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Abstract— We propose a novel algorithm for coalition formation 
in Multi-Agent Systems (MAS). Coalition Formation (CF) is a 
type of cooperation in MAS. This cooperation is expressed with 
coalitions of agents. In literature, CF has been viewed as an 
optimization problem. Game theory is a subject that is meant to 
solve optimization problems where multiple players are affecting 
the decision vector. In this work, cooperative game theory has 
been used to solve for an optimized CF. An algorithm based on 
Shapley value, which is a concept concerning cooperative game 
theory has been utilized in this research work, due to its 
capabilities of assigning contribution to players. We evaluated 
our algorithm using different settings of multiple agents and 
tasks. The proposed algorithm has shown satisfactory results. 

Keywords- multi-agent systems, coalition formation, cooperative 
game theory, Shapley value 

I.  INTRODUCTION 
Artificial intelligence is making its way to distributed 

problem solving. Currently the main paradigm for distributed 
problem solving is Multi-Agent Systems (MAS). A Multi-
agent system is a system composed of a group of agents 
seeking to solve a specific problem in a distributed manner. 
The agents have local and global goals. Local goals are the 
goals that a particular agent is following and global goals are 
the goals of the group of agents. One of the main issues of 
typical MAS is agent cooperation [1]. 

Agent cooperation is one of the well-studied areas of MAS. 
Agent cooperation is beneficial whether the problem is 
difficult or easy [1]. One of the models for cooperation is 
Coalition Formation (CF). In this model cooperation is 
achieved by a group of agents in the same coalition working 
on the same task. Several coalitions of agents make up the 
whole Multi-agent system.  

Coalition formation in MAS aims to select the optimal set 
of coalitions of agents with respect to the task requirements 
and agent capabilities. Due to the size of the search space, CF 
is an intractable problem [1].  

Much research has been done on CF in multi-agent systems. 
Some of the algorithms have used evolutionary computation to 
solve this problem [2-5]. These researches have focused on 

different issues of the problem. Yang & Luo  have focused on 
high performance, scalability, and fast convergence [2]. The 
algorithm proposed by Jijun et al. can enormously reduce the 
quantity of system’s communications and improve the 
system’s efficiency [3]. A transitive dependence-based method 
based on the novel social reasoning theory has been proposed 
to be applicable in real world problems [6]. To incorporate 
uncertainty into agent capabilities, Bayesian reinforcement 
learning has been used [7]. Some other researches have 
viewed CF in a game theoretic paradigm [8], [9], where 
Cooperative Game Theory (CGT) has been used as the main 
approach. CGT talks about games that are cooperative [10]. In 
this approach the main focused concept of CGT is Shapley 
value [11]. 

We propose cooperative game theory (CGT) for coalition 
formation in multi-agent systems, where a novel model for the 
cooperative game has been used. Based on this model an 
iterative algorithm is used to determine the optimal coalition 
of agents. Since Shapley is a time consuming part of a CGT 
approach, we have used an estimation of Shapley value to 
reduce the time consumption [12].  

The rest of the paper is organized as follows.  Section 2 
discusses some preliminary paradigms used in the main 
algorithm. Section 3 describes our proposed model and our 
algorithm for CF. Section 4 presents the experimental results 
and Section 5 concludes the paper. 

  

II. PRELIMINARIES 
In this section we explain some basic concepts to clarify the 

details of our model.  

A. Coalition formation model in MAS 
Assume we have n agents {A1,A2,…,An}, each of which have 

some capabilities. These capabilities are represented with a 
capability vector, where for agent i the capability vector is 
Bi={b1

i, b2
i, … , br

i } , which is divided into r units. On the 
other hand there are m tasks {T1, T2,…, Tm} each with a certain 
requirement. Similar to agents each task's requirements are 
represented by a requirement vector. For task j, this vector is 
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Rj={c1
j, c2

j, … , cr
j }. Similar to agents each task's requirement 

vector has been divided into r units [2].  
In this model there is a constraint that specifies an agent can 

only participate in one task (Figure 1). Besides this a coalition 
of agents can complete a task when the sum of agent 
capabilities is equal or higher than the task requirements [2]. 

 

 

Figure 1.  The assumed MAS, each agent participates in one task 

B. Optimal coalitions in MAS 
In previous literature coalition formation has been viewed 

as an optimization problem. The first step in defining an 
optimization problem is characterizing the objective function, 
i.e. the function we want to optimize. Here we are seeking 
optimal coalitions; therefore we need to define the objective 
function as the efficiency of the MAS. Similar to previous 
researches, we have defined MAS efficiency using agent 
capabilities and task requirements [3]. The sum of agent 
capabilities in all coalitions is defined as the Cost of the 
coalitions and the sum of task requirements completed is 
defined as the Value of the coalitions. Therefore the total 
efficiency of MAS with a specific set of coalitions is 

    
 

Coalitions ValueMAS efficiency
Coalitions Cost

=                                    (1) 

C. An example 
Before we continue with the concepts and to clarify the 

problem an example is given. Assume we have five cleaner 
robots that want to  complete some  cleaning tasks including: 
1) picking up rubbish, 2) sweeping tiny particles and 3) 
moving bigger equipments into the right place. The robots 
have some capabilities and the tasks have certain requirements. 
We assume that each robot capability has four units (r=4) and 
each unit is expressed by a number. Similarly the tasks are 
again expressed by four units (r=4). To complete these tasks 
the robots must form several coalitions and each coalition will 
focus on a single task. We want to find the best coalition 
according to the MAS efficiency defined in equation 1(Figure 
2). 

