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1. Introduction and motivation

We recall that a continuous map p: X— Xisa covering of X, and X is called a covering space of X, if for every x € X
there exists an open subset U of X with x € U such that U is evenly covered by p, that is, p~!(U) is a disjoint union of open
subsets of X each of which is mapped homeomorphically onto U by p.

In the classical covering theory, one assumes that X is, in addition, connected, locally path connected, semi-locally simply
connected and wishes to classify all path connected covering spaces of X and to find among them the universal covering
in the categorical sense, that is, a covering p: X —> X with the property that for every covering q: Y — X with a path
connected space Y there exists a covering f: X —> Y such that g o f = p. We have the following well-known result which
can be found for example in [7].

Every simply connected covering space of X is a universal covering space. Moreover, X admits a simply connected covering space if
and only if X is semi-locally simply connected, in which case the coverings p : (X,%) — (X,x) with path connected X are in direct
correspondence with the conjugacy classes of subgroups of 71 (X, x) via the monomorphism p, : (X, %) — m1(X, X).

Outside of locally nice spaces, the traditional theory of covering is not as pleasant. H. Fischer and A. Zastrow in [5]
studied universal coverings of homotopically Hausdorff spaces. They defined a generalized regular covering of a topological
space X as a continuous map p: X —> X satisfies the following conditions for some normal subgroup H of 1 (X):
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Up. Xis a connected and locally path connected space.

U,. The map p: X — X is surjective and p, = m1(p):71(X) — m1(X) is a monomorphism onto H.

Us. For every connected, locally path connected space Y, for every continuous map f:(Y,y) — (X,x) with
f«(m@1(Y,y)) C H, and for every x € X with p(x) = x, there exists a unique continuous lift g: (Y,y) — ()N(,)?) with
pog=F.

Note that the last property implies that every generalized regular covering p : X —> X has the homotopy lifting property
with respect to Y =[0, 1]" for all n > 0 but does not have the homotopy lifting property with respect to every space.

This generalized notion of covering p: X — X enjoys most of the usual properties, with the possible exception of evenly
covered neighborhoodness. If X is connected, locally path connected and semi-locally simply connected, then p: X — X
agrees with the classical universal covering. A necessary condition for the standard construction to yield a generalized
universal covering is that X to be homotopically Hausdorff. A space X is homotopically Hausdorff if given any point x in X
and any nontrivial homotopy class [«] € 711(X, x), then there is a neighborhood U of x which contains no representative
for [ar]. Accordingly, we would like to study coverings of non-homotopically Hausdorff spaces and investigate the topology
type of their universal covering spaces.

Definition 1.1. ([8]) A loop o :(I,d]) — (X, x) is small if and only if there exists a representative of the homotopy class
[a] € m1(X, x) in every open neighborhood U of x. A small loop is a nontrivial small loop if it is not homotopically trivial.
A non-simply connected space X is called small loop space if for every x € X, every loop «: (I, d]) —> (X, X) is small.

Definition 1.2. ([8]) The small loop group 73§(X,x) of (X, x) is the subgroup of the fundamental group (X, x) consisting of

all homotopy classes of small loops. The SG subgroup of 71(X, x), denoted by nlsg(X,x), is the subgroup generated by the
following set

{[a x Bxa ]| [Blemi(X, a (1), @ € P(X, %)},

where P (X, x) is the space of all paths in X with initial point x.

As it is remarked in [8], the set 7§(X, x) forms a subgroup of 71 (X, x) which is not necessarily a normal subgroup. Also,
we can consider 7§ as a functor from hTop, to Groups. Note that the presence of small loops is equivalent to the absence
of semi-locally simply connectedness and homotopically Hausdorffness. Although non-semi-locally simply connected spaces
may have non-homotopic nontrivial loops at every neighborhood of a point but in the case of a small loop, the homotopy
type of one loop can be chosen for all neighborhoods of the base point.

