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Abstract

Fully developed turbulent flow indeed consists of a hierarchy of eddies or scales of various disorders. Due to the

complexity of turbulence, the turbulent flow structure has not been completely understood. Thus, abundant empirical

observations have been made about fractality in hydrodynamic turbulence. In this study, the fractal scaling of velocity

components (u 0,v 0) and Reynolds shear stress (u 0v 0) for fully developed flow in an open channel were studied for Reyn-

olds number in the range of 29,000–85,000.

An efficient algorithm was developed to construct Fractal Interpolation Functions (FIF). The algorithm was used to

simulate more than 200,000 time series of u 0,v 0, and u 0v 0 that were measured in a laboratory flume. The algorithm was

also used to compute fractal dimension. The fractal dimensions of the turbulent data were accurately obtained by

applying only as few as 500 data points. It was found that the fractal dimension of u 0, v 0, and u 0v 0 were 1.615, 1.657,

and 1.559, respectively. The relationships between the fractal dimension and Froude number (Fr) and Reynolds number

(Re) were also investigated. It was found that the fractal dimension of turbulent data and Re and Fr were reasonably

correlated.

Moreover, the fractal dimension of Reynolds shear stress in bursting events (outward interaction, ejection, inward

interaction, and sweep) was calculated and compared with each other. There were some differences among the fractal

dimension of Reynolds shear stress for four quadrants of bursting process. The fractal dimension of u 0v 0 in sweep and

ejection events were more than the fractal dimension of the overall Reynolds shear stress.

� 2004 Elsevier Ltd. All rights reserved.
1. Introduction

Turbulence is a natural phenomenon occurring in almost all fluid flowing in open channel. It is usually characterized

by highly disordered and chaotic fluid motion over a wide range of length scales and frequencies. To introduce the

structure of turbulent flow, the most appropriate definition was presented by Richardson [1], who was suggested that

the structure of fully developed turbulent flow consists of a hierarchy of the eddies, or scales of various disorders.
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Additional studies by Einstein and Li [2] showed that the turbulent flow is a process with completely stochastic nature

due to the intermittency of turbulent events.

Due to chaotic nature of turbulence, abundant empirical observations have been made about fractality in hydrody-

namic turbulence. In particular, many works have investigated the fractal properties of various sets of physical interest

in turbulence such as iso-concentration surfaces of advanced scalars e.g. Praskovsky et al. [3] and Sreenivasan and

Meneveau [4] and vectors, or the structure of the spatial distribution of dissipation e.g. Meneveau and Sreenivasan,

[5]. More directly related to the present subject matter, Scotti and Meneveau [6] showed that the turbulent velocity sig-

nals display fractal scaling with a fractal dimension of 1.7 ± 0.05. Scotti and Meneveau [7] used fractal interpolation

function to construct a synthetic sub-grid for large eddy simulation (LES) of turbulence. Frisch et al. [8] applied fractal

dimension to turbulent closure problems by providing a relation between fractal dimension and turbulence scales. Their

model was used for near wall turbulence modeling by Jaw and Chen [9].

Furthermore, to define the coherent structure of turbulent flow, Kline et al. [10] was defined turbulence as a process,

based on horizontal and vertical velocity fluctuation components (u 0 and v 0) in turbulent flows. The process consists of

four different types of event, according to quadrant analysis of velocity fluctuations. These events are categorized as: the

sweep (u 0 > 0, v 0 < 0), ejection (u 0 < 0, v 0 > 0), outward interaction (u 0 > 0, v 0 > 0) and inward interaction (u 0 < 0, v 0 < 0)

in quadrant zones 4, 2, 1 and 3, respectively (Fig. 1).

To investigate the role of the bursting events in sediment entrainment and deposition, Bridge and Bennett [11] con-

cluded that these four alternative types of bursting events have different effects on the mode and rate of sediment trans-

port in open channel flow. Studies by, for example, Thorne et al. [12], Nelson et al. [13], and Drake et al. [14],

Keshavarzi and Ball [15] indicated that close to the bed, sediment entrainment is mostly correlated with particular

bursting events. Also, Nezu and Nakagawa [16] pointed out that the mechanism of turbulent flow and in particular

bursting events over rough beds in open channel is associated with turbulence and momentum transfer and it is a proc-

ess by which sediment particles are entrained from the bed and is transported with the flow.