 
Figure 2.  A view of the example. There are 4 agents and 3 tasks. Each agent 

must choose a partcular task. 

D. Cooperative Game theory 
In this type of game, groups of players may enforce 

cooperative behavior; hence the game is a competition 
between coalitions of players, rather than between individual 
players [14].  

Mathematically a cooperative game with Transferable 
Utility or TU-game, is a pair ( , )N v , where N  denotes the 

finite set of players and : 2Nv → �  the characteristic 
function, with ( ) 0v ∅ = . Often we identify a TU-game ( , )N v  
with the corresponding characteristic function v . A group of 
players T ⊆ �  is called a coalition and ( )v T  is the value of 
the coalition. Given a TU-game ( , )N v , an allocation or payoff 

vector is a vector ( ) N
i i Nx ∈ ∈�  assigning to player i N∈  the 

amount is ix  . An allocation ( ) N
i i Nx ∈ ∈�  is efficient if 

( )ii N
x v N

∈
=� . A solution for a class of TU-games is a 

function ψ  that assigns a payoff vector ( )vψ  to every TU-
game in the class. A well-known solution for TU-games is the 
Shapley value, introduced by Shapley [11]. Next we will 
introduce this concept in Brief. 

 

E. Shapley Value Analysis 
This concept is one of the main issues of cooperative game 

theory. Shapley value was first introduced by Lloyd Shapley 
1953 [11].  

Shapley value assigns to each player his average marginal 
contribution over all the possible orderings, i.e. permutations, 
of the players. Formally, given a game, the Shapley value 
assigns to player i N∈  : 

1( ) ( ( ( ; ) { }) ( ( ; )))
!i v v P i i v P i

n π
φ π π= ∪ −�                            (2) 

Where π  is a permutation of the players, ( ; )P iπ  is the set 
of players that precede player i  in the permutation and v is the 
characteristic function. The calculation of Shapley value 
requires summing over all possible subsets of players, which is 
impractical in some applications. Keinan et al. have presented 
an unbiased estimator for the Shapley value by uniformly 
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sampling permutations from π  [12]. This estimator is named 
Multi perturbation Shapley Analysis(MPSA). 

 

F. Multi perturbation Shapley analysis 
MPSA introduces sampling to compute the contribution 

values approximately, from a relatively small set of 
experiments. The correct unbiased sampling for the Shapley 
value approximation is to sample permutations; compute the 
marginal contributions of all elements per these specific 
orderings and average over the marginal contributions of each 
element. The result is termed the estimated MSA contributions 
[12]. 

III. THE PROPOSED MODEL 

A. Coalition formation as a cooperative game 
Characterizing a Cooperative Game Theoretic (CGT) 

model is specifying the players of the game. Considering 
coalition formation, we are handling a group of agents and 
tasks. As we mentioned earlier if we assume coalition 
formation as an optimization problem we could use MAS 
efficiency as the objective function. Therefore according to the 
mathematical definition of CGT, MAS efficiency is the 
characteristic function. Since each combination of agent and 
task has a precise contribution to MAS efficiency we define the 
players as different combinations of agent and tasks. For 
example if we have 5 agents and 2 tasks, some of the players 
are 1-1(agent one and task one), 3-2 and 5-1. In Figure 3 we see 
a view of the proposed model. To our knowledge this is a new 
model for coalition formation using cooperative game theory. 

 

Figure 3.  The proposed CGT model for Coalition formation. Each player is a 
combination of an agent and a task 

B. The Algorithm 
We used an iterative algorithm to find the optimal coalitions 

of agents. It starts with a complete set of players (agent-task 
combinations) and iteratively eliminates the players that have 
lower contribution values to MAS efficiency[13]. The pseudo 
code of our algorithm is shown next. 

 
 
 
 
 
 
 
 
 
 

------------------------------------------------------------------------ 
Algorithm 

• Cs = Complete set of players i.e. all agent-task combinations; 
• While( players are eliminated from Cs ) 
• { 

Rp= select a random permutation set { 1 2, ,..., tπ π π }               
         from Cs; 
Calculate the contribution value of each player in Rp    
         using estimated Shapley value; 
El_num=0; 
While (El_num < e) 
          For playeri 

     If (playeri 's contribution < average contribution) 
                                       Eliminate playeri; 
• }// end while 
• Return the remainder set of players as the set of optimal 

coalitions 
 

------------------------------------------------------------------------ 
 

We have defined some constraints to have valid results. We 
assume that in the elimination process not all the instances of 
an agent nor a task should not be deleted. Besides this players 
are eliminated according to their contribution value in an 
ordered manner. 