In Section 2, we find some relations between small loop groups, SG subgroups and fundamental groups. Z. Virk in [8]
constructed a small loop space by using Harmonic Archipelago and studied the relation between covering spaces and small
loops. For example, for the universal covering p:X —> X of a non-homotopically Hausdorff space X, p.m1(X,x) contains
JT]Sg (X, x) as a subgroup and so X has no simply connected covering space. We show that this fact holds for every covering
of X.

In Section 3, we show that if X is a small loop space, thenN)N( is a universal covering space of X. Also, in this case X is
not homotopically Hausdorff and 75 (X, x) = nlsg(X, X) = p.71(X, X) which is a normal subgroup of 71 (X, x).

Finally, in Section 4, we present the main result of this article which states that a space X has a small loop space as
covering space if and only if X is a semi-locally small loop space, that is, for every x € X there exists an open neighbor-
hood U such that i, (U, y) = JTls(X, y), for all y e U, where i:U — X is the inclusion map. Moreover, we show that if X
is a semi-locally small loop space, then X is a small loop space if and only if every covering of X is trivial if and only if the
topological fundamental group of X is indiscrete.

Throughout this article, all the homotopies between two paths are relative to end points, X is a connected and locally
path connected space with the base point x € X, and p:X —> X is a covering of X with x € p~'({x}) as the base point
of X.

2. Small loop groups

The importance of small loops in the covering space theory was pointed out by Brodskiy, Dydak, Labuz, and Mitra [2,3]
and by Virk [8]. In this section, we study some basic properties of small loops, small loop groups and SG subgroups of the
fundamental group of a non-homotopically Hausdorff space X and their relations to the covering spaces of X. It is obvious
that if the topological space X is not homotopically Hausdorff, then there exists x € X such that 7 (X, x) # 1.

Theorem 2.1. For every covering p : X —> Xandx € X the following relations hold:
73 (X, %) < 7E (X, %) < parti (X, ).

Proof. By definitions 7115 (X,x) < nlsg (X, x). Let [a] € nf (X,x) and let U be an evenly covered open neighborhood of x such
that p~(U) = Ujej Vj, where V’s are disjoint and ply;:Vj —> U is a homeomorphism, for every j € J. Since « is a small
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loop, there exists a loop oy :I —> U such that [o] = [ory]. Assume that X € V, then & := (p|vj)*1 oay is a loop in X
based at X such that [er] = p.([&]) and hence 75 (X, x) C p.71(X, %). Let [ % fxa~ 1] € 738 (X, x), where [] € 75 (X, a(1)).
If & is the lift of o with initial point X and end point y, then y := p(y) = a(1). Since 77 (X, y) < p«71(X, ), there exists
[B1 € m1(X, ¥) such that p.([8]) = [B]. Hence p.([@* B & ') = [a*B*a~'] which implies that 7;%(X,x) < p.m1(X,%). O

Corollary 2.2. If there exists x € X such that 73 (X, x) # 1, then X does not admit a simply connected covering space.

Corollary 2.3. Let X be a connected, locally path connected and simply connected space. If the action of a group G on X is properly
discontinuous, then X /G has no small loop and therefore it is homotopically Hausdorff.

Corollary 2.4. For every covering p: X —> X, 71;5(X, x) acts trivially on p~' ({x}), that is, &.[o] = &, for all € p~'({x}) and [(] €
sg
77 (X, ).

Example 2.5. Fischer and Zastrow [5, Examples 4.13, 4.14, 4.16] introduced some spaces that admit generalized universal
covering. Since homotopically Hausdorffness is necessary for the existence of generalized universal coverings, spaces which
admit generalized universal covering have no small loop. Some examples of spaces with this property are subsets of closed
surfaces, 1-dimensional compact Hausdorff spaces, 1-dimensional separable and metrizable spaces, and trees of manifolds.

Remark 2.6. If X is a small loop space, then 77 (X, x) = 71 (X, x). Since 77(X, x) < n]g(X x) < (X, x), we have 77 (X, x) =
738 (X, X) = 1 (X, x). Note that if 75 (X, x) = 7;%(X, x), then the equality 77;%(X,x) = 7r1(X,x) does not hold in general. As
an example, consider a non-simply connected, semi-locally simply connected space.

