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a  b  s  t  r  a  c  t

Instrumented  sharp  indentation  experiments  using  both  conical  and  Vickers  diamond  pyramidal  inden-
ters  were  carried  out  to  study  deformation  characteristics  of  Zr55Cu30Al10Ni5 bulk  metallic  glass.  Finite
element  simulations  of  instrumented  indentation  were  also  performed  to  formulate  an  overall  consti-
tutive  response.  Comparing  the  experimentally  obtained  results  with  the  finite  element  predictions,  it
can  be  stated  that  mechanical  deformation  of the  bulk  metallic  glass  can be described  well by  both
Mohr–Coulomb  and  Drucker–Prager  constitutive  criteria.  Using  these  criteria,  the extent  of  material
pile-up  observed  around  the  indenter  was  also  estimated  very  well.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Bulk metallic glasses have been synthesized by conventional
foundry techniques in the early 1990s [1,2]. Since these metallic
glasses could be produced in bulk form, the mechanical proper-
ties of amorphous alloys became topics of considerable research
for possible structural applications. Deformation of bulk metal-
lic glasses differs fundamentally from that of crystalline metals
because of the absence of long-range crystallographic order. For
uniaxial tests, elastic deformation proceeds catastrophic shear fail-
ure that often occurs within a few percent strain after yielding
due to shear localization [3–6]. Amorphous metals do not exhibit
any strain hardening. Available experimental data strongly suggest
that metallic glasses elasto-plastic deformation is influenced by the
shear as well as the normal component of local stress, and possibly
by the hydrostatic stresses [7,8].

In order to elucidate the multiaxial deformation characteris-
tics of bulk metallic glasses, systematic multiaxial experiments
involving different combinations of normal and shear loading are
inevitably required. Because of the lack of sufficient quantities
of the metallic glasses to prepare specimens of sufficiently large
dimensions, and due to the costs and time associated with per-
forming conventional multiaxial mechanical tests, it is difficult to
determine multiaxial deformation characteristics of bulk metallic
glasses by the conventional mechanical test methods. This difficulty
could be circumvented, at least in part, by performing instrumented
indentation tests. Using sharp indenters, significant stress fields
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are created at the contact surface between the indenter and the
material leading to flow by activating shear bands in bulk metallic
glasses. These constrained deformation tests, unlike the uniaxial
tests, do not lead to catastrophic failure and it is possible to study
deformation process beyond the elastic domain.

Indentation tests have been extensively used to study bulk
metallic glasses. The first aim of using this technique was  to charac-
terize the hardness of the alloys and its evolution by the annealing
[9] and even the stress-induced crystallization below the indenter
[10]. The second aim was the study of load–displacement curves by
means of instrumented indentation. In this case, the onset of pop-
ins on the curves was correlated with the appearance of shear band
around the indenter after unloading [11–14].  Quantitative infor-
mation about elasto-plastic deformation of bulk metallic glasses
can also be extracted from load–displacement curves obtained by
instrumented indentation. Elasto-plastic deformation of Zr-based
metallic glasses has been studied using instrumented indenta-
tion method in some research works. Suresh and co-workers [15]
studied mechanical deformation of Zr41.25Ti13.75Cu12.5Ni10Be22.5 by
instrumented indentation using diamond Berkovich indenter. They
found that elasto-plastic deformation of this metallic glass does
not follow the Von–Mises criterion and the observed experimen-
tal results showed that mechanical deformation of the glass can
rather be described by Mohr–Coulomb yield criterion. Ball inden-
tation tests have been conducted for the Zr52.5Ti5Cu17.9Ni14.6Al10
metallic glass by Murty and co-workers [16]. Their work showed
that deformation response of this metallic glass is perfectly plastic,
strain rate insensitive and pressure independent up to equivalent
uniaxial plastic strain of 15%; in contrast to other metallic glasses
which show varying degrees of pressure sensitivity. Mechanical
deformation of Zr55Cu30Al10Ni5 and Pd40Ni40P20 has been studied
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Fig. 1. The fixture designed for performing the test by the machine.

by Kryvin using instrumented indentation technique [17]. It was
shown that the mechanical deformation of both metallic glasses
follows Drucker–Prager yield criterion.

