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Abstract

There is a long standing line of research, which is devotdduestigate bounds
for |G'| whenG is an infinite group. This line goes back to a classic resullt 8thur.
The present paper deals with the structur&ofvhenG is a compact group, showing
that|G’| can be controlled by the notion of commuting probability.
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1. Introduction

If Gis afinite group, the probability that a randomly chosen pair of eleme@sofmmutes
is defined to be ¢omG)/|G|?, where #0m G) is the number of pairéx,y) € G x G with
xy = yx, G? is the product of two copies @ and|G|? is the order of3%. Note that this ratio
is denoted by p(G) = k(G)/|G| in [1, 3, 5, 10] wher&(G) is the number of the conjugacy
classes ofs. See also [2, 4, 7]. More precisely,@is a finite group,

{(x1, %) € G?; xxj =xj% forall 1<i,j< 2}
G2 '

cp(G) =

If Gis a non-abelian group, thep(G) < 5/8; furthermore this bound is achieved if and
only if G/Z(G) has order 4, wherg(G) is the center of5. Such a result can be found in
[5].

The ratiocp(G) has been extended to a compact gr@iplready in [5, Section 2],
definingcp(G) = (ux W)(C), whereC = {(x,y) € G? | xy=yx}, f : (x,y) € G — [x,y] € G,
C = f~1(1) anduis the normalized Haar measure @nNote thalC is measurable, since it
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is the anti-image of the closed gdt} under the mag which is continuous (see [5, Section
2]). These information and the properties of the Haar measu@grarantee thatp(G) is
well-defined (see also [6, Chapter 2]). ObvioushGifs finite, then it is a compact group
with the discrete topology and so the Haar measur@ isithe counting measure. Most of
the results in [1, 3, 4, 5, 7, 10] can be seen in such a way. We list nownaur results.
Section 2 will allow us to prove them in Section 3.

Theorem A. Let G be a non-abelian connected compact grouf§G4 be the identity
component of &5) and G/Zy(G) be a p-group, where p is a prime. Then the following
statements are equivalent:

() G/Zo(G) is a p-elementary abelian group of ragk

(i) G is a p-elementary abelian group of ragk

(i) cp(G) = pz+p§—1.

Theorem B.Let G be a non-abelian compact group, €} Z(G)) be the soluble radi-
cal of G/Z(G), F(G/Z(G)) be the Fitting subgroup of Z(G), d be the maximum number
of elements in a conjugacy class of G, | be the derived lengtly@{G), p be a prime and
n, m be positive integers.

(i) If |G/Z(G)| = n, then d:z(towd) < |G/|-1 < cp(F(G/Z(G)))2|G/Z(G) :
F(G/Z(G))| % <|G/Z(G) : F(G/Z(G))| 2.

NI

(i) If G/Z(G) is soluble of order n, then (0% < |G|~ < log,(|G/Z(G) :
1

sol(G/Z(G))|)"=.
(iii) 1f |G/Z(G)| =n, then d 2(1Hoed) < |G/~ < |G/Z(G) : sOl(G/Z(G))| 2.

(iv) If G/Z(G) is finite soluble with > 4, then d-3(1+1oed) < |G| -1 < 4T,

(V) If [G/Z(G)| = p™, then pr2mm-1) < G|l < p'+pg:j—1‘

2. Preliminaries

In this sectionG is assumed to be a non-abelian compact group (not necessarily finite even
uncountable) with normalized Haar measyre

Lemma 2.1. Let Gs(Xx) be the centralizer of an element x in G. Then
eMG) = [ HCal()dux)
where HCg(X)) = [ Xc (X, Y)dl(y) andX. denotes the characteristic map of the set C.

Proof. See [2, Lemma 3.1}
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Lemma 2.2. Let H be a closed subgroup of G,rrbe positive integers and p be a
prime.

(i) If |G:H|>n, then fH) <

(i) If|G:H|<n,thenH) >

D\I—‘ 3“—‘

(i) Assume that &Z(G) is a p-group of order b An element x belongs tq@) if and
only if WCg(x)) > %
Proof. See [2, Lemmas 3.2, 3.4»

Lemma 2.3.Let r be a positive integer. If Z(G) is a p-elementary abelian group of
rank r, then cpG) < ) tfl L for every prime p. The equality holds whea-12.