3. Small loop spaces and coverings

In keeping with modern nomenclature, the term universal covering space will always mean a categorical universal object,
that is, a covering p: X —> X with the property that for every covering q: Y — X with a path connected space Y there
exists a covering f : X — Y such that q o f = p. The following theorem shows that small loop spaces have no nontrivial
covering.

Theorem 3.1. Every covering space of a small loop space X is homeomorphic to X.

Proof. Let p: X — X be a covering of a small loop space X. Then by Theorem 2.1 711 (X, x) D«TT1 (7( X)<m(X,x) =
73 (X, x), for each x € X which implies that p: X —> X is a one sheeted covering of X. Hence X is homeomorphic to X. O

Definition 3.2. By a small covering of a topological space X we mean a covering p:)N( —> X such that X is a small loop
space.

Lemma 3.3. Let X have a small covering p : X — Xanda bea loop in X. Then:

i) If a is a small loop, then every lift & of o in X is closed (equivalently, every lift & of o is a loop in X).
(ii) If there exists a closed lift & of o in X, then « is a small loop in X.

Consequently, if a loop « in X has a closed lift & in X, then every lift of ot in X is also closed.

Proof. (i) Let o be a small loop based at x in X and & be a lift of o by initial point X € p~1({x}). Let U be an evenly covered
open subset of X containing x and oy be a loop based at x in U that is homotopic to «. If V is the homeomorphic copy
of U in p~1(U) which contains %, then &y = (p|V) oy is a loop based at X in X which is a small loop. Since o >~ ay,
o~ &y and & (1) =&y (1) = x which implies that & is a loop.

(ii) Assume that a lift & of « is closed and U, V are chosen as above. Let &y be a loop based at X in V which is
homotopic to &, then ay = p o @y is a loop based at x which is homotopic to «. Since every open subset of an evenly
covered open subset is evenly covered, the result holds. O

Corollary 3.4. If X has a small covering p : X —> X, then X is not homotopically Hausdorff.
Proposition 3.5. If X has a small covering p: X —> X, then w5 (X, x) = ;5 (X, X) = p.11(X, %).

Proof. Assume that [a] = [p o B8] ~for [B] € 1 ()N(,ic), U 1~s an evenly covered open subset of X containing x, and V is
the homeomorphic copy of U in X containing X. Since X is a small loop space, there exists a loop By in V such that
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B >~ By and hence o >~ ay := p o By. Also, U and therefore V can be chosen to be arbitrarily small which implies that
p«71(X,X) < 77(X, x). Hence by Theorem 2.1 the result holds. O

Theorem 3.6. If X has a small covering p : X —> X, then D701 (X, %) is a normal subgroup of w1 (X, x).

Proof. Let [a] € p.7Tq ()N( X) and [B] € m1(X, x). Proposition 3.5 implies that « is a small loop and hence every lift of « is
closed, by Lemma 3.3. Let f be the lift of 8 with initial point ﬂ 5=1 be the lift of B~ with initial pomt B(1), and & be the

lift of o with initial point g(1). Then g~ 51 —/3‘ and ,3 *0 % B~ =1 is a loop and hence p o (B x & * B~ 1) =B xa* B~ which
implies that [B][«][B] ' =[B xa % 87 1] p*([,B * & * f~1]). Therefore p,7mq (X X) is a normal subgroup of 71(X,x). O

Corollary 3.7. If X has a small covering, then 75 (X, x) is a normal subgroup of 71 (X, x), for every x € X.
We denote by COV(X) the category of all coverings of X as objects and covering maps between them as morphisms.
Theorem 3.8. A small covering of a space X is the universal object in the category COV(X).

