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a b s t r a c t

In this paper, two computationally efficient and accurate solution methods for transient dynamic analysis
of functionally graded (FG) cylindrical shells subjected to internal dynamic pressure are presented. In
order to accurately account for the thickness effects, the layerwise theory is employed to approximate
the displacement components in the radial direction. In the first solution method, differential quadrature
method (DQM) is implemented to discretize the resulting equations in the both spatial and time domains.
In the second approach, DQM is applied to discretize equations in the axial direction while Newmark’s
time integration scheme is used to solve the problem in the time domain. The fast convergence rate of
the methods is demonstrated and their accuracy is verified by comparing the results with those obtained
using ANSYS and also with available exact solution of a particular problem. Considerable less computa-
tional efforts of the proposed approaches with respect to the finite element method is observed. Further-
more, comparative studies are performed between two approaches in different cases and it is found that
the two techniques give very close results. The effects of geometrical parameters and boundary condi-
tions on the transient behavior of shells are also investigated.

� 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Functionally gradient structures are a new class of composites
that have a continuous and smooth variation of material properties
from one surface to the other. Despite the fact that anisotropic lam-
inated composites often suffer from stress concentrations near
material and geometric discontinuities, the gradation in material
properties of FG structures reduces thermal and residual stresses
[1]. Most of functionally graded materials (FGMs) are made of cera-
mic and metal. Ceramic material provides a high temperature resis-
tance due to its low thermal conductivity, and metal constituent
largely improves load-bearing capacity. Recently, FG shells are
widely used in many engineering applications such as aerospace,
marine and automobile structures which are mostly subjected to
vibration and dynamic loadings. Hence, it is of a great importance
to understand the dynamic behavior of FG shells for the design of
aforementioned structures.

Over the past decade, research on FG shells focused mainly on
static deformation and vibrational response of these structures.
However, due to their evident key role in practical applications,
the study on dynamic behavior of FG cylindrical shells has recently

attracted the attention of many researchers [2]. Awaji and
Sivakuman [3] studied thermo-mechanical behavior of a FG hollow
circular cylinder subjected to mechanical loads and linearly
increasing temperature. Sofiyev and Schnack [4] investigated the
stability of cylindrical thin FG shells under torsional loading varied
as a linear function of time. Wang et al. [5] investigated transient
temperature and associated thermal stresses in FGMs using finite
element/finite difference (FE/FD) methods. Zhu et al. [6] developed
a three-dimensional (3D) theoretical model for analyzing the dy-
namic stability behavior of FG piezoelectric circular cylindrical
shells subjected to a combined loading of periodic axial compres-
sion and electric field in the radial direction. Bahtui and Eslami
[7] studied coupled thermoelastic response of a FG cylindrical shell
under thermal shock load using higher-order shear deformation
theory. Santos et al. [8], presented a semi-analytical finite element
model for functionally graded cylindrical shells subjected to tran-
sient thermal shock loading, by using the three-dimensional linear
elasticity theory.

Guo and Noda [9] studied the thermal stresses of a thin FG
cylindrical shell due to a thermal shock. Peng and Li [10], consid-
ered transient response of temperature and thermal stresses in a
FG hollow cylinder. Hosseini and Shahabian [11] and Shahabian
and Hosseini [12], investigated reliability and safety evaluation of
dynamic stresses for FG thick hollow cylinder subjected to sudden
unloading due to mechanical shock loading.
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Due to the complexity encounters in dynamic analysis of FG
shells, exact solution is not available. Thus, a precised theory is
needed to fully account the dynamic response compared to the
3D elasticity theory. It was also observed that when the shell struc-
ture becomes thicker, the tendency of thickness vibration becomes
more important [13]. Displacement-based layerwise theories as-
sume a separate displacement field within each subdivision. There-
fore, layerwise theory improves the displacement field compared
to equivalent single-layer theories. Besides, the computational cost
is reduced with respect to 3D elasticity theory. For FGMs, Tahani
and Mirzababaee [14] used a layerwise theory to analytically pre-
dict displacements and stresses in FG composite plates in cylindri-
cal bending subjected to thermomechanical loadings.