The algorithm has two user defined parameters where index 
t is the size of the permutations which  we have chosen to be 
equal to the number of agents. e is the maximum number of 
players eliminated in each iteration of the algorithm. 

 

IV. EXPERIMENTAL RESULTS 
We conducted the evaluation of our algorithm in two 

settings. In the first setting the average capability of the agents 
are smaller than the average task requirements, and in the 
second one the average capability of the agents are greater 
than the average task requirements. 

We compare the proposed algorithm firstly with a random 
task assignment and then with a similar algorithm [8] that uses 
cooperative game theory. In each of the settings we have 
selected a number of 5 to 20 agents and a number of 2 to 10 
tasks, building up sample multi-agent systems, shown in Table 
1.  

 Detailed in section 2 each agent and task have some units 
of capabilities and requirements. We assigned each agent and 
task 10 units and we specified the numbers for the capability 
and requirements randomly. In Table 2 we see sample random 
units assigned to five agent and task with 5 units of capability 
and requirement. 

TABLE   I 
SAMPLE AGENT AND TASK UNITS OF CAPABILITY AND REQUIREMENT 

 
 U1 U2 U3 U4 U5 
Agent1 4.0736 4.529 0.6349 4.5669 3.1618 
Agent2 0.7881 4.853 4.7858 2.4269 4.0014 
Agent3 3.2787 0.1786 4.2456 4.67 3.3937 
Agent4 3.5302 0.1592 1.3846 0.2309 0.4857 
Agent5 2.1937 1.9078 3.8276 3.976 0.9344 
Task1 0.6443 0.3786 0.8116 0.5328 0.3507 
Task2 0.2077 0.3012 0.4709 0.2305 0.8443 
Task3 0.3111 0.9234 0.4302 0.1848 0.9049 
Task4 0.5949 0.2622 0.6028 0.7112 0.2217 
Task5 0.0855 0.2625 0.801 0.0292 0.9289 
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To compare our algorithm with a random task assignment, 
we run our algorithm 10 times for the sample multi-agent 
systems and average the results i.e. the ratio of agents/tasks 
and MAS efficiency. The results are shown in Figure 4.  

 

 

 
Figure 4.  Results of our algorithm. (a)average agent capability is smaller 
than average task requirement. (b)average task requirement is higher than 

average agent capability.  

In Figure 4 the x-axis is the ratio of agent/tasks and the y-
axis is MAS efficiency. The results show that most of the 
times our algorithm has better results than the situation where 
we assign random tasks to agents. However there are some 
situations (5 out of 20) where the random assignment has 
better results. This is due to the randomness which may 
sometimes overcome, but most of the times this is not true. 

Another set of experiments we conducted was to find a 
relationship between the average agent capability and task 
requirement with MAS efficiency. As we see in Figure 5 on 
the average when the ratio of average agent capability to 
average task requirement increases the MAS efficiency usually 
reduces. This goes back to this issue that the Cost of the MAS 
increases more than the Value of it.  

 
Figure 5.  The relation between the ratio of average agent capability to 

average task requirement and MAS efficiency 

On the other hand when the ratio of average task 
requirement to agent capability increases the MAS efficiency 
usually increases(Figure 6). Again this goes back to this issue 
that the Value of the MAS increases more than the Cost of it. 

 
Figure 6.  The relation between the ratio of average task requirement to 

average agent capability and MAS efficiency 

Next we compare our algorithm with Sheory's algorithm[8] 
which uses cooperative game theory. To compare the 
algorithms we conducted our experiments with the same 
settings of Sheory's algorithm, and compared our results with 
the results reported in their paper. The results are shown in 
Figure 7. 
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Figure 7.   (a)average agent capability is greater than average task 

requirement. (b) average agent capability is smaller than average task 
requirement 

We observe that our algorithm has better results compared 
to Sheory's algorithm. In this experiments the profit is the 
coalition value or the sum of performed task requirements. 

V. CONCLUSION 
Coalition formation (CF) is an important field of research in 

Multi-Agent Systems (MAS). An example of MAS is multiple 
robots. CF is a type of cooperation between agents. If we 
define CF as an optimization problem, it seeks to find the 
optimal set of coalitions in MAS according to the agent 
capabilities and task requirements. By optimal set of coalitions 
we mean the coalitions that use lower agent capabilities and 
response to more requirements of tasks. 

We proposed an algorithm using cooperative game theory 
for CF. In our algorithm a novel model for the players of the 
cooperative game was proposed. Each player is defined as an 
agent/task combination. With this model an iterative algorithm 
to specify the optimal set of coalitions is suggested. In our 

algorithm the players with lower contribution are iteratively 
eliminated until we reach the optimal set of coalitions. Our 
algorithm has shown satisfactory results.  

For future work, the iterative elimination part of the 
algorithm deserves further study. 
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