The purpose of the present work was to perform instrumented
sharp indentation test on Zr55Cu30Al10Ni5 bulk metallic glass and
use computational simulation to determine whether the defor-
mation response of this metallic glass is pressure insensitive,
that follows Drucker–Prager criterion or can be described by
Mohr–Coulomb yield function.

2. Experimental procedure

2.1. Material and processing

The material investigated in this study was an as-cast fully amor-
phous Zr55Cu30Al10Ni5 (nominal composition in at.%) alloy. Alloy
ingots were prepared by vacuum arc melting of pure metals. The
Zr55Cu30Al10Ni5 glassy alloy was made by pouring the molten alloy
in a copper mold, which produced cylindrical specimens of 7 mm
in diameter. The amorphous nature of the as-cast samples was  ver-
ified by X-ray diffraction and transmission electron microscopy.
Disc shape indentation specimens with a thickness of 2 mm  were
cut from the rod. The top and bottom surfaces of these specimens
were mechanically polished using successive polishing steps (600,
1200, 2400 and 4000 grit papers and 0.1 �m alumina slurry) to
obtain flat, mirror-like surfaces.

2.2. Indentation test

The instrumented indentation tests were carried out on a
Zwick screw driven computer controlled universal tensile test-
ing machine. The fixture designed for performing the test by the
machine is shown in Fig. 1. The lower platen of testing machine
was essentially similar to that of the compression test while the
indenter was mounted in a holder positioned in the center of the
upper platen. During testing, load and indentation depth were
continuously measured using a 20 kN load cell and a clip on exten-
someter, and the data were acquired by a computer. Indentation
tests were carried out at a constant crosshead speed of 1 �m/min.

All the indentations were at least 10 mm  away from the edges and
other indentations. Using the above configuration it was  possible
to control the load with the accuracy of 0.5 N and to record the
indentation depth with the resolution of 0.3 �m.  The indents were
examined using a roughness tester to study the possible material
sink-in/pile-up around the indenter.

3. Finite element computation

Finite element simulation of indentation of the glassy mate-
rial was carried out in this study. Instrumented indentation using
conical indenter has been simulated using axisymmetric reduced
elements, while for modeling of indentation by diamond pyramid
indenter; three dimensional elements have been utilized. Because
of the four-fold rotational symmetry of diamond pyramidal inden-
ter, only a quarter of the material together with indenter has been
analyzed.

Computations were performed using the general-purpose finite
element package ABAQUS [18], assuming finite deformation char-
acteristics. For the simulation of deformation response of the
metallic glass 6859 eight-noded isoparametric solid elements
(C3D8) were used in the case of indentation by pyramidal indenter
while indentation by conical indenter has been modeled using 676
four-noded quadrilateral axisymmetric reduced elements (C4AXR).
Since large deformation takes place near the indenter tip, mesh
refinement was  accomplished near the contact zone. Three four-
noded rigid surface elements (R3D4) were used for simulating a
quarter of pyramidal indenter while conical indenter was modeled
by the use of an analytical rigid surface. Fig. 2 shows the overall
mesh designed for both pyramid and conical indenters. The bottom
surfaces were held fixed for both three dimensional and axisym-
metric models. Symmetry boundary conditions were applied to the
cut faces of the quadrant while the remaining edges were uncon-
strained in modeling of indentation by pyramidal indenter. In the
case of indentation by conical indenter, however, the nodes along
the axis of rotation were free to move only along such an axis. To
avoid possible convergence problems, small nodal gaps between
the specimen and the indenter were defined in both models.