Besides the precision, the computation cost is another critical
parameter in modeling. Differential quadrature (DQ) is a numerical
technique that is used since 1988. Bert and Malik [15,16] presented
a review of the early developments in DQM. Malekzadeh and his
co-workers [17–21] demonstrated that using DQM for solving
the governing equations for different mechanical problems leads
to highly accurate results with less computations.

To the best of authors’ knowledge, there is no published paper
on the analysis of FG shells by using the mixed layerwise DQM.
In this paper, the transient dynamic behavior of FGM hollow cylin-
drical shells subjected to internal dynamic loading is investigated
by DQM. The layerwise theory is used to improve the displacement
field and, therefore, also strains and stresses with minimum com-
putational cost. Both DQM and Newmark’s time integration
scheme are comparatively employed to solve the developed DQM
discretized governing equations in the time domain. The accuracy,
convergence and versatility of the algorithm are proved via differ-
ent examples for both thin and thick shells. Also, the effects of geo-
metrical parameters and different boundary conditions are
demonstrated.

2. Mathematical modeling

Consider a FG hollow circular cylindrical shell with varying
material properties in the thickness direction. The thickness,
length, inner radius and outer radius of the shell are denoted by
h, l, rin and rout respectively, as shown in Fig. 1. A cylindrical coor-
dinate system (r, h, z) is used to label the material point of the shell
referring to the radial, circumferential and axial directions and u, v
and w denote the corresponding displacement components.

2.1. FGM properties modeling

In this modeling, the variations of the modulus of elasticity E
and the mass density q through the thickness are assumed to be
in terms of a power law distribution function as follows:

EðrÞ ¼ Em
r

rin

� �n1

; qðrÞ ¼ qm
r

rin

� �n2

ð1Þ

A constant Poisson’s ratio m is assumed. In these equations Em

and qm are fully metallic modulus of elasticity and density in the
inner surface rin, and subscripts m and c refer to the metal and cera-
mic constituents which represent the materials the inner and outer
surface of the shell are made of, respectively. Also n1 and n2 are the
power law exponents.

2.2. Equations of motion in layerwise theory

The displacement field in the form of layerwise theory for
axisymmetric cylindrical shells is as follows:

uðr; z; tÞ ¼
XNr

i¼1

Uiðz; tÞuiðrÞ ¼ Uiðz; tÞuiðrÞ

wðr; z; tÞ ¼
XNr

i¼1

Wiðz; tÞuiðrÞ ¼Wiðz; tÞuiðrÞ
ð2Þ

where Ui(z, t) and Wi(z, t) denote the displacement components at
the bottom of ith mathematical layer in the r and z-direction,
respectively; ui(r) is a continuous function in terms of the thickness
coordinate r; also Nr represents the number of nodes in the r-direc-
tion of the shell, which depends on the number of considered math-
ematical layers Ne through the thickness.

The global linear interpolation function in the ith mathematical
layer is defined as below:

uiðrÞ ¼

0 r 6 ri�1
r�ri�1

hi�1
ri�1 6 r 6 ri

riþ1�r
hi

ri 6 r 6 riþ1

0 r P riþ1

8>>>><
>>>>:

; i ¼ 1;2; . . . ;Nr ð3Þ

where hi is the thickness of the ith layer and ri denotes the radial
coordinate of the ith surface. Fig. 2 presents the through-thickness
approximation of the displacement field. The strain–displacement
relations for axisymmetric cylindrical shells based on the layerwise
theory become:

erðr; z; tÞ ¼ Uiðz; tÞ
duiðrÞ

dr
; ehðr; z; tÞ

¼ Uiðz; tÞuiðrÞ
r

; ezðr; z; tÞ

¼ @Wiðz; tÞ
@z

uiðrÞ; 2ezrðr; z; tÞ

¼ @Uiðz; tÞ
@z

uiðrÞ þWiðz; tÞ
duiðrÞ

dr
ð4Þ

where ei(i = r, h, z) and ezr are the strain vector components. The
stress vector is related to the strain vector by using the constitutive
relations in the case of axial symmetry:

rr

rh

rz

rzr

8>>><
>>>:

