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Abstract

In this paper, the variational iteration method is applivd to solve boundsty valve probloms
for saventh order integro difftrentin] equations. The ohtained numerical msults show thet only one
iteration 15 needed to apply, and the obtained solutivns ure of pemarksble securacy. By giving two
examples and comparing with the cxact aolution, the efficiency of the moethod will be shown,

L. Introduction

In recent years, many different methods were propesed to solve boundary
value problems (BVFs), such as humotopy perturbation method (HPM) [5, 9],
variational iteration method (VTM) [6, 11] and meodified decomposition method
(MDA [8]. Recently, Sweilam [10] implemented the VTM o aolve fourth
crder integro-difforcntial equations. In this papor, we apply Lhe variational
iteration method proposed by Ji-Huan He [1-4] to find approximate zolutions
for boundary value problems of seventh order intogro-differential equations.

To illustrate the basic idea of VIM, we consider the following general
nonlinear aystom
Lu + Nu = g{x). (1)
éﬂm Bubfect Classificatiom: 35515, 3410, B2l
Eegwnrds: varialional teration, boundary value problens, mlergo-differential squation.
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where I is a linear operator, N is a nonlinear operator and g(x) is an

inhamogenesous forcing term. According to the variational iteration method
[1-4], we can conslruct 4 correction functional for the svstem, aa follows:;

”’n-ﬂ-l{x} = “'n. J 1{3“1'“"{5‘} 1+ NH ( ]_ g&’”ds: (2)

where W is a Lagrange multiplier, which van be identified optimally via the
variational theory [7]. the aubseripts 1 denotes the a-th approximation, i, is

considered as 4 restricted variation, i.e., 8, = 0.

We consider the general boundary value problem of the following type. ta
solve by uaing VIM

) = gla) + .[r: fie, ¥t), ¥1e) (), ., AN, )
with guitable boundary conditiona,
2 Applications

According to VIM, the correction [unetdonal for (3) can be constructed ae
tollows:

St =)= [OUD6- 860 [5O3 0 P O)atids, )

where 4 is general Lagrange multiplicr, ¥, denules restricted variation i,
6¥, = 0. Making the above correction functional stationary, we ollain the
tollowing stalionary conditions
1+ =0, Hap=0, #Nx=0. (o) -0,
AMlx)=0,  A{x)=0, wx)=0, Win=0

The Lagrange multiplier, therefire, can be obtaining in the fallowing form

LE}
e = - ;,“ ()
Theretore equation (4) can be rewritien as
Yoae) = )= [T =3 )~ o)
- [, 16 38 50 D) d ®
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Now, o demonstrate the accuracy of the variatinnal iteration method we

consider two following examples with known exact solutons.
2.1. Linear integro-differential equation

Firat, we consider the following integro-differential equation
s, - 1 x i
AL N P Ju wthdt, D= x =1 (7

gubject to the boundary conditions

#0h=1, yOy=0  O)=-1 0= -2

#1) =0, ¥{)=-e ¥(1)= -2a *

The exset solution of (T)is vlx) = (1 x)e”. According lu (B), wo have the

following iteration formulation
o DU o T\ PR PO o
.'.'!"-nll:.-r:l = :!'r.li-.{x.] UT ¥ tﬁ} - 2+ 8e” - Jl}j"u{r'.“}:x d,q_ Lg.-"

Now, starting with the initial solution

Vo l®) -y oyx 4;2:12 +apx” +agxt + ﬂ:-,xﬁ + u,g-,:.:.cﬁ~ . {100
whore ag, @y, s, iy, @y, a5 and ap which are unknown constants to be further
determined.
By the deration formula (3), we obtain the following first-order approximation

C T P, (1 S . &
Hilx) = polx) - L%*:ﬂ{,‘“l}fs} 2 8o — Iﬂ y,}(ﬁjcﬁ;}ds

|

= (Baag) (B1oadx+ (o + 4)xt + [% + G-J:*Ju' + (l + 'TL:(J-"-’AL

; L

" 5 1 N 1 7 ap 8 a2 5
— | — = oo, === 4 4 S )

15 ”-’]x oot ¥ *omp Y tioazo | Sezseo
. 3 10 ) i, 12 i1} A3
' 1814400 © T Bes2s00 " ' 16osmaon © 51891810

2y 14 % :
% - e (11}

" 731080960
Tnearporating the boundary conditions, cquation (8), inte y(x), we get

W0l =y =1, 3{0)=a =0, 3(0)=2ay = -1, 3 0) = 6ay = -2,
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A7463825
(1) = B3IB25T

