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Abstract:  Nowadays, reverse engineering is widely used in design and manufacturing industries. In 
order to analyze or modify a design, data points are collected from the workpiece surface using cloud 
points system. The curves are then constructed by approximating through the data points. Such 
approximated curves could contain some errors that may reduce the accuracy of the product being 
designed. In this paper, two optimization procedures are developed to reduce the noises of extracted 
data points and to optimally determine the corresponding data point parameters. This would allow 
achieving the best possible B-Spline fit. In the first stage, using discrete geometry and strain energy 
criterion, data points are repositioned to obtain fair points. The parameters of data points are then 
optimized to approximate the fairest curve. This is also done based on the strain energy criterion. In 
both stages, Tabu Search (TS) algorithm is employed as the optimization procedure. An illustrative 
example is presented to show the performance of the proposed procedure.  
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1 Introduction  

In any CAD system, curves are needed for analyzing and modifying the design. One way of creating 
curves is to use data obtained from cloud point systems. However, the constructed curves may have 
errors due to the noises in the digitized data points. These noises may result in unacceptable results in 
modifying a design. The process of eliminating errors is known as "curve fairing" which is a fertile 
research area. The ability of fairing, to the large extends, depends on how curves approximate the real 
data of cloud points. One of the most common and widely used curve generation procedures is the 
parametric B-Spline. There are four methods for fairing B-Spline curves; namely, repositioning control 
points, changing the weights of control points in rational B-Spline curves, re-positioning the data points 
and modifying knots and data parameters [1].   

The construction of a system for the design of fair curves requires a criterion to assess whether a 
curve is fair. Generally, the fairness of a curve is closely related to the way the curvature varies along 
the curve [2]. Generally, large and frequent fluctuations in curvature are not desirable. Usually, when 
the curvature is monotonic, the result is more acceptable. Sapidis [3] proposed a well-known criterion 
for a fair curve as follows: "a curve is fair if the curvature plot is continuous and is as close as possible 
to a piecewise monotone function with as few monotone pieces as possible". In this paper, re-
positioning the data points and modifying data parameters have been employed to achieve a fair 
curve. Due to applying TS algorithm, both optimizations have been performed based on strain energy 
criterion. Finally, comparing with Sapidis criterion, performance of proposed optimization procedure is 
shown. 

2 B-Spline curve approximation 

B-Spline is one of the most practical curves for industrial applications, due to its flexibility, desirable 
continuity and excellent geometric manageability. This curve is defined parametrically where a set of 
points controls its overall shape. Points on the B-Spline curve are obtained from equation 1. 
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Where C is a given point on the curve, u is the parameter of the curve, Ni,p is the basic function (p 
refers to the degree of curve) and Pi is the set of control points. To measure how well a curve 
approximates a given data points, the concept of error distance is used here. The error distance is the 
distance between a data point and its corresponding point on the curve. Thus, if the sum of these error 



 

 

distances is minimized, the curve would follow the shape of the data points closely. The error function 
is defined as Mean Least Square given by Equation 2.  
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In the above, Dk is the k
th
 data point with the corresponding parameter tk. By simultaneously solving 

the set of equations the corresponding control points, Pi, can be found. In this way, the curve closely 
follows the trend of control points. Therefore, in process of curve approximation, the final shape of the 
B-Spline curve follows the data points. 

3 Fairness Metric   

As mentioned earlier, if the curvature of curve is continuous or vary monotonically, the curve is said to 
be fair. By plotting the curvature variations along the curve, fairness can be visually analyzed. 
However, re-positioning the data points and modifying data parameters would result in an extremity 
large solution space. Therefore, heuristic algorithms, such as Tabu Search (TS) can be used to solve 
such large problems. The first step in implementing this algorithm is to define a measure of 
performance (objective function) in the form of a quantitative criterion. In this study, strain energy is 
used as the criterion for assessing the fairness metrics of curves. Using this notion, the design of fair 
curves is defined physically rather than mathematically. For instance, if an elastic beam has many 
concentrated forces and it passes through several points, the beam is said to have the fairest possible 
curve with minimum strain energy [4]. In this way, if strain energy of the curve is minimized the curve 
is the fairest. The strain energy of a curve may be defined as follow:  
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Where l is the length of the curve and k(s) is the value of the curvature over the length s.  

By minimizing the total strain energy, a curve with the highest possible fairness may be achieved. In 
this paper the strain energy has been used, as the fairness criterion, both in fairing data points and in 
optimizing their corresponding parameters. In the first stage of optimization, using discrete geometry, 
the strain energy of data points are calculated [1]. In the next phase, the strain energy of B-Spline is 
calculated numerically and used as the evaluation criterion. If the data points and their associated 
parameters have the minimum strain energy, the curve is the fairest. 