Proof. Assume that p: X — X is a small covering of X and q: Y — X _is another covering. By Proposition 3.5 and Theo-
rem 2.1 p,1(X) = 77¥(X) < g1 (Y) which implies that there exists f:X —> Y such that o f =p. O

4. Existence

We now consider the following natural question: Given a non-homotopically Hausdorff space X, does X have a small covering
space? First, we derive a rather simple necessary condition. Let p: X —> X be a small covering of X, x be an arbitrary point
of X, X p~'({x}), U be an evenly covered open neighborhood of x, and V be the homeomorphic copy of U in p~'(U)
which contains the point x. We then have the following commutative diagram involving fundamental groups:

TV, %) —L>1(X, %)

(pv)*l lp*

71U, X) —2> 11 (X, X).

Obviously nls(X,x) Ci,m(U,x). Let o be a loop based at x in U such that i, ([o]) # 1 and let & = (p|y)~! o cx. Since (p|y )«
is an isomorphism and p, is injective, commutativity of diagram implies that j,([&]) # 1. Therefore & is a nontrivial small
loop in X and since D«TT1 (X, %) = w3 (X, x), [a] € w§(X, x). Thus we conclude that the space X has the following property:
Every point x € X has a neighborhood U such that i,7r1(U, x) = 7j(X, x). We call a space with this property a semi-locally
small loop space. Since for every y € X, we have i, (U, y) =77 (X, y), this definition can also be rephrased as follows:

Definition 4.1. A space X is a semi-locally small loop space if and only if for each x € X there exists an open neighborhood U
of x such that i,7t1(U,y) = nf(X, y), for all y € U, where i: U — X is the inclusion map.

For example, every small loop space is semi-locally small loop space. Also, the products X x Y, where X is a small loop
space and Y is either locally simply connected or locally path connected and semi-locally simply connected are semi-locally
small loop spaces.

Lemma 4.2. If X is a semi-locally small loop space, then J'rlsg(X, x) =5 (X, x), for every x € X. Also 73 (X, x) = 7; (X, y), for every
x,y€X.

Proof. By definitions 7$(X, x) < 77%(X, x), for every x € X. Conversely, assume that [ * f * o« ~'] € T35 (X, x), where [B] €
73 (X, a(1)). For every t € I, let W be an open neighborhood of «(t) such that i1 (W, y) =77(X, y), for all y € W. The
sets o~ (W), t €I, form an open cover of I. Let A > 0 be the Lebesgue number for this cover. Choose N € N such that
1/N < A. For each 1<n <N let

n—1 n
In = C I
N 'N
For every 1 <n < N, let U, denote an open neighborhood W; such that «(I;;) C U,. The U,’s are not necessarily distinct, nor

does the proof require this condition. For each 0 <n < N, denote y, = a(%) and for each 1 <n <N, denote oy = aly, o @n,
where ¢ :1 — I, is the linear homeomorphism. Since 8 € nf(X,yN) =1i,m1(UN, ¥N), there exists a loop By:I —> Uy

such that By =~ 8. Then ay % By * oy~ is a loop in Uy based at yn_1 € Un—1 N Un. Hence there exists a loop By_1:1 —
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Un—1 N Uy based at yy_; such that By_1 ~ an * By * an~ ! since i, (Uy, yN—1) = 3 (X, yn—1). Similarly, for every

1 <n <N, there exists f,:1 — Up N Up4q such that By ~ anyq * Bng1 * Otn+1_]- Therefore we have

a*ﬂ*a*]:al*azx--*a,\;*ﬁ*a,\,*l>x<--~>|<o¢f1

:a]*az*-~-*aN*ﬁN*aN_]*---*011_]

20{1*-'-*0{1\1_1*/3[\1_]*OlN_1_1>k'-->I<O[1_12-~20[1>!<,31*0[1

1

-1

Since i,7m1(U1,%) = 7(X, x), there exists a small loop o’ such that a1 * 8 % a; " ~ ' which implies that [« * xa 1] e
7§(X, x) and hence the first assertion holds. Since X is path connected, 77;%(X, x) = 7;%(X, y), for every x, y € X, and hence
the second assertion holds. O

Lemma 4.3. Let X be a semi-locally small loop space. If for at least one point x € X there exists a covering p: X —> X such that
p+71(X,X) = 77 (X, x), then X is a small loop space.