Proof. Assume thaG/Z(G) is ap-elementary abelian group of rank By Lemma 2.1
and Lemma 2.2, we have

cp(G) = JoHCe(¥)dHX) = Jo_z(6) MCa(X))dH(X) +K(Z(G))

<

el

(MG) —HZ(Q) +HZ(G) = 51— 5)+ 5 = i o
If r =2, thenGis the union ofp2 distinct cosets
G=Z(G)Ux1Z(G)UxZ(G)U...U sz_lz(G)

and so 1= u(G) = p?U(Z(G)). Moreover, ifa,b € xZ(G), for L<i < p?— 1, thena=xz;
andb = x;z, for somez;, z, € Z(G) so that

ab= X 21X 20 = X\XZ12> = XX 2221 = X pXiZ1 = ba
Thus, ifa € x%Z(G), thenCg(a) = Z(G) UaZ(G)Ua’Z(G)U...UaP1Z(G) and so
HCe(@) = HZ(G))+H@Z(G))+H@Z(G))+ ...+ H@P~1Z(G))
= PHUZ(G)=p(3) =7
Thus, we have
cp(G) = JoH(Ce(x))dux)
= Jae Mo} + 571" ez HCa(X))du(x)
= MZ(G)+; s tuze )) = (5P~ 1) + DHWZ(G))

P +p5*1‘ <>

Proposition 2.4. Let N be a closed normal subgroup of G. Then

cp(G) < cp(G/N).
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In particular, if NNG’ = 1, then the equality holds.

Proof. LetA, pandv be the corresponding Haar measur@&lpG andG/N respectively.
Letx e G,y € N andxN € G/N. The integral properties of the Haar measurésaallow us
to write

JRICILIEEY)

G

/N (/N “(CG(XV))dA(Y)> dv(xN).

Sincev is a Haar measure dB/N, v acts onG/N asponG moduloN so thatu(Cg(xy)N) =
V(Ca(xy)N/N). But in generalCs(xy)N/N < Cg/n(XN), so thatv(Cs(xy)N/N) <
V(Cg/n(XN)) beingv monotone.

Then,u(Cs(xy)N) = v(Cs(xy)N/N) <v(Cg/n(XN)) and, from Lemma 2.1, we have

cp(G) = (Mx W(C)

= JeM(Ca(X))dH(X) = Jo/n (Jn H(Ca(xy))dA(y)) dv(xN)
< Jon (JnH(Ca(xy)N)dA(y)) dv(xN)

< Joyn (nV(Con(xN))dA(y)) dv(xN)

= Jo/nV(Co/n(XN)) (/N dA(y)) dv(xN)

= Jo/nV(Co/n(xN))dv(xN) = cp(G/N).

In particular, ifNNG' = 1, thenCg(xy) = Cs(xy)N and sau(Cg(xy)) = u(Cs(xy)N). Fur-
thermore u(Cs (xy)N) = v((Cs(xy)N)/N) = v(Cg/n(XN)). So, the equality holds<p

Recall from [6] thatGy denotes theédentity componenbf G. In particular,Zy(G)
denotes the identity componentafG).

Lemma 2.5. If G is connected, then(@') = W(G/Zy(G)).

Proof. From [6, Theorem 9.24 (ii)]G = Zo(G)G' andZy(G) NG’ is totally discon-
nected. We conclude that

U(G) = U(Zo(G)G) = H(Zo(G)) + K(G') — H(Zo(G) N G')
SinceZy(G) NG’ is totally disconnectedy(Zo(G)NG') =0, and so
W(G') = U(G) —U(Zo(G)) = W(G/Z(G)). ¢
The proof of Lemma 2.5 uses [6, Theorem 9.24 (ii)] which is a fundameesailtrin the

Theory of Compact Groups. Moreover it allows us to have a preciseataf the measure
of G’ as the following remark shows.

Remark 2.6. From [6, Theorem 9.24 (ii)], if we have a non-abelian compact giGup
then there exists a familfS; : j € J} of simple connected compact Lie groups and a totally
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(G

disconnected central subgroDpf Zo(G) x [y Sj such thaG = w. SinceD is

totally disconnectedy(D) = 0, and squ(G) is equal to

H<Z°(G)>|;|_|i€351> = (K(Zo(G)) + u(]l;!lsj')) —H(D) = Z(G)) + u(lusj)‘

By Lemma 2.5(G') = W(G/Z0(G)) = H(Mje3 S))- <
The following lemma adapts [4, Lemma 2 (vi)].

Lemma 2.7. Let G be a non-abelian compact group wj@: Z(G)| = n, where nis a
positive integer. ThefG'|~! < cp(G).

Proof. A famous bound of Wiegold (see [8, p.102 (2)]) shows thaGifZ(G)| is finite,
then|G'| is finite as well. Now, we can easily observe that the length of every corjuga
class is bounded above by the order of derived subg@&upr every elemenk € G. This
meangG : Cg(x)| < |G| for all x € G. By Lemma 2.2u(Cs(x)) > |G'| 1 for each element
x € G. Moreover, if|G : Z(G)| = n, then we may writé as the union oh distinct cosets

GC=Z(G)Ux1Z(G)UxZ(G)U...UXn-1Z(G)
and sou(Z(G)) = 1/n. Thus we will have
cp(G) = [eM(Cq(X))dMU(X) = [7(6) W(Co(X))dHX) + [47(c) K(Ca(X))duX)+
o fyyze) HCa(X)dH(X) = P(Z(G)) + 57 Jyz() M(Ca(X))du(X)
> 1457 ez 1617 dHX) > G G = (6 o

3. Proofs of Theorems A and B

This Section contains our main results with some instructive examples.