Indentation process was simulated by applying a downward dis-
placement to the rigid body reference node of the indenter. The
indentation depth was measured from the displacement of the
node situated directly under the indenter tip, i.e., at the point of
the first contact. The indentation load for the conical indenter, was
the reaction force of the reference node of the rigid indenter, while
in the case of indentation by pyramidal indenter, since a quarter
of the material and the indenter have been simulated, the reaction
force is one-forth of the indentation load.

In this study, Von–Mises continuum plasticity model,
Mohr–Coulomb yield criterion and Drucker–Prager yield function
were used as elasto-plastic constitutive laws. The Von–Mises yield
criterion, where the deformation is assumed to be independent of
pressure, is written as:

(�1 − �2)2 + (�2 − �3)2 + (�3 − �1)2 = 6k2 = 2�2
y (1)

where �1, �2, �3 are principal stresses and k = �y/
√

3, where �y is
the yield strength measured in a uniaxial tension test.

The Mohr–Coulomb criterion, where the plastic flow is assumed
to be influenced by the local normal stresses, is generally written
as [15]:

�c = k0 − ˛�n (2)

where �c is the shear stress on the slip plane at yielding, k0 and  ̨ are
constants and �n is the stress component in the direction normal
to the slip plane.



Author's personal copy

6632 A. Rezaee-Bazzaz et al. / Materials Science and Engineering A 528 (2011) 6630– 6635

Fig. 2. The overall mesh designed for (a) conical and (b) pyramid indenters.

Drucker–Prager yield surface, in which the plastic flow is
assumed to be affected by the local normal stresses, is written in
the following form [19]:

1
6

{
(�1 − �2)2 + (�2 − �3)2 + (�3 − �1)2}1/2

− ˛1(�1 + �2 + �3) = k1 (3)

where �1, �2, �3 are principal stresses and k1 and ˛1 are two mate-
rial constants need to be determined experimentally.

When the normal stress dependence coefficients (  ̨ in Eq. (2)
and ˛1 in Eq. (3))  are not zero, plastic flow is non-associated both
in Mohr–Coulomb and Drucker–Prager yield function. To ensure
the proper and efficient convergence of the computation in this
case, a non-symmetric tangent stiffness matrix was  used for each
iteration.

4. Results and discussions

Fig. 3 shows the results of instrumented indentation exper-
iment of the metallic glass using both diamond pyramidal and
conical indenters. Performing finite element simulation requires
the knowledge of elastic properties as well as yield strength data
of the bulk amorphous metal. Yield strength obtained from uni-
axial compression test of Zr55Cu30Al10Ni5 metallic glass has been
reported to be equal to 1.8 GPa, and it has also been reported that
this metallic glass experiences no strain hardening during plastic
deformation [17,20]. Based on experimental data, Poisson’s ratio
of this metallic glass equals 0.36 [17]. Different elastic moduli of
81.6 GPa [17] and 70 GPa [20] have been reported for the present
metallic glass in the literature. A review of the experimental results
on other bulk metallic glasses with similar compositions, indi-
cate that elastic moduli of 96 GPa and 89 GPa have been obtained
for Zr41.25Ti13.75Cu12.5Ni10Be22.5 [15] and Zr52.5Ti5Cu17.9Ni14.6Al10
[16], respectively. Since the value of elastic modulus is not very
sensitive to chemical composition, the value of 81.6 GPa has been
chosen for elastic modulus of the Zr55Cu30Al10Ni5 in the present
investigation.

Based on the above values, indentation load-depth data were
predicted by FEM using Von–Mises yield criterion and the results
were superimposed on the experimental data in Fig. 3. As the fig-
ures show, there is not a good agreement between experimental
results and FEM predictions. To use other yield criteria such as
Mohr–Coulomb or Drucker–Prager, material constants (k0 and  ̨ for
Mohr–Coulomb or ˛1 and k1 for Drucker–Prager) should be deter-
mined. For the former criterion, the constants were established so

as to satisfy macroscopic yielding at 1.8 GPa. Dependence of yield
strength on normal stress acting on the slip plane necessitates that
slip plane deviate from the plane of maximum resolved shear stress
in uniaxial compression assuming pressure insensitivity. Taking the
effective loading stress as:

�eff = �c + ˛�n (4)

Fig. 3. The results of instrumented indentation experiment of the metallic glass
using (a) diamond pyramid and (b) conical indenters.
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Fig. 4. The optical micrographs of impression using (a) diamond pyramid and (b) conical indenters.

