elastic modulus and density, respectively.
The equation of motion can be rewritten in dimensionless form using aforementioned
non-dimensional parameters,

8zﬁ(§,t*)+(l+F’(ﬁ)J@ﬁ(ﬁ,t*)Jrﬁ(g,t*)( v E(E) 1)
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Also, by using the dimensionless parameters, the boundary conditions can be expressed as

o (66 <o)

ou(&.t’) . L (e (1=20)— . (11)
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where
i 2L
Rl a?’TOt*EO (14)
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Substituting Eq. (15) into Egs. (10)~(12), we can obtain
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3. Analytical Solution
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(18)

The Laplace transform is applied to Egs. (16)~(18) with respect to time ¢, considering

initial condition (8) to obtain
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The term L is Laplace transform operator. According to the series method for ordinary

differential equation, if the coefficient £'(&)/E(&), [E(&)a(&)I/E(&)and p(&)/E(&)

are analytical at £ =1 and can be expressed as Taylor’s series in term of (£ - 1),
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then the solution of Eq. (19) can be expressed as Taylor’s series at& =1as following

relation®

i(&,5)=) . (s)(&-1)" (28)
n=0

Substituting Eqgs.(26) and (28) into Eq.(19) and employing series properties in
mathematics, one can obtain the following recurrence relation
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From Eq.(29), all coefficients in Eq.(28) can be obtained as follows
(pn (S) = l//ln (S) ¢0 +‘//2n (S) ¢1 +l//3n (S) (30)

where y,,(s) , ¥,,(s) and y,(s) can be derived from the corresponding recurrence
expression (29) and ¢, and ¢, are unknown constants, which can be determined by using the

stress boundary conditions (20) and (21). So, the solution of radial displacement of the
functionally graded thick hollow cylinder in Laplace domain can be expressed as

#(&,5)=D [11,(9) 00 +¥ 2, () + 3, ()]G 1) (31)

n=0

To determine the responses of stress field in time domain, the present work uses the

FLIT method, which combines Fourier cosine and sine transforms'®.

4. Numerical Results and Discussions

Consider an axisymmetric FG thick hollow cylinder with infinite length and inside
radius a and outside radius b. The thermo-mechanical properties of FG cylinder are graded
through the radial direction. The FG cylinder is assumed to be made of a combined
ceramic-metal FGM whose thermo-mechanical are varied continuously and smoothly in the
radial direction from ceramic on inner surface to metal on outer surface. The material
properties distribution is modeled by simple power function in term of volume fraction as
follows
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P=Pn Vm+pch =Pnm Vm+pc(l_Vm) (32)
where
r—a g
Vo =( =R’ (33)
b—a

and p is effective material properties of FGM, V,, and V, are volume fractions of metal and
ceramic, and subscripts ¢ and m stand for ceramic and metal, respectively. The material
properties p in Eq.(32) can be considered as modulus of elasticity E, mass density p and
coefficient of thermal expansion & . The term /3 is a non-negative volume fraction exponent
that governs the distribution of the constituent materials through the thickness of FG
cylinder.

Figure 1 shows the variation of volume fraction V,, through the thickness of
functionally graded cylinder for various values of the power-law index f . It can be
concluded from Fig.1 when the value of § is zero the FG cylinder can be considered as a
full metal cylinder. Also, when  — oo, the thermo-mechanical properties of FG cylinder
converge to thermo-mechanical properties of full ceramic cylinder.

Vm

Metal Volume Fraction

! !

0 0.2 0.4 0.6 0.8 1
Nondimensional Radius R

Figure 1. Effects of gradient parameter on metal volume fraction for b/a=3

In order to prove the validity of the presented method, the results have been compared with
the analytical results obtained by Wang® for isotropic thick hollow cylinders. It is
important to know that the diagrams of some points on thickness of cylinder (not all of
them) in [3] are digitized and drawn in Matlab software for the sake of comparison with
illustrated curves based on presented analytical method.

To compare the results, the value of £ is considered to be zero and the same parameters
and constants are taken into account for metal properties as;

E =200 GPa, C, =5000 2, v =0.25, é=2, r=bit* (34)

S a 2(b-a)

Figures 2 and 3 show the comparison of the obtained results using presented analytical

method and those obtained by Ref.(3). The comparison shows good agreement between

obtained results from presented analytical method for FG cylinder and another analytical
method for isotropic cylinder.
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Figure 2. Time history of radial stress for a homogenous cylinder at middle point
of cylinder thickness
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Figure 3. Time history of hoop stress for a homogenous cylinder at inner and outer
surfaces

Based on results of comparison between our data (with 8 terms in series) and those
published in the literatures, it can be concluded from Figs. 2 and 3 that the 8 terms of series
can be used to have proper results and convergence rate.

To study the effects of thermal shock loading on dynamic behavior of FG cylinder, the
bounding surfaces of FG cylinder is assumed to be traction free, thus, the corresponding
mechanical boundary conditions can be expressed as

P,(t)=0, P,(1)=0 (35)

The results are obtained for a ceramic-metal functionally graded cylinder with
aluminum and alumina as the metal and ceramic constituents, respectively. The material
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properties given in Table 1 are used in computing the numerical results.