9>>>=
>>>;
¼

C11 C12 C13 0
C22 C23 0

C33 0
Sym: C55

2
6664

3
7775

er

eh

ez

2ezr

8>>><
>>>:

9>>>=
>>>;

ð5Þ

where ri(i = r, h, z) and rzr are the stress vector components and the
elastic coefficients are defined as:Fig. 1. Configuration of the FGM shell.
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Cmm ¼
ð1� mÞEðrÞ
ð1þ mÞð1� 2mÞ ; Cmn ¼

mCmm

ð1� mÞ ;

C55 ¼
EðrÞ

2ð1þ mÞ ðm;n ¼ 1;2;3Þ ð6Þ

The equations of motions together with the related boundary
conditions are determined by using Hamilton’s principle:
Z t1

to

ðdT � dðV þ LÞÞ dt ¼ 0 ð7Þ

where T is the kinetic energy, V denotes the elastic strain energy, L
stands for the potential energy of external forces and d is the vari-
ational symbol. Also t0 and t1 are two arbitrary times. The kinetic
energy, the elastic strain energy and the potential energy of the
external forces are defined by the following relations:

dT ¼ 2p
Z l

0
Iijð _Uid _Uj þ _Wid _WjÞ dz ð8Þ

dV ¼ 2p
Z l

0

Z rout

rin

ðrrder þ rhdeh þ rzdez þ 2rrzderzÞ r drdz ð9Þ

dL ¼ �2p � rinPinðtÞdj1 þ routPextðtÞdjNr

� � Z l

0
dUj dz ð10Þ

where Iij ¼
R rout

rin
quiujr dr, Pin(t) and Pext(t) are internal and external

dynamic pressures, and dij is the Kronecker delta. In this paper dot
over a variable denotes the partial differentiation with respect to
time (t). By substituting Eqs. (8)–(10) into Eq. (7) and carrying out
a typical variation process, the governing equations of motion to-
gether with the related boundary conditions are derived. Also in
the Hamilton’s principle, initial conditions are assumed to be
known.

� Governing equations:

� Cij
11Ui � Eij

22Ui � Fij
12Ui � Fji

21Ui � Bji
31
@Wi

@z
� Dij

32
@Wi

@z

þ Aij
55
@2Ui

@z2 þ Bij
55
@Wi

@z
þ rinPinðtÞdj1 � routPextðtÞdjNr ¼ Iij €Ui ð11Þ

Bij
13
@Ui

@z
þ Dij

23
@Ui

@z
þ Aij

33
@2Wi

@z2 � Bji
55
@Ui

@z
� Cij

55Wi ¼ Iij €Wi ð12Þ

� Boundary conditions at the ends z = 0 and l:

Either Uj ¼ 0 or Aij
55
@Ui

@z
þ Bij

55Wi ¼ 0 ð13Þ

Either Wj ¼ 0 or Bij
13Ui þ Dij

23Ui þ Aij
33
@Wi

@z
¼ 0 ð14Þ

where

Aij
mn ¼

Z rout

rin

Cmnuiujr dr; Bij
mn ¼

Z rout

rin

Cmn
@ui

@r
ujr dr;

Cij
mn ¼

Z rout

rin

Cmn
@ui

@r
@uj

@r
r dr; Dij

mn ¼
Z rout

rin

Cmnuiuj dr;

Eij
mn ¼

Z rout

rin

Cmn
uiuj

r
dr; Fij

mn ¼
Z rout

rin

Cmn
@ui

@r
uj dr ð15Þ

2.3. The DQM discretized form of the equations of motion

At this stage, the governing differential equations and the re-
lated boundary conditions are discretized into algebraic equations
using DQM. In this method, the first and second-order partial
derivatives of a field variable at the ith discrete point in the com-
putational domain are approximated by a weighted linear summa-
tion of the field variable at all discrete nodes located along the line
that passes through that point in the domain. Using the DQ discret-
ization rules for spatial derivatives [16–18], the equations of mo-
tion for an arbitrary layer i, at each domain grid point zm and
time moment tp are obtained (m = 1, 2, . . . , Nz, n = 1, 2, . . . , Nz,
p = 1, 2, . . . , Nt).