193558401

15891841

121080961

* Toosa400 %1 *

* 121080960 % ~ 82 =0,

T 39916800 1891840
1y _ D968259 6652801 19958401 51891841
1 —1 - e -— e, -— ==
Y1) = 3657400 * Tssa00-% * 3991680 "® * Bg4sgap Y6 ~ 1€ =0,
~y _ BT80301 1814401 6652801 19958401 )
¥y = 362880 ~ 151200 * ' 332640 5 * “ggazap 96 ~6e =0,

Solving the ahove system simultaneously,

followya:

cp =1, a =1, {121;1',(}1;5-_

2

ﬂ4=

3
_ 3001266767 2665984974 854020

= =

- 1624607092 1234034538 465
ag = _ 1124938905 19394664098718263 6897041565 8572485164 23680

1254009248 39331555568 4641
6218097806 569534754562577

we obtain the unknowns as

L, 1103527685 837050926158 240000

1254009248 3933185568 4641 ©'
_ 45754362998609132387 5200

3389214184 846806907603

7b245549035991133507 846

1254009248 39331860584641 © 12

This gives us the approximate solution for {7) and (8).

The numerieal results of this application compared with the exact solution

are presented in Table 1. We shserve the higheraceuracy is obtained witheaut
any difficulty.
Table 1. Comparison of the first-order approximate solution with the exact
solution,
YE M Absolute error
ey 1 1 0.00e-00
0.1 (1.9946535262 0.9946538275 1.26e-09
0.2 0.9771222064 0.9771222018 4 6(le-09
0.3 _ 0.944901 1656 0.944901164 2.00e-09
0.4 (.5950048188 0.895094819 1.00=-09 4]
0.5 (. 8243606355 0.824360631 4.U{Je-q9
0.6 0.7Z884 75200 0.728847543 2.30e-08
0.7 (.6041258121 0.604125758 3.00e-08
0.8 0.4451081866 0.44510815 4 00e-08
0.9 0.24596053111 U.E-lﬁ[lﬁﬂz'.!" 4.00e-08
1 0 0 0.00e-00

= — — - —_——aa-ﬁ
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2.2 Nonlinear integro-differential equation

Now, we coneider the following nonlinewr integro-differeniial equation
fvid] ¥ olx 2 ] e
¥ =1+ e Fyelt)de, 0z x =Ll (L3
il
With the boundary conditions
0} = ¥(0) = ¥7(0) = ¥"(0) = 1,
1) =y = ¥} = e (14)

The exact solution of this problem is ¥{x) = ¢, According to (6), we have

the following iteration formulation

(TS L oo e ;
Yua (£} = 3afx}— I 41}'&“"(53—1 - j C ’J’;.-.Q'[n'-]d-'«lus {15)
o 6 i
We atart with the following initinl approximation
- - R fi] .3 H] 4]
wplx) = oy + agx + aax® + x4 agaT ¢ oagx” 4 ogx”, (16}
where ap, @, as, @y, a4, a5 and gy arve unknown constants to be Tarlher

delermined.

After we apply the iteration formula (15) to the BYP, we get the following

first-order approximation
i £ & i
wix) = yolx) |"~” ,f-] [ 1 J' :r_’:yn"{t]di};is. (17)
dg o il 0

Incorporating the baundary eonditions, cquation {14), into ¥y {x). we obtain

1 1
= 1 = 1 gy = — n = —
] - - O3 3 2 5"
I ABTGO9E ae = o787 _— EXE% T (18)
17 113585067 © 7 T BO405294 % T 157257270 ° S
Putting the values of @’s,i = 0,1, ..., 8 one can get the approdmate

solution.

Comparison of the first-order approximate solution with che exact one is

shown in Table 2.
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Tabla 2, Comparison of the firat-order approximate solution with the pxacl

solution.

| = Yir X Abaolule error
0 R 1 0.000-00
0.1 | 11051709181 | 11051710761 1.376-07
0.2 | Luv14027582 | 12214028348 7 67c-08

0.4 | 13498388076 | 1.3198580739 1.66e-07

| 0.4 | 14918246976 | 1491824729 3 130-08

| 0.5 | 16487212707 | LG4ST21216 |  5.47e-08
0.6 | 18221188004 | 1,522118955 5 460-08
0.7 | 20137527075 | 2013752699 8.47¢-09 -
0.8 | 2.2255400285 | 2,226540033 2.45¢-08

|09 | 24596031112 | 2459603164 |  5.280.08

1| 27182818284 2 718281828 | 1.962- 08

A Concluzion

in this paper, variational iteration method iz employed 10 sulve the linear
und nonlinear BVF: for seventh order- intesre-differcntial. eguations. The
method is applied ina direct wuy without vsing lincarization, transformation
and discretization. The numerical results in Tables 1.2 show that the
presented method provides highly accurate numerical solutions for solving
this type of the BV Ps.
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