The contributions of bursting events, such as the sweep and ejection events, to momentum transfer have been exten-

sively studied by quadrant analysis or probability analyses based on two-dimensional velocity information. Studies by

Nakagawa and Nezu [17] and Grass [18] have indicated that just above the channel bed, the sweep event is more respon-

sible than the ejection event for transfer of momentum into the bed layer. Nakagawa and Nezu [17], Thorne et al. [12]

and Keshavarzi and Ball [19,15] concluded that sweep and ejection event occurred more frequently than outward and

inward interactions. Keshavarzi [20] showed that the average magnitude of the shear stress in a sweep event was 140%

of the time average shear stress with the 30% frequency of occurrence. Therefore turbulence modeling based on time

averaged properties cannot be used to detect the coherent structures [16].

The four types of bursting events identified earlier have different influences on the rate, and mechanisms of sediment

entrainment in a turbulent flow. Despite the importance of the bursting events in sediment transport, the statistical

characteristics of bursting events have not been investigated in sufficient detail.

In this study, an algorithm is developed to construct FIF. The developed algorithm was applied to model time series

of turbulent data (i.e., u 0, v 0, and u 0v 0, horizontal and vertical velocity fluctuation components and turbulent shear

stress, respectively). The velocity components were measured in a laboratory flume. The reliability of the algorithm

for calculating the fractal dimension of data set is also scrutinized. Then, it was applied to calculate the fractal dimen-

sion of the turbulent data. The relationships between fractal dimension of the flow properties and Reynolds number and
Fig. 1. Four class of bursting events and their associated quadrants.
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Froude number are studied. Due to very important role of bursting process in turbulence specification, the fractal

dimension of Reynolds shear stress of bursting events is also calculated.
2. Theoretical development of fractal model

Fractal geometry concerns with complicated subset of geometrically simple space such as R2. In deterministic fractal

geometry the focus is on the subsets of a space that are generated by simple contractive geometrical transformations of

the space into itself. A general affine shear transformation can be defined as:
wn
x

y

� �
¼

an 0

cn dn

� �
x

y

� �
þ

en
fn

� �
; ð1Þ
where an, cn, dn, en, and fn are transformation parameters. Here shear means that on the x-y plane, lines parallel to y-axis

are mapped into lines parallel to y-axis. Every contractive mapping on a complete metric space has a fixed point on that

metric space. The fixed point of the iterated function systems (IFS) is called the attractor. The attractor is the fractal

object.

In order to show a very irregular and ragged curve of turbulence properties such as temporal variations of velocity

fluctuation components and Reynolds shear stress are fractal objects, it should be accurately modeled by a set of self-

affine maps. Fractal interpolation functions (FIF) are very powerful tools to model such curves. The graph of an FIF is

the attractor of the IFS that passes through the given interpolation points (e.g., turbulent data points). In other words,

FIF provides a new means for curve fitting to experimental data such as velocity components. Moreover, one can en-

sure that the fractal dimension of the graph of FIF agrees with that the data over an appropriate range of scales e.g.

[21].

Let a set of data (interpolation points) be given. The attractor is the graph of a continuous function f : [x0,xN]! R

which interpolates the data. If an IFS of the form {R2; wn, n = 1,2, . . ., N} is considered, where the maps are affine shear

transformations, the transformations are constrained by the data according to:
wn
x0
F 0

� �
¼

xn�1
F n�1

� �
and wn

xN
F N

� �
¼

xn
F n

� �
for n ¼ 1; 2; . . . ;N :
The situation is summarized in Fig. 2.