@Uimpðzm; tpÞ
@z

¼ amnUinp;
@2Uimpðzm; tpÞ

@z2 ¼ bmnUinp

@Wimpðzm; tpÞ
@z

¼ amnWinp;
@2Wimpðzm; tpÞ

@z2 ¼ bmnWinp

ð16Þ

where Nz is the number of grid points in the axial direction. Gener-
ally, the dynamical systems of equations are solved using the finite
difference based time integration schemes. Recently, Malekzadeh
et al. [18] employed DQM as a simple and efficient way to impose
the initial condition without changing the formulation of the con-
ventional DQM. Based on this approach, the whole time domain is
divided into a set of temporal sub-domain ND. Afterwards, each
time sub-domain is discretized into Nt grid points. At any grid point,
the time derivatives are discretized according to the conventional
DQ rules. Thus, the second-order derivative of a field variable nim(t)
is discretized as follows:

€nimpðzm; tpÞ ¼
XNt

q’¼1

At
pq0

_nimq0 ðzm; tq0 Þ

¼ At
p1

_nim1ðzm; t1Þ þ
XNt

q0¼2

At
pq0

_nimq0 ðzm; tq0 Þ

¼ At
p1

_nim1 þ Bt
p1nim1 þ Bt

pqnimq ð17Þ

where q = 2, 3, . . . , Nt,, Bt
pk ¼

PNt
s¼2At

psA
t
sq and At

pq are the weighting
coefficient of the first-order derivative. Also nim1 and _nim1 are the ini-
tial values of the field variable. Following the above procedure, the

Fig. 2. The through-thickness approximation of the displacement field.

A.R. Setoodeh et al. / Composite Structures 93 (2011) 2663–2670 2665



Author's personal copy

final DQ form of the governing equations and boundary conditions
are developed.
� Governing equations:

Cij
11Uinq þ Eij

22Uinq þ Fij
12Uinq þ Fji

21Uinq

� �
dmndpq

þ Bji
31amnWinq þ Dij

32amnWinqAij
55bmnUinq � Bij

55amnWinq

� �
dpq

þ Iij At
p1

_Uin1 þ Bt
p1Uin1 þ Bt

pqUinq

� �
dmn

¼ rinPinðtÞdj1 � routPextðtÞdjNr ð18Þ

�Bij
13amnUinq � Dij

23amnUinq � Aij
33bmnWinq þ Bji

55amnUinq þ Cij
55Winqdmn

� �
dpq

þ Iij At
p1

_Win1 þ Bt
p1Win1 þ Bt

pqWinq

� �
dmn ¼ 0 ð19Þ

� Boundary conditions at the ends z = 0 and l:
Either Uimp ¼ 0 or Aij

55amnUinq þ Bij
55Wimp ¼ 0 ð20Þ

Either Wimp ¼ 0 or Bij
13Uimp þ Dij

23Uimp þ Aij
33amnWinq ¼ 0 ð21Þ

By substituting the boundary conditions to the DQ form of
governing equations, a system of algebraic equations with
2NDNr(Nz � 2)(Nt � 1) equations and unknowns is derived. Then,
the time histories of the radial and axial displacements at each grid
point are determined by solving the system of equations. Eventu-
ally, the strain and stress components at each point of the cylindri-
cal shell are predicted using Eqs. (2)–(5). In this paper, three
common types of boundary conditions at the ends of the FG shell
(z = 0, l) are investigated:

(a) Clamped boundary condition (C–C): this type of boundary
condition is as follows:

Uimp ¼Wimp ¼ 0 at z ¼ 0; l ð22Þ

(b) Simply supported boundary condition (S–S(1)): In this case,
boundary conditions for the mid radial grids are the same as
the clamped boundary condition and for the other radial
grids located in boundaries are as follows:
Aij

55amnUinq þ Bij
55Wimp ¼Wimp ¼ 0 at z ¼ 0; l ð23Þ

Fig. 3. (a–d) The convergence behavior of non-dimensional maximum radial displacement and tangential stress for LWDQ and LWDQN codes.