Proof. First we show that for every y € X and y € p~'({y}), p«m1 (X, 7) = 77 (X, y). Let & be a path from X to y and o =
pod, then 6: p.i (?(, V) —> psTTq ()N(,)?) by 6([8]) = [& * B * @~ '] is an isomorphism. Also, by Lemma 4.2 n:mi(X,x) —
$(X,y) defined by n([y]) = [0~ ! % ¥ % ] is an isomorphism. Since p.m (3?,)”() =m{(X,x), n o6 is well defined and
n o 6([B]) = [B], which implies that p.rmq (5'( y) = J'rl (X, y), for every y € X.

Now let yil— X be a loop based at y and U be an open neighborhood of y. We show that [¥] has a representative
in U. For this, let U be an evenly covered | open neighborhood of y = p(y) such that U C p(U) and i, (U, 2) =73 (X, 2),
for every ze U. Since y = p oy € p,mq (X, y) =m3(X,y), there exists a loop yy:1 — U based at y such that y ~ yy.
If v CU is the homeomorphic copy of U in X which contains y, then 7 := (plv) "' o yu is a loop based at y in V and
Y ~y0, as desired. O

Now we are in a position to state and prove the main result of the paper.

Theorem 4.4. A connected, locally path connected space X has a small covering space if and only if X is a semi-locally small loop
space.

Proof. If X has a small covering space, then by the argument at the beginning of this section, the result holds. Conversely,
assume that X is a semi-locally small loop space. Choose a base point x € X and let P(X,x) be the family of all paths
o1 — X with «(0) = x. We define an equivalence relation ~ on P(X, x) as follows. For any a1, a3 € P(X, x), o1 ~ ay if
and only if o1 and o have the same end point and o * Olz_l is a small loop. We denote the equivalence class of o by (o).
Define X to be the set of all equivalence classes of paths « € P(X, x). Define a function p: X—X by setting p({c¢)) equal
to the terminal point of the path class «. We shall now show how to topologize X so that it is a small loop space and
p:Y( —> X is a covering of X.

Observe that our hypotheses imply that the topology on X has a basis consisting of open sets U with the following
properties: U is path connected and every loop in U is small. For brevity, let us agree to call such an open set U basic. Note
that, if x and y are any two points in a basic open set U, then for any two paths f and g in U with initial point x and
terminal point y, f «g~! is a small loop.

Given any («) € X and any basic open set U which contains the end point p({«)), denote by ({c), U) the set of all
equivalence classes () such that for some path class [«] with Im(@') CU, g =a *a'. Then ({(@), U) is a subset of X. We
topologize X by choosing the family of all such sets ({«), U) as a basis of open sets. In order that the family of all sets of
the form ({«), U) can be a basis for some topology on X, it is enough to show that if y € ((«), U) N ({B), V), then there
exists a basic open set W such that ((y), W) € ((a), U) N ({B), V). For this, we choose W to be any basic open set such
that p(y)eW cUNV.

Before proceeding with the proof that p: X —> X is a small covering of X, it is convenient to make the following two
observations:

(a) Let (a) € X, and let U be a basic open neighborhood of p({(«)). Then p|(a),u) is a one-to-one map from ({«), U) onto U.
(b) Let U be any basic open set, and let y be any point of U. Then

p~ W) = (@), V),
A

where (@) denotes the totality of all path classes in X with initial point x and terminal point y. Moreover, the sets
({ay), U) are pairwise disjoint.

For proving (a) suppose that y,z € ({a), U) and p(y) = p(Z). Now z = (& * i), where @ (0) = (1) =xq and u(I) C U.
Similarly, ¥ = (& * n), where n(0) = x; and n(I) C U. Since p(y) = p(Z), we have n(1) = (1), so that n* u~! is a closed



808 A. Pakdaman et al. / Topology and its Applications 158 (2011) 803-809

1 1

path in U at x;. By the choice of U, n % ™! is a small loop in X. Hence [ *n s u~ ' sa~1]e nfg(X, x) which implies that
a*xnxu xa~!is a small loop based at x, since yrlsg(X x) =73 (X, x) by Lemma 4.2. Therefore (o 1) = (a * 1), that is,
y = z. Surjectivity of p|((),u) follows from path connectedness of U.