4 Optimizing procedure   

Tabu Search (TS), first introduced by Glover [5], is an iterative neighborhood search capable of 
escaping from local optima. It involves the exploration of solution space through the iterative 
investigation of neighborhood solutions. The search process starts from a feasible solution and moves 
stepwise towards a neighboring solution. After a number of moves an optimal or near-optimal solution 
may be obtained. To make a move, a set of neighboring solutions around the current solution is 
generated and evaluated based on the objective criterion. Then, a move is made to the best allowable 
solution in the neighborhood. The main advantage of TS is its ability to escape from local optima by 
accepting non-improving solutions. Another important feature of Tabu Search is the use of tabu list as 
a short term memory. A tabu list contains a number of immediate previous moves which are not 
allowed at the current iteration. The use of tabu list alleviates the cycling problem since the search is 
prohibited from returning to any of the previous moves specified in the tabu list. Following each move, 
the tabu list is updated by adding the new move and removing the oldest move from the list. The 
details of Tabu Search and its refined versions are well documented in the literature [6]. 

In CAD related applications, to achieve a fair B-Spline curve data points and their corresponding 
parameters should properly be determined. In this study, TS is first applied to make the data points 
fairer. To generate a neighbouring solution during the search, a number of data points are randomly 
selected and their positions are slightly changed. This procedure is repeated until all solutions in the 
current neighbourhood are generated. The number of data points and the number of neighbour 
solutions are pre-specified. Then, the strain energies of all solutions in the current neighbourhood are 
compared. A move is then made to the best solution, provided it is not in the tabu list. The algorithm is 
stopped when the termination criteria (in this case number of iterations) is reached. 



 

 

The same logic is employed for the second phase of optimization in which parameters of faired data 
points are optimally determined. In this phase, to create a neighbor a pre-determined number of data 
parameters are selected and their values are slightly changed. The strain energy is also used here for 
solutions evaluation.  

5 Results and discussions 

In this section, an illustrative example is provided to show the performance of the proposed two-

phased optimization procedure. Let us consider a B-Spline for letter S consisting of 100 points 
extracted from the cloud points. This problem is analyzed under four different scenarios. For 
comparison purposed, in all cases curvatures (dotted lines) are plotted along the B-spline curves (solid 
lines). These cases are described as follows: 

Case a: In this case, raw data points and chord length parameterization are used to approximate the 
curve (Figure 1.a). No manipulations are performed on data obtained from cloud points. As show, 
various types of inaccuracies and noises make the curvature to have large and frequent fluctuations.    

Cases b and c: In case b, data points have not been modified, but using TS algorithm the 
corresponding parameters have been optimized. By the same token, in case c only data points have 
been modified and no optimization is performed on the parameters. Although curves in cases b and c 
are fairer, there still exist large amount of noises and fluctuations. 

Case d: In this scenario, the example problem has gone through both phases of optimization. In the 
first step the data point are modified to reduce their noises. The second stage involves optimizing the 
data parameters that further enhances the fairness of the curve. As show, this scenario is superior to 
all previous cases and result in a smooth noise free B-spline. It can be seen that the curvature is close 
to a piecewise monotone function with as few monotone pieces. Hence it can be said that the 
proposed algorithm conforms to the Sapidis criterion to design a fair curve.  
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Figure 1: Curvature plot of four investigated states 
 

The convergence of algorithm towards the exact curve by optimizing the data points and their 
corresponding parameters is shown in Figure 2.a and Figure 2.b, respectively. So, it can be said the 
exact curve can be closely approximated, applying proposed algorithm. 
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Figure 2: Algorithm convergence in optimizing data and corresponding parameters 

 

6 Conclusions 

The main interest in many engineering applications is to determine the values of design parameters in 
order to obtain a desired output. Producing fair curves has always been a critical issue in reverse 
engineering of industrial parts. The accuracy of a B-spline curve depends on the quality of data points 
and their corresponding parameters. However, due to the very large number of possible solutions, 
enumeration based methods are inadequate in finding accurate approximations. In this regard, 
intelligent search algorithms such as TS are capable to provide near optimal solutions within 
reasonable computational times.  

In this paper, using strain energy criterion and Tabu Search algorithm, a two-stage procedure has 
been developed to enhance the fairness of the curve. In the first stage, raw data, extracted from cloud 
points, are modified. This is done through noise reduction and data modifications. Then, final curve 
can be approximated through the fair points with the optimized corresponding parameters. 
Computational results show that optimization based on the strain energy would also satisfy Sapidis 
criteria as fairness metrics for curves. 
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