Table 1
Radial displacement vs. thickness of the shell.

r (m) Ur (mm)

LWDQ LWDQN Exact [12] ANSYS

0.250 0.136 0.138 0.136 0.136
0.300 0.118 0.119 0.118 0.118
0.350 0.105 0.106 0.105 0.106
0.400 0.097 0.097 0.097 0.097
0.450 0.091 0.091 0.091 0.091
0.500 0.086 0.086 0.086 0.087

Table 2
Geometric parameters and material properties of the FG shell.

Em

(GPa)
Ec

(GPa)
qm

(kg/
m3)

qc (kg/
m3)

mm mc n1 n2 l
(m)

rin

(m)
rout

(m)

223 348.44 8900 2369.81 0.3 0.3 2 �5.93 1 0.08 0.1
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(c) Simply supported boundary condition (S–S(2)): In this case,
boundary conditions for the mid radial grids are the same as
clamped boundary condition and for the other radial grids
located in boundaries are as follows:
Uimp¼Bij

13UimpþDij
23UimpþAij

33amnWinq¼0 at z¼0; l ð24Þ

2.4. Newmark’s time integration method

As an alternative method and in order to obtain a comparative
solution, Newmark’s time integration scheme is applied in the time
domain to the DQ discretized form of the governing equations and
the related boundaries.

Cij
11Uinp þ Eij

22Uinp þ Fij
12Uinp þ Fji

21Uinp

� �
dmn þ Bji

31amnWinp

þ Dij
32amnWinp � Aij

55bmnUinp � Bij
55amnWinp � rinPinðtÞdj1

þ routPextðtÞdjNr ¼ �Iij €Uimp ð25Þ

Bji
55amnUinp � Bij

13amnUinp � Dij
23amnUinp � Aij

33bmnWinp þ Cij
55Winpdmn

¼ �Iij €Wimp ð26Þ

In this procedure, the dynamical system of Eqs. (25) and (26) at
time (t + t0) is solved according to the Eqs. (27) and (28).

f€Utþt1g ¼ a0ðfUtþt1g � fUtgÞ � a2f _Utg � a3f€Utg;
f _Utþt1g ¼ f _Utg þ a6f€Utg þ a7f€Utþt1g ð27Þ

a0 ¼
1

aDt2 ; a1 ¼
d

aDt
; a2 ¼

1
aDt

; a3 ¼
1

2a
� 1

a4 ¼
d
a
� 1; a5 ¼

Dt
2

d
a
� 2

� �
; a6 ¼ Dtð1� dÞ; a7 ¼ dDt

ð28Þ

In Eq. (28), Dt is time step, a and d are time integration param-
eters which are set equal to, a = 0.25(1 + c)2 and d = 0.5 + c with
c = 0.005.

3. Numerical results

In this section, numerical results are presented for the transient
dynamic response of FG circular cylindrical shells under internal or
external dynamic pressure. Two solution methods are used: (1)
DQM for both spatial coordinates and time domain (LWDQ) and

Table 3
Dimensionless maximum radial displacement and stress components at the inner surface of the cylinder mid-length.

t� U�r S�r S�t S�z

LWDQ LWDQN ANSYS LWDQ LWDQN ANSYS LWDQ LWDQN ANSYS LWDQ LWDQN ANSYS

0.1 0.196 0.196 0.201 �0.290 �0.287 �0.296 1.082 1.082 1.109 0.237 0.242 0.232
0.2 0.373 0.373 0.384 �0.554 �0.546 �0.562 2.058 2.059 2.109 0.452 0.461 0.440
0.3 0.505 0.505 0.525 �0.748 �0.739 �0.774 2.783 2.784 2.903 0.611 0.623 0.606
0.4 0.589 0.589 0.610 �0.874 �0.862 �0.909 3.248 3.250 3.413 0.713 0.727 0.708
0.5 0.637 0.637 0.652 �0.945 �0.932 �0.956 3.510 3.512 3.589 0.771 0.786 0.749

Fig. 4. Time histories of non-dimensional (a) radial displacement, (b) radial stress, (c) tangential stress and (d) axial stress at the inner, mid and outer surfaces of the cylinder
mid-length obtained by LWDQ and ANSYS.