Clearly, p~1(U) contains U, ({arx), U). For the reverse inclusion, let y € X such that p(y) € U, that is, y = (a) and
(1) € U. Since U is path connected, there is a path A in U from «(1) to y. Then (o) = (o * A) lies in the fiber over y.
Since (o) = (@ *A*A71) and (o x A% A71) € ({a % A), U), (o) € ({cty), U). Therefore (b) holds.

Note that it follows from (b) that p is continuous. Hence p|q),u) is a one-to-one continuous map from ({c), U) onto U,
by (a). We assert that p|(q),u) is an open map from ((«), U) onto U. For, any open subset of ({a),U) is a union of sets
of the form ({(8), V), where V C U, and hence the fact that p|q),u) is open also follows from (a). Thus, p maps ({(«), U)
homeomorphically onto U. Since U is path connected, so is ({«), U). Because the sets ({c, ), U) occurring in statement (b)
are pairwise disjoint, it follows that any basic open set U C X has all the properties required of an evenly covered neigh-
borhood. ~ ~

Next, we shall prove that the space X is path connected. Let X € X denote the equivalence class of the constant path
at x. Given any point (&) € X, it suffices to exhibit a path joining the points x and («). For any real number s € I, define
os: 1 — X by as(t) _a(st) t € I. Then o =a and «g is the constant path at x. We assert that the map s —> (ag) is
a continuous map [ — X, ie. a path in X. To prove this assertion, we must check that, for any so € I and any basic
neighborhood U of a(sp), there exists a real number § > 0 such that if |s — so| < §, then (o) € ({(as,), U). For this purpose,
we choose § so that if [s —so| <4, then «(s) € U; such a number § exists because « is continuous. Thus s > (o) is a
path in X with initial point X and terminal point («), as required. ~

Finally, we must prove that X is a small loop space. For this, we first show that p,m(X,X) = nf (X, x). We know that
D71 (X, %) is the isotropy subgroup corresponding to the point X for the action of 71(X, x) on p~1({x}). By Theorem 2.1
it suffices to prove that p,m (X X) < 771 (X, x). Let [ ] € pamq (X X) which implies that X.[«w] = X. The path &:] — X
defined by @ (s) = («;) is a lifting of . This path in X has X as initial point and (&) € X as terminal point. Hence, by the
definition of the action of 71 (X, x) on p1({x)), x.[o] = =% if and only if X = («) or equivalently « is a small loop. Therefore
DT (X,%) = m; (X, x) as required. Now by Lemma 4.3 X is a small loop space. O

Theorem 4.5. Suppose X is a connected, locally path connected and semi-locally small loop space. Then for every subgroup H <
T (X X) containing n]g(X X), there exists a covering p : Xy —> X such that D701 (XH, X) = H, for a suitably chosen base point

xeXH

Proof. For points (o), (&) in the small covering space X of X constructed above define () ~ () to mean a(l)=o (1)
and [0« a~'] € H. It is easy to see that this is an equivalence relation. Let Xy be the quotient space of X obtained
by identifying (a) with (') if () ~ {@’). Note that if a(1) = «’(1), then (@) = (/) if and only if (a * B) = (&’ * B), for
arbitrary loop B based at «(1). This means that if any two points in basic neighborhoods ({«), U) and ({(), U) are identified
in Xy, then the whole neighborhoods are identified. Hence the natural projection Xy —> X induced by (&) —> a(1)
is a covering. If we choose for the base point X € Xy the equivalence class of the constant path ey, then the image of
Dy i TT1 (XH X) — m1(X, x) is exactly H. ThlS is because for a loop « in X based at x, its lift to X starting at ey, and ends
to {a), so the image of this lifted path in Xy is a loop if and only if (o) = (ex), or equivalently [¢] € H. O

The authors [6] proved that the topological fundamental group of a small loop space is an indiscrete topological group.
Also, in Section 3, it is proved that every covering of a small loop space is trivial. By [1, Theorem 5.5] the connected coverings
of X are classified by conjugacy classes of open subgroups of nlop(X X), so if J'rlop(X X) is an indiscrete topological group,
then every covering of X is trivial. Hence there is an interesting closed relation between the small loop properties of a given
space X, the topological fundamental group nlmp (X, x), and the number of covering space of X as in the following theorem.