The Mohr–Coulomb yield criterion can be expressed as:

�eff = k0 (5)

When the specimen is subjected to a uniaxial compressive stress
−�(� > 0) Eq. (5) can be written as:

�eff = � sin � cos � −  ̨ � sin2 � = k0 (6)

where � is the angle between the slip plane and the loading axis.
Taking the derivative of �eff with respect to � gives:

∂�eff

∂�
=  �(cos 2� −  ̨ sin 2�) (7)

The maximum effective loading stress, �eff, is obtained when
∂�eff/∂� = 0 [15]. Obviously, if  ̨ = 0, solving Eq. (7) results in � = 45◦,
which is the angle of the plane with maximum shear stress com-
ponent assuming pressure insensitivity. Due to the absence of
strain hardening, the specimen is expected to experience strain
localization as soon as yielding along the slip plane occurs [21].
Observation of a uniaxial compression test specimen of the stud-
ied alloy after failure showed that fracture occurs along the plane
inclined at an angle approximately equal to 42◦ with respect to
the loading axis [20]. This angle has been reported to be equal
to 45◦ [20] although careful measurement of the angle shown in
Fig. 3(a) of this reference shows that the angle is close to 42◦. This
value is consistent with inclination angle of the failure plane with
respect to loading axis reported for Zr41.25Ti13.75Cu12.5Ni10Be22
bulk metallic glass [15]. Suresh and co-workers suggested the
value of 0.13 for  ̨ in predicting indentation load–depth curves
of Zr41.25Ti13.75Cu12.5Ni10Be22 glass [15]. Considering this value of

 ̨ and solving Eq. (7) gives � = 41.3◦ which is very close to that
measured experimentally. Because the value of � measured by
experiment for Zr55Cu30Al10Ni5 bulk metallic glass is the same
as the value obtained for Zr41.25Ti13.75Cu12.5Ni10 Be22.5 glass, the
value of 0.13 has been chosen for the studied metallic glass. Choos-
ing � to be equal to 41.3◦ for the studied glass, the value of 791 MPa
is obtained for k0 based on Eq. (6).  The values of  ̨ and k0 used
for Zr55Cu30Al10Ni5 bulk metallic glass in this study differ from
those used for the same glass by Keryvin [17]. Predicting inden-
tation load–depth curves by FEM and using Mohr–Coulomb yield
function assuming the above values for  ̨ and k0, and superimpos-
ing the results on the experimental data in Fig. 3 shows a good
correlation between the predicted and experimental results.

If the material constants for Mohr–Coulomb yield criterion have
already been determined, it is possible to use Drucker–Prager yield
function instead of Mohr–Coulomb yield surface to eliminate sharp
corners in yield loci. Drucker–Prager material constants can be
determined by coinciding Drucker–Prager circular cone with the

outer apexes of the Mohr–Coulomb hexagon at any section. There-
fore, the following relationship between Drucker–Prager material
constants and those of Mohr–Coulomb yield criteria obtains [19]:

˛1 =
2  sin

(
tan−1 ˛

)
√

3
(

3 − sin
(

tan−1 ˛
)) (8a)

k1 =
6k0 cos

(
tan−1 ˛

)
√

3
(

3 − sin
(

tan−1 ˛
)) (8b)

Substituting the values of  ̨ and k0, determined for
Mohr–Coulomb criterion, into the above equations, the val-
ues of material constants for Drucke-Prager yield function are
found to be ˛1 = 0.052 and k1=946.416 MPa. Using these material
constants, indentation load–depth curves were predicted by FEM.
The predicted results are superimposed on the experimental data
in Fig. 3. Comparison of the predicted and experimental results
shows a good agreement between predictions and experimental
results.

