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Abstract This paper presents a new method based on the

use of an optimization approach along with kernel least

mean square (KLMS) algorithm for solving ordinary dif-

ferential equations (ODEs). The new approach in com-

parison with the other existing methods (such as numerical

methods and the methods that are based on neural net-

works) has more advantages such as simple implementa-

tion, fast convergence, and also little error. In this paper,

we use the ability of KLMS in prediction by applying an

optimization method to predict the solution of ODE. The

basic idea is that first a trial solution of the ODE is written

by using the KLMS structure, and then by defining an error

function and minimizing it via an optimization algorithm

(in this paper, we used the quasi-Newton BFGS method),

the parameters of KLMS are adjusted such that the trial

solution satisfies the DE. After the optimization step, the

achieved optimal parameters of the KLMS model are

replaced in the trial solution. The accuracy of the method is

illustrated by solving several problems.

Keywords Least mean square � Kernel least mean square �
Ordinary differential equation � BFGS algorithm

1 Introduction

Kernel methods are applied successfully in classification,

regression problems, and generally machine learning (sup-

port vector machines, SVM [1], regularization networks [2],

kernel principal component analysis, K-PCA [3], kernel

independent component analysis, K-ICA [4]). Kernel

methods have been used to extend linear adaptive filters

expressed in inner products to nonlinear algorithms [1, 3, 4].

Pokharel et al. [5, 6] have applied this ‘‘kernel trick’’ to the

least mean square (LMS) algorithm to attain a nonlinear

adaptive filter in reproducing kernel Hilbert spaces

(RKHS), which they have coined kernel least mean square

(KLMS). Another application of KLMS can be found in [7].

Now before introducing the new method based on

KLMS algorithm, we briefly mention the basic idea for

solving differential equations by neural networks, which

was presented by Lagaris et al. [8]. Consider the differ-

ential equation in the following form:

G x;wðxÞ; rwðxÞ; r2wðxÞ; . . .
� �

¼ 0; x 2 �D � Rn; ð1Þ

Here, w(x) denotes the solution, G defines the structure

of differential equation, r is some differential operator,

and �D is the problem domain. The basic idea, called

collocation method, is to discretize the domain �D over a

finite set of points D. Thus, (1) becomes a system of

equations. An approximation of the solution w(x) is given

by the trial solution wt(x). As a measure for the degree of

fulfillment of the original differential equation (1), an error

function similar to the mean-squared error is defined:

E ¼ 1

Dj j
X

xt2D

G ðxi;wt;rwt;r2wt; . . . Þ
� �2 ð2Þ

Therefore, minimizing the error function E in (2) is

equal to finding an approximated solution of (1). Since
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multilayer feed forward neural networks are universal

approximators (Hornik 1989), the trial solution wt(x) can be

represented by such an artificial neural network as (3) [9].

wtðxÞ ¼ AðxÞ þ Fðx;Nðx; pÞÞ ð3Þ

where A(x) contains no adjustable parameter and satisfies

the boundary conditions and F(x, N (x, p)) is a single output

feed forward neural network with adjustable parameters p

and the input vector x. Consequently, the problem is to find

adjusted weights of neural network, which minimize (2).

Since E is differentiable with respect to the weights for

most differential equations, efficient, gradient-based

learning algorithms for artificial neural networks can be

employed for minimizing (2). The history of solving dif-

ferential equation using neural networks is reviewed in the

rest of this section.

Smaoui and Al-Enezi analyzed dynamics of two non-

linear partial differential equations known as the Kuram-

oto–Sivashinsky (K–S) equation and the two-dimensional

Navier–Stokes (N–S) equations using Karhunen–Loeve

(K–L) decomposition and artificial neural networks [10]. In

[11], Brause used differential equations for the modeling of

biochemical pathways, and these equations were solved

using neural networks. In [12], Hea et al. used feed forward

neural network with the extended back propagation algo-

rithm to solve a class of first-order partial differential

equations for input-to-state linearizable or approximate

linearizable systems.

Also, Manevitz et al. [13] presented basic learning

algorithms and the neural network model to the problem of

mesh adaptation for the finite-element method to solve

time-dependent partial differential equations. Time series