A.R. Setoodeh et al. / Composite Structures 93 (2011) 2663–2670 2667



Author's personal copy

(2) spatial DQ discretized form of the equations and Newmark’s
time integration scheme in the time domain (LWDQN).

As a first step, the correctness and accuracy of the present
method are demonstrated. Due to lack of solutions similar to the
present work, comparisons with exact solution of an isotropic
cylindrical shell with infinite length are carried out. Then, the con-
vergence study and further analyses are performed.

3.1. Validation

To validate the present model, comparisons with the exact solu-
tion of Shahabian and Hosseini et al. [12] and the results of ANSYS
for an isotropic cylindrical shell with infinite length are carried out.
The cylinder is made of Aluminum with E = 70 GPa, q = 2700 kg/
m3, and has an inner and outer radii of 0.25 m and 0.5 m, respec-
tively. It is internal dynamic pressure of PðtÞ ¼ 20ð1� e�105tÞ ðMPaÞ.

In Table 1, the radial displacements at different points of the
shell thickness are obtained and compared with the exact solution
in Ref. [12] and ANSYS results. To obtain the finite element results,

3D solid elements with 20 nodes are used. The presented solutions
show a very good agreement with the both reference exact solu-
tion and ANSYS results. The LWDQ method yields more accurate
results which agree with the exact solution to three significant dig-
its accuracy.

The convergence behavior of the predicted maximum radial dis-
placement and tangential stress are examined in Fig. 3 for both the
LWDQ and LWDQN methods. The grid points in the axial direction
are varied from 5 to 25 while the number of nodes across the thick-
ness is considered to be Nr = 11, 13, 15 and 19. It is seen that the ra-
dial displacement is converges already with 11 grid points through
the thickness of the cylinder. According to the results, the grid
points density of Nr = 11, Nz = 25 is suitable for the displacement
components while Nr = 15, Nz = 25 is appropriate in the case of
the stress components. The convergence behavior is similar for both
methods. The accuracy of LWDQ is higher than LWDQN.

By changing dimensionless time steps from 0.05 to 0.04 in both
LWDQ and LWDQN codes, no variation in the displacement and
stress components are observed. A dimensionless time step equal
to 0.05 is, therefore, selected. For the sake of brevity, these results
are not shown here.

3.2. FG shell

In the second example, FG shells are modeled using the com-
mercial finite element software of ANSYS. One-quadrant of the
shell structure is simulated using 18,000 3D solid elements with
20 nodes. Also, the thickness of the cylinder is divided into 15 lay-
ers, and the properties of each layer are assumed to be identical to
the properties of the layer middle-plane.

Table 4
Through thickness variation of dimensionless radial displacement and stress compo-
nents at the mid-length of cylinder using LWDQ.

r� U�r S�r S�t S�z

1.00 0.637 �0.944 3.510 0.782
1.05 0.618 �0.752 3.674 0.895
1.10 0.602 �0.560 3.841 1.006
1.15 0.588 �0.367 4.011 1.115
1.20 0.576 �0.170 4.185 1.223
1.25 0.566 �0.040 4.309 1.291

Fig. 5. Time histories of the non-dimensional (a) radial displacement, (b) radial stress, (c) tangential stress and (d) axial stress at the inner surface of the cylinder mid-length
with different h/rin ratios (rin = 0.08 m and l = 1 m).
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In this part, the shell is assumed to be composed of silicon ni-
tride (Si3N4) on outer surface and nickel on inner surface. Further-
more, the initial displacements and velocities are assumed to be
zero. The geometric parameters and material properties of the FG
shell are shown in Table 2. The cylinder is subjected to a sinusoidal
transient dynamic internal pressure P(t) for a time duration of 1 s
as:

PðtÞ ¼ P0 sinðptÞ ð29Þ

In the analysis, cylinders with clamped boundary conditions are
considered, unless otherwise stated. The following non-dimen-
sional parameters are used:

t� ¼ t
te
; z� ¼ z

L
; r� ¼ r

rin
; U�i ¼

ui

Poh=k�
ði ¼ r; zÞ; S�i

¼ ri

P0
ði ¼ r; h; zÞ ð30Þ

where te is loading time duration and k� = 10 GPa.
In Table 3, the time history of the non-dimensional radial dis-

placement and radial, axial and tangential stress components at
the inner surface of the cylinder mid-length is presented. The re-
sults of the two developed codes are compared with those ob-
tained by ANSYS. All solutions exhibit close agreements. The
maximum difference between the LWDQ predictions and those
of FEM is about 4.8% for the case of the tangential stress. In the
FEM modeling, the properties of each layer are considered to be
equal to the properties of its mid surface. A step-wise approxima-
tion of the material gradation represents a further approximation
in the FE model. This type of solution requires a high computa-
tional cost. The total CPU time for dynamic analysis of considered
FG shell is 40 s using the LWDQ method. On the other hand, finite
element software of ANSYS uses 28 times more CPU time than the
LWDQ code for the same problem.

Fig. 4 depicts time histories of the non-dimensional radial dis-
placement and stress components at the inner, mid and outer sur-
faces of the cylinder mid-length. The results predicted by the
LWDQ algorithm are compared with those obtained by the ANSYS
software. It is observed that the dominant component of stress is
the circumferential one.

In Table 4, through-the-thickness variations of the non-dimen-
sional radial displacement and stress components at the mid-
length of cylinder are presented using LWDQ code. It is seen that
the largest values of the axial and circumferential stresses occur
at the outer surface due to the higher stiffness of ceramic com-
pared to the inner metal rich face.

The time response of the FG cylinder with different ratios of
thickness to inner radius is illustrated in Fig. 5. The non-dimen-
sional radial displacement and stress components at the inner sur-
face of the cylinder mid-length with inner radius of 0.08 m and
length of 1 m are determined. Both moderately thick and thick
shells are considered. As expected, the radial displacement and
stress components decrease with increasing thickness but the var-
iation of the radial stress is not significantly changed. Fig. 5 shows
that h/rin ratio has considerable effect on the magnitudes of the dis-
placement and stress components. This effect increases for the
smaller values of the h/rin ratios.

To investigate the influence of some commonly used bound-
ary conditions, the transient dynamic response of the FG cylinder
for clamped and two types of simply supported boundary condi-
tions are predicted. Time histories of the non-dimensional radial
displacement and tangential stress at the inner surface of the cyl-
inder mid-length for the three described boundary conditions are
shown in Fig. 6. Furthermore, Fig. 7 illustrates the non-dimen-
sional radial and axial displacements as well as the dimension-
less tangential and radial stresses at the inner surface of the

cylinder length with different types of boundary conditions at
t� = 0.5.

It is observed that the distribution of the radial stress far from
the ends exhibits a very low dependency on the type of boundary
condition. It is also seen that both the clamped and the simply sup-
port type-1 predict close distributions for the non-dimensional ra-
dial and tangential stresses.

4. Conclusions

A layerwise-differential quadrature method is developed for
transient dynamic response of functionally graded cylindrical
shells subjected to dynamic pressure. Both DQM and Newmark’s
integration scheme are separately employed to discretize the DQ
governing equations of motion in the time domain. It is found that
both the approaches present a fast rate of convergence and yield
accurate results when compared with the solutions of ANSYS soft-
ware. In comparison with the finite element simulations that need
very fine meshes, considerable less computation cost of the present
solutions exhibits efficiency of the methodology. Also, layerwise
theory provides the capability of precise modeling of moderately
thick and thick FG shells. It is observed that the two approaches
yield very close results, although the LWDQ method yields more
accurate results than the LWDQN one does. The effects of geomet-
rical parameters and boundary conditions have been also investi-
gated. It is seen that the distribution of the radial stress far from

Fig. 6. Time histories of the non-dimensional (a) radial displacement and (b)
tangential stress at the inner surface of the cylinder mid-length for the three
described boundary conditions.

A.R. Setoodeh et al. / Composite Structures 93 (2011) 2663–2670 2669



Author's personal copy

the ends shows a very low dependency on the boundary condition
type. The presented results can be used as benchmark solutions for
future works.
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