Proof of Theorem A. (i)=-(ii). From [6, Theorem 9.24]G = Zy(G)G' so thatG' is
isomorphic as compact group & Zy(G). Now the property to be p-elementary abelian
group of rank 2 is invariant under isomorphisms of compact groups freeresult follows.

(i)=(iii). Again from [6, Theorem 9.24] we have th&' is isomorphic t0G/Z,(G)
and soG/Zy(G) is a p-elementary abelian group of rank 2. SinggG) < Z(G) and the
class ofp-elementary abelian groups is closed with respect to forming subgroupgesma
and extensions of its members (see [8]), we conclude &at(G) is a p-elementary
abelian group of rank 2. Now Lemma 2.3 gives the required bound.

(iii) =(i). Assume thatcp(G) = % and G/Zp(G) is not a p-elementary abelian
group of rank 2. By assumptioB/Zy(G) is a p-group. So, ifG/Zy(G) has order 1 op,
then it is cyclic. Sinc&y(G) < Z(G), alsoG/Z(G) is cyclic. It follows thatG is abelian
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and there is a contradiction. ThiS : Zo(G)| > p?. If |G: Zo(G)| = p?, thenG/Zy(G) is

an abelian of ordep? and it is either cyclic of ordep? or a p-elementary abelian group of
rank 2. In the first case we obtain again a contradiction and in the seesedae finish.
Now suppose thdG : Zo(G)| > p?. Using [6, Theorem 9.24 (ii)] and Lemma 2.5, we have

cp(G) = JoM(Ca(X))dUX) = [z,(c)e M(Ca(X))dU(X)
= J2o(6) M(Ca (X)) dU(X) + [ H(Cq (X)) dH(X) = [rrzo(c) M(Ca(X))dH(X)
= Jzo(6) M(Ca (X)) dU(X) + [ M(Ca (X)) dU(X)

= J2o(6) W(Ca (X)) dU(X) + [\ 7 () M(Ca (X)) dH(X)
<H(Zo(G)) + (MG) —U(Z(G))) = WG) = WG/ Zo(G)).

But Zy(G) is a closed normal subgroup & with |G : Zo(G)| > p?, then Lemma 2.2
implies W(G/Zo(G)) < é Now the relation% < é gives a contradiction and the
result follows. $

Proof of Theorem B.The finiteness o6/Z(G) implies the finiteness d&' by a famous
Schur's Lemma (see [8, Theorem 4.12]), so there are no problemsgmeothe maximum
number of elements in a conjugacy clas€&dB, Theorem 4.35].

Lemma 2.7, combined with [4, Theorem 4 (ii)] and Proposition 2.4, implies

G|t < cp(G) < cp(G/Z(G)) <
cp(F(G/Z(G)))2|G/Z(G) : F(G/Z(G))|"* < |G/Z(G) : F(G/Z(G))| 2.
On the other hand, the bound of Wiegold [8, Chapter 4, p.126-1273% give
(*) d—%(l+|0g2d) < |G/|_l,

then (i) is proved.
Lemma 2.7, combined with [4, Theorem 8 (i)] and Proposition 2.4, gives

Wl

G| < cp(G) < cp(G/Z(G)) < loga(/G/Z(G) : sol(G/Z(G))|) 2.

As before we uséx) and (ii) follows.
Lemma 2.7, combined with [4, Theorem 9] and Proposition 2.4, gives

NI

G|~ < cp(G) < cp(G/Z(G)) < |G/Z(G) : s0l(G/Z(G))| 2.

As before we uséx) and (iii) follows.
Lemma 2.7, combined with [4, Theorem 12 (i)] and Proposition 2.4, gives

4 -7

G|~ < cp(G) < cp(G/Z(G)) < o
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As before we uséx) and (iv) follows.
Lemma 2.7, combined with [4, Theorem 12 (ii)] and Proposition 2.4, gives

| | -1
— + _1
G|t < cp(G) < cp(G/Z(G)) < ppgl—l

Now the bound [8, p.102] gives
(**) pf%m(mfl) < ’G/‘fl’
then (v) follows. ¢

The conditiongx) and(xx) in the proof of Theorem B are classical restrictiong@fj (see

[9]) of an infinite groupG. Recent developments can be found in literature: for instance,
[9] improves(x) using techniques of Combinatorial Group Theory (see [9, Theorems 1.1,
1.3, 1.4]). The same authors of [9] have continued to improve these balumihg the last
twenty years.

Example 3.1.Letn be a positive integer ard = E x T", whereT" is then-dimensional
torus group ancE is a finite non-abelian group. See [6, pp.11-17] and [6, Proposition
2.42] for details. Of courses is a compact group and if we knoep(E), thencp(G) =
cp(E)cp(T") = cp(E) by an application of Lemma 2.1. This means that informations on
cp(G) can be deduced from those op(E). Note thatcp(E) is well known by [1, 3, 4,

5, 7, 10], sinceE is a finite group. This construction gives a source of examples both for
Theorem A and Theorem B
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