Fig. 4(a) and (b) shows optical micrographs of impression using
pyramidal and conical indenters, respectively. As these figures
show, nothing but the imprint is observed in the micrographs of
the impressions produced by both conical and diamond pyramidal
indenters which agrees with those reported by Keryvin [17]. It is
noteworthy that the formation of shear bands around the impres-
sion made by a conical indenter under loads greater than 150 N
has been reported by Keryvin. In the present investigation, with a
maximum load was 20 N, no shear bands were observed around
the impression. The formation of shear bands around indentation
imprints in Zr-based glasses made by Vickers diamond indenter has
also been reported in the literature [17].

Suresh and co-workers [15] showed that the position of shear
bands around the indenter correlates with the normalized effective
stress and these bands locate at positions where this normalized
effective stress reaches the value of one. In order to find the rea-
son for the lack of shear bands around the indenter imprint in
this study, distribution of the normalized effective stress for the
indentation of the studied glass using both conical and pyramidal
indenters were examined. Fig. 5(a)–(c) show the normalized effec-
tive stress distribution on the surface of the specimen subjected
to indentation by diamond pyramidal indenter after unloading
and using Von–Mises, Mohr–Coulomb and Drucker–Prager yield
criteria, respectively. Fig. 6(a)–(c) show the distribution of afore-
mentioned quantity on the surface of the specimen subjected to
indentation by conical indenter after unloading and using each of
the proposed yield functions. It is noteworthy that the normalized
effective stress for each of the yield criteria is defined by dividing
the left hand side of Eqs. (1),  (3) and (5) by the their respective right
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Fig. 5. Normalized effective stress distribution on the surface of the specimen
subjected to indentation by diamond pyramid indenter using (a) Von–Mises, (b)
Mohr–Coulomb and (c) Drucker–Prager yield criteria.

hand side. Taking a look at these figures, it is clear that the normal-
ized effective stress never reaches the value of one in indentation
by diamond pyramidal indenter and this quantity reaches the value
of around one in indentation by conical indenter at the position
located beneath the indenter. Therefore, using FEM simulation of
instrumented indentation of the studied glass, the lack of shear
bands around the indenter is predictable.

Fig. 7(a) and (b) shows a comparison between experimen-
tally determined surface profile of the indentation imprint and

Fig. 6. Normalized effective stress distribution on the surface of the specimen sub-
jected to indentation by conical indenter using (a) Von–Mises, (b) Mohr–Coulomb
and (c) Drucker–Prager yield criteria.

those obtained from FEM simulations for both diamond pyrami-
dal and conical indenter. As it is clear from these figures, both
Mohr–Coulomb and Drucker–Prager yield criteria are able to esti-
mate well the surface profile of the studied glass indentation.
Therefore, using FEM and by the use of either Mohr–Coulomb
or Drucker–Prager yield criteria, the material pile up around the
indentation can be well predicted.
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Fig. 7. Surface profile of the indentation imprint for (a) diamond pyramid and (b)
conical indenter.

5. Conclusions

Doing instrumented indentation of Zr55Cu30Al10Ni5 bulk metal-
lic glass using sharp indenters and simulating this experimental
technique, the following conclusions are made:

1. Comparison of the experimental load–depth curves with those
predicted by FEM simulations shows that the studied material
does not follow the Von–Mises yield criterion. The obtained
experimental results are consistent with FEM simulations using
both Mohr–Coulomb and Drucker–Prager yield criteria; sug-
gesting the influence of normal stress components on plastic
deformation of the glass.

2. The FEM predictions using both Mohr–Coulomb and
Drucker–Prager can successfully simulate pile up around
the indenter after unloading.

3. There is no difference between predictions made by
Mohr–Coulomb or Drucker–Prager yield criteria. Therefore
at least for simulating indentation of the studied glass, either
Mohr–Coulomb or Dracker-Prager yield criterion can be used
with equal confidence.
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