Let dn be any real number, the above equations can always be solved for an, cn, en, and fn in terms of the data and dn.

i.e.,
an ¼
xn � xn�1
xN � x0

; ð2Þ

en ¼
xNxn�1 � x0xn

xN � x0
; ð3Þ
Fig. 2. Construction of FIF using IFS of shear transformation.
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cn ¼
F n � F n�1

xN � x0
� dnðF N � F 0Þ

xN � x0
; ð4Þ

fn ¼
xNF n�1 � x0F n

xN � x0
� dnðxNF 0 � x0F N Þ

xN � x0
: ð5Þ
Then the fractal dimension of the FIF can be calculated by:
XN
n¼1

jdnjaD�1
n ¼ 1 if

XN
n¼1

jdnj > 1 and jdnj 6 1; ð6Þ
where D is the fractal dimension. Up to now it is explained how to calculate an, cn, en, and fn, but dn, which is afterwards

called vertical scaling factor (VSF) is unknown. Furthermore, for large number of data points, in order to model data in

reasonable computation time, they should be categorized into fixed and target points. The fractal curve will pass

through fixed points and approximate target points corresponding to accuracy of the calculated mapping parameters.

Therefore, optimum number of fixed points (N) also should be specified.

Strahle [22] presented a simple method to calculate the VSF. To improve this method, Marvasti and Strahle [23]

presented an algorithm which starts by categorizing the data into fixed and target points. But unlike the Strahle�s meth-
od, the number of target points between each pair of fixed points is declared as a variable. This scheme is shown in Fig.

3. The dark solid points are the fixed points and the smaller ones are the target points. What remain to be determined

are N and dn. This scheme does not suggest any idea for selection of N, but the VSF is obtained by first drawing a line

between the first and the last data point (i.e., (x0,F0), and (xN,FN)). Next the point which has the longest vertical dis-

tance to the line is calculated. The distance is designated as l in Fig. 3 that can be positive (point above the line) or
negative (point below the line). A line is then drawn between the fixed points on the nth interval (1 6 n 6 N) and

the distance of the farthest target point above or below this line is calculated. This is designated as mn in Fig. 3. The

vertical scaling factor is then defined as:
dn ¼
mn
l
: ð7Þ
Although this scheme does not have some of the previous method�s difficulties, but the minimum number of essential

target points to generate accurate model is unspecified.

Mazel and Hayes [24] presented both geometric and analytic methods to calculate the VSF. The geometric method is

the same as Marvasti and Strahle method, but the analytic method is based on least square optimization. Furthermore,

they presented an iterative algorithm to find both the optimum fixed points and the VSF for a given arbitrary data set.

The algorithm is based on the property that the resulting fractal function is self-affine. By the collage theorem, if the

interpolation points can be covered with affine transformation, and have the distance between the interpolation points

and the collage of the function small, the attractor of the IFS will be a close approximation to the interpolation points.

However, since the algorithm uses exhaustive search, it is too time consuming to be of practical use.

Vines [25] compared results of different methods for one-dimensional signal modeling. He suggested using local

extremums of the data sequence as the fixed points of the transformations. These points are obtained by introducing

some filters, and selecting those points which have the most deviation as extremums. He also showed that this method
Fig. 3. Schematic of fixed points and target points.
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was very efficient and the results were comparable with the exhaustive search. In this manner, even without the effect of

the IFS, the model roughly follows the original data using a series of straight-line segments. Then the mapped data

portion can be used to further increase the accuracy of the model. Due to advantages of the extremum approach, in

this study it is used with a few improvements for selecting the fixed points. Marvasti and Strahle method was adopted

for VSF calculation.

The Vines� extremum method and Mazel and Hayes algorithm were incorporated to develop an efficient algorithm

for constructing a fractal model on the basis of iterated function systems. The developed algorithm provides suitable

number of self-affine shear transformations that their attractor passes through the interpolation points during a very

short time. The required computer program was developed using Matlab Language. Input file of the program includes

horizontal and vertical velocity components (u and v) measured during a period of time in a laboratory flume in dif-

ferent distances from the bed.

In the program, after reading the input file, velocity fluctuation components (u 0,v 0) are calculated. Turbulent shear

stress (u 0v 0) is calculated as multiplication of the velocity fluctuation components. Afterwards, according to sign of u 0

and v 0, u 0v 0 values are divided into four quadrants. u 0v 0 in different quadrants accompanied with their related time values

are saved separately. Now time series of u 0, v 0, u 0v 0, quadrant 1, quadrant 2, quadrant 3 and quadrant 4 are ready to

fractal modeling. The next step is determination of fixed points. In order to determine fixed points, the local extremums

of the data sets are specified using a number of filters which are:

• The extremum is a point on which the sign of numerical derivative changes.