Theorem 4.6. If X is a connected, locally path connected and semi-locally small loop space, then the following statements are equiva-
lent.

(i) X is a small loop space.
(ii) 7,7 (X, x) is an indiscrete topological group.
(iii) Every covering of X is trivial.

Proof. It suffices to prove (iii) —> (i). Since X is a semi-locally small loop space, it has a small covering by Theorem 4.4
and therefore X is a small loop space, as desired. O

If p: X— Xisa covering of X such that p.mq (X, %) = nfg(x,x). then X is the universal covering space of X. For, if
q:? — X is another covering, then by Theorem 2.1 rrlsg(X,x) < G471 (7, ¥) which implies that p.m; ()N(,)?) < 47T (7,37)
and therefore there exists a covering r:X — Y such that gor = p. As we have shown in Theorem 4.4, the space X admits
such universal covering if X is a semi-locally small loop space. But with this assumption we have nlsg(X,x) =nj(X,x),
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for every x € X. Since nlsg (X, x) does not depend on the base point, we are interested to have a necessary and sufficient

condition for the existence of universal covering space outside of the category of semi-locally small loop spaces.

Theorem 4.7. A space X has a covering p: X —> X with p.1(X,%) = 7;5(X, x) if and only if }*

;% (X, x). Moreover, in this case 71 (X, %) = 735 (X, %).

(X, x) is an open subgroup of

Proof. By [1, Theorem 5.5], the connected coverings of X are classified by conjugacy classes of open subgroups of J'rlmp (X,x)
and hence the first assertion holds. For the second assertion, let [«] € 1 ()N(,)?). Since p.rq (y(,)?) = nlsg(X,x), [poa]e

78(X, %) and hence there are elements g1, g2, ..., g of 7;*(X, x) such that [poo] = g182--- gn, where g; = [a; * fi x o '],
@;(0) =x and [B;] € m;(X, (1)), for i=1,2,...,n. Let U; be an evenly covered neighborhood of «;(1). Since g;’s are small
loops, we can assume that Im g; C U;, for every i =1,2,...,n. Let &; be the lift of o; by initial point X and Bi = (p|Vl.)*1 o Bi

be the loop with base point &@;(1), where V; is the homeomorphic copy of U; in X which contains &;(1). Since g; is a small
loop, so is B; which implies that

(o * By *&\{_1)*---*(07,1*,5;1*07”_1)enlsg()?,fc).

If alf] is the lift of alf] with initial point ,E,-(l), then alf] =&~ ! and hence poo =~ (o * B *a;]) % -k (O * B *oz,jl).
Since p. is injective we have

[a)=[(@7 *Br*a@ ) s x (@ fnrxdn D]enPX,®. O

Remark 4.8. Note that if 7;°(X, x) = 1, then by [4, Lemmas 1, 2] 77;¥(X, x) is an open subgroup of 771 (X, x) if and only if X
is semi-locally simply connected which is equivalent to the existence of a simply connected covering space of X.

Corollary 4.9. If X is a semi-locally small loop space, then ;% (X, x) is an open subgroup of 7, (X, x).

Note that the converse of the above corollary does not hold. In fact, there exists a space X which is not semi-locally
small loop and J'rlsg(X,x) is an open subgroup of nlmp(X,x). As an example, if X =H.A is the Harmonic Archipelago, then
nfg(X ,X) # 3 (X, x), where x is not the common point of the boundary circles and hence 7.4 is not a semi-locally small
loop space.

uestion. Is there any topological condition on a space X which is equivalent to the openness of 73(X, x) in 7P (X, x)?
y topolog p q p 1 1
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