Table 1. Thermo-mechanical properties of inner and outer surfaces of FG cylinder

) Elasticity Density Thermal expansion
Material 3 . o
modulus (GPa) (kg/m”) coefficient ( 1/ c)
|
Alumina (inner surface) 380 3800 7.4x107
Aluminum(outer surface) 70 2760 23x107°

Figure 4 depicts the variation of the radial stress responses at middle point of thickness
R=0.5 for different values of gradient parameter . Increasing gradient parameter 3
enables us to have a hollow cylinder with more ceramic volume fraction. It can be
concluded from Fig.4 when the value of £ is increased, the radial stress wave propagation
speed is also increased. The stress wave propagation speed C, = \/m in a pure ceramic
cylinder is larger than a pure metal cylinder because the elasticity modulus of the alumina is
greater than the aluminum elasticity modulus. This phenomenon can be observed in Fig. 4
and the validation of presented method is further verified. Also, the amplitude of variation
in Fig. 4 is directly depends on value of £ . The bigger values of amplitude of variation can
be seen by increasing the value of j .

Figure5 illustrates the effect of cylinder thickness on the radial stress distribution across
thickness of FG thick hollow cylinder at middle point of thickness for =2 . From Fig.5,
we find that the maximum amplitude of the radial stress for cylinders with different wall
thickness is almost the same. Thus, one observes that the peak values of the radial dynamic
thermo-elastic stress are not related to the ratio of b/a. The same phenomenon can be

observed in an isotropic hollow cylinder®®.

r

Nondimensional Radial Stress o

-12 ! ! ! 1
0 1 2 3 4 5

Nondimensional Time 1

Figure 4. Time history of radial stress at middle point of thickness for /=3 and
various [
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Figure 5. Time history of radial stress at middle point of thickness for g =2 and
various b/a

Figure 6 shows the time history of hoop stress for various values of £ at inner surface
of FG cylinder and b/a=3. Also, the similar behaviors can be found in Figs.7 and 8 for time
history of hoop stress at middle point of thickness and outer surface of FG cylinder,
respectively.

From Figs.6~8, it can be concluded that the peak values of hoop stresses and amplitude
of the variations directly depends on the position on thickness and value of #. Moreover,
comparing these figures show that the maximum amplitudes of the hoop stress always
appears at the internal surface of the FG cylinder.

20

[
(&)]

=
o

[&)]

o

|
)]

I
=
o

Nondimensional Hoop Stress g,

-15

0 2 4 6 8 10
Nondimensional Time 1

Figure 6. Time history of hoop stress at inner surface of FG cylinder for 5/a=3 and
various [
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Nondimensional Hoop Stress g,

Nondimensional Time 1

Figure 7. Time history of hoop stress at middle point of FG cylinder for 5/a=3 and
various /[

1.5 T T T T

Nondimensional Hoop Stress g,

Nondimensional Time T

Figure 8. Time history of hoop stress at outer surface of FG cylinder for 5/a=3 and
various /[

Figure 9 shows that cylinder thickness has a significant effect on hoop stress
distribution. Moreover, from Fig. 9 one observes that the maximum peak value of the hoop
stress at the internal surface increases by increasing cylinder thickness. This phenomenon
appears because the hoop stiffness value for a FG thick cylinder is bigger than values for a
FG thin cylinder.

The effects of variation in FG cylinder thickness on time history of hoop stress at outer
surface is illustrated in Fig. 10 for # =2 . It can be seen in this figure that the FG cylinder
thickness has not significant effect on the peak value of hoop stress at the external surface.
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Figure 9. Time history of hoop stress at inner surface of thickness for =2 and
various b/a

0.5 T T T T

Nondimensional Hoop Stress g,

-2 ! ! ! !
0 2 4 6 8 10

Nondimensional Time T

Figure 10. Time history of hoop stress at outer surface of thickness for =2 and
various b/a

5. Conclusions

In this paper, an effective general analytical solution has been presented for the
dynamic analysis of thermo-elastic stresses in functionally graded thick hollow cylinder
subjected to thermal shock loading. The equation of motion is analytically solved in Laplace
domain using series solution and dynamic responses of FG cylinder are obtained in time
domain utilizing the fast Laplace inverse transform method. The main results of this article
can be outlined as follows

- The thermo-elastic displacements are obtained in closed form at Laplace domain

and dynamic behavior of stress field is observed in time domain.
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- The time history of radial and hoop stresses are studied in details for various values

of S at several points across thickness.

- The effects of thickness and various grading patterns of thermo-mechanical

properties across thickness and cylinder thickness parameter on dynamic behavior
of stresses have been illustrated and discussed in details.

- The gradient parameter § can be designed to control the amplitude of thermal

stresses variation in the FG thick hollow cylinder in order to satisfy the
requirement of engineering applications.

- The presented method can be used to study FG thick hollow cylinder with various

grading patterns with transient boundary conditions or subjected to
thermo-mechanical shock loading.
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