• Each maximum should be followed by a minimum and vise versa.

• Sequential extrema which have a specific trend should be removed i.e. (Fig. 4).

The number of transformations is equal to the number of sequential pairs of fixed points. To calculate the values of

an, cn, dn, en, and fn, after determination of fixed points, the data points between each pair of fixed points are specified.

In other words, every data set is divided into N section (the number of maps or transformations). In each section the

largest distance between the line that connect two endpoints of the section and the data points is computed. This value

is called as tn. Average value of all the calculated distances is also designated as gn. Following calculation of l, the value
of dn will be calculated by dn = mn/l if jdnj 6 1 and dn = gn/l if jdnj > 1.

Having calculated values of mapping parameters an, cn, en, and fn, Eq. (6) is solved numerically to obtain fractal

dimension. Afterwards, since mapping parameters and the number of maps is known, the fractal interpolation function

can be constructed.
3. Data set description

In this study the turbulent data, which had been measured by Keshavarzi [19], were used. The data include time

series of velocity components that are measured in experimental flume using 2D electromagnet velocity meter. Data sets

comprised of different flow conditions in term of discharge, flow depth, velocity and in consequence, Reynolds and Fro-

ude numbers. Uniform and non-uniform conditions were stabilized by a tail gate installed at the end of the flume. Each

test which was specified by a capital letter in Table 1, consisted of several time series of velocity components measured

in different depths from the flume bed. Therefore, each data set has been named with a capital letter and a number

which shows the distance in millimeter from the bed (e.g., K40).
Fig. 4. Removing sequential extremums with a trend.



Table 1

Dfm for different flow conditions

Test D E F G H J K L M N O P Q V W Wb X Y YY Z

Discharge

(l/s)

47 63.7 76.3 52 58 73.6 40.2 61 30.3 22 48.5 79.8 97.5 22.7 47.5 47.5 48.5 40.85 40.3 30.5

Depth (mm) 294 355 154 276 120 145 120 212 154 70 166 230 265 70 172 100 170 146 143 103

Temperature

(�C)
15.5 15 15 15 15.5 14 13.5 13.5 13 12.2 13 13 12.6 24.4 24.4 24.4 18.6 19 19 19

Bed slope 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005 0.005

Mean

velocity (m/s)

0.26 0.29 0.81 0.31 0.79 0.83 0.55 0.47 0.32 0.52 0.48 0.57 0.60 0.53 0.45 0.78 0.47 0.46 0.46 0.49

Fr 0.15 0.16 0.66 0.19 0.73 0.70 0.51 0.33 0.26 0.62 0.38 0.38 0.37 0.64 0.35 0.79 0.36 0.38 0.39 0.48

Measurement

rate (1/s)

10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10

Flow

condition

Sa&Nb S&N S&Uc S&N S&U S&U S&N S& N S&N S&N S&N S&N S&N S&U S&N S&U S&N S&N S&N S&N

Re 39232 48258 83115 44750 68235 81778 47294 58994 33007 29333 51486 74579 85526 30267 49790 58642 51053 45288 44978 37377

Df(u 0) 1.556 1.382 1.402 1.501 1.675 1.584 1.778 1.713 1.745 1.723 1.733 1.730 1.737 1.532 1.492 1.474 1.641 1.680 1.672 1.672

Df(v 0) 1.638 1.589 1.448 1.536 1.651 1.620 1.747 1.708 1.767 1.765 1.773 1.778 1.764 1.558 1.567 1.544 1.704 1.690 1.668 1.692

Df(u 0v 0) 1.573 1.520 1.418 1.505 1.604 1.582 1.681 1.667 1.648 1.632 1.695 1.682 1.674 1.491 1.503 1.488 1.634 1.654 1.634 1.627

a Steady.
b Non-uniform.
c Uniform.
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Fig. 5. Comparison between observed and computed (first iteration) turbulent data for some data sets.
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4. Results and discussions

The result of this study can be categorized in three main parts as follow:

• turbulent data modeling,

• fractal dimension of turbulent data,

• fractal dimension of bursting events.

4.1. Turbulent data modeling

The model determined suitable local extremums for most data sets which roughly followed the original data. There-

fore, it was expected that the attractor be close enough to the data set. The results of first iteration of the model are



Fig. 6. Comparison between observed and modeled (five iteration) turbulent data for small parts of some data sets.
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compared with measured turbulent data in Fig. 5. According to collage theorem, the closer this run of the model is to

the data, the fractal interpolation function (attractor) closer to the given data set.

The results revealed good agreement between measured and simulated turbulent data. In some data set there exist

some deviations which are to some extend because of unsuitable selected local extremums. Using more restricted filters

may decrease these discrepancies. However, there exist some intrinsic differences between turbulence properties and

fractal models.

Modeling the whole length of every data set was very time consuming. Thus only a small part of a couple of data sets

was modeled. The computed fractal model using five iterations are compared with observed values for some data sets in

Fig. 6.

The results showed that the fractal model was able to approximate turbulence properties with reasonable accuracy.

Thus the temporal variation of velocity components and Reynolds shear stress displayed self-affinity over some scales.

The results confirmed the previous studies e.g. Sreenivasan and Meneveau [4], Frederiksen et al. [26].

4.2. Fractal dimension of turbulent data

The Strahle [22] and Marvasti and Strahle [23] methods were used to calculate VSF, and in consequence the fractal

dimension. However, they required great number of data points to calculate accurate fractal dimension. Furthermore,



Fig. 7. Fractal dimension versus number of data points for some data sets.
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for some data sets the absolute value of calculated dn was greater than unity which was unacceptable. Therefore, the

developed algorithm was utilized to compute the fractal dimension of turbulent data. In Fig. 7 the fractal dimension,

calculated by the algorithm, versus the number of data points is plotted. The fractal dimension reached a constant value

with about 500 data points. Therefore, the presented model is not only able to compute accurate fractal dimension with

only 500 turbulent data points, but also it can be a good substitution for the Box-counting method because of unreli-

ability of the latter method due to the elusiveness of the flat region on the logarithmic plot [23].

The fractal dimension of all turbulent data sets were calculated. Fig. 8 depicts fractal dimension versus normalized

depth (d/H). It seems that there are not any specific relation between fractal dimension and distance from the bed. The

calculated fractal dimensions of u 0, v 0, and u 0v 0 for all data sets were separately averaged to calculate the mean fractal

dimension of turbulence properties. The mean fractal dimension of u 0, v 0, and u 0v 0 regardless of flow conditions were

found to be 1.615, 1.657, and 1.559, respectively. The fractal dimension (Df) of each test, averaging from fractal dimen-

sion of turbulent data of different depths at which velocity measurements were made, and related flow conditions are

tabulated in Table 1. These values are plotted versus Reynolds and Froude numbers in Figs. 9 and 10, respectively.



Fig. 8. Fractal dimension versus normalized depth.

Fig. 9. Fractal dimension versus Reynolds number.
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The result showed that there was not obvious relationship between Df and Reynolds number (Re), while Df and

Froude number (Fr) were somehow correlated. It seems that fractal dimension is independent of Reynolds number.

The results can be reasonable due to dominancy of gravity force in open channel flows. The curve of fractal dimension

versus Fr consisted of two increasing and decreasing limbs. The decreasing limb belongs to uniform flow conditions. In

uniform flow, declining of turbulence intensity and in consequence the fractal dimension of turbulent data seems rea-

sonable due to more uniformity of velocity profile in comparison to non-uniform flow. To enhance the difference be-



Fig. 10. Fractal dimension versus Froude number.

Fig. 11. Comparison between time series of observed horizontal velocity component in uniform and non-uniform flow conditions.

Fig. 12. Relationship between fractal dimension and Reynolds number in uniform and non-uniform flow conditions.
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tween uniform and non-uniform flow conditions, temporal variations of horizontal velocity component are compared

in Fig. 11. V40 and K40 are time series of horizontal velocity measured in uniform and non-uniform flow conditions,

respectively. It is obvious that the fluctuations have been damped in uniform conditions. In Figs. 12 and 13 the results

have been categorized into uniform and non-uniform conditions to make them clearer. In both conditions fractal

dimension and Fr has direct relation. Although the relationship between Df and Re is not clearly obvious, it seems that

fractal dimension does not change significantly among different Reynolds number. In Fig. 14 fractal dimension of u 0, v 0,

and u 0v 0 versus Fr(d/H) for uniform and non-uniform flow conditions are plotted. In non-uniform conditions, fractal



Fig. 13. Relationship between fractal dimension and Froude number in uniform and non-uniform flow conditions.

Fig. 14. Fractal dimension of u 0, v 0, and u 0v 0 versus Fr(d/H) for non-uniform (left hand side graphs) and uniform (right hand side

graphs) flow conditions.
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Fig. 15. Fractal dimension versus normalized depth.

Fig. 16. Comparison of the fractal dimension of bursting events.

Fig. 17. Variations of fractal dimension over the flow depths in four quadrants.
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dimension of both velocity fluctuation components and shear stress have a direct relation with Fr(d/H), while in uni-

form flow these relations are somehow weaker. These results may be due to the effect of Fr. Since in uniform condition

the range of Fr is more limited than non-uniform conditions. To omit the effect of Froude number, X, Y and YY tests,

which have almost identical Fr, are selected and Df versus d/H are plotted in Fig. 15.

It has been found that the turbulence intensity in the longitudinal direction and Reynolds shear stress decreased

from the bed to water surface while the turbulence intensity in the vertical direction did not change significantly over



1044 A.N. Ziaei et al. / Chaos, Solitons and Fractals 24 (2005) 1031–1045
the flow depth. As can be seen in Fig. 15, fractal dimension of u 0 and u 0v 0 decreased from the bed to water surface, while

the fractal dimension of v 0 did not change significantly over the flow depth.

4.3. Fractal dimension of bursting events

In this study, fractal dimension of Reynolds shear stress in the four quadrants were computed for a number of data

sets. These data sets were consisted of more than 2000 data points that was long enough to compute accurate fractal

dimension in different quadrants. They are except from those tabulated in Table 1 and are shown with a number in Fig.

16. As it was expected, not only the fractal dimensions of quadrants were different but also the fractal dimension of the

second and fourth (ejection and sweep) quadrants were greater than Df(u 0v 0) of combination of the all events. Although

the results confirmed Keshavarzi�s findings, but the number of data sets is limited and further investigation is necessary
to improve this idea.

For X, Y, and YY tests, fractal dimension of Reynolds shear stress, Df(u 0v 0), over the flow depths in four quadrants

are presented in Fig. 17. Df(u 0v 0) in sweep and inward interaction increased from the bed to the water surface while in

the other two events Df(u 0v 0) changed reversely. In comparison of Figs. 17 and 15 it can be concluded that variation of

Df(u 0v 0) in quadrants and its variation as a whole are not identical. Therefore, this difference should be taken into con-

sideration for turbulence modeling using fractal dimension.
5. Conclusions

Fractal interpolation functions were successfully used to turbulence properties modeling. Extremum method found

to be a good approach to find the desirable number of affine transformations. It was also more efficient than exhaustive

search to find the optimum number of transformations. Moreover it was able to calculate accurate fractal dimension of

the 1-d fractal curve with using the minimum number of data points (only 500 data points).

Time series of velocity fluctuation components and turbulent shear stress were approximated reasonably using frac-

tal interpolation functions. The approximation can be improved by improving the extremum selection filters or even by

selecting them manually. There were not a specific relationship between normalized depth and fractal dimension of tur-

bulent data. Fractal dimension of u 0, v 0 and u 0v 0 were correlated to Froude number and somehow with Reynolds� num-
ber of the flow and these relationship were different in uniform and non-uniform flows. The fractal dimension of u 0, v 0,

and u 0v 0 ranged from 1.4 to 1.8 and the average of them were 1.615, 1.657, and 1.559, respectively. These values can be

used for turbulence modeling in open channel flows.

Fractal dimension of u 0v 0 among bursting events were different and they changed differently over the flow depth.

Fractal dimension of u 0v 0 in sweep and ejection events were more than mean fractal dimension of u 0v 0. Finally it can

be concluded that turbulence properties in open channel flow can be approximated by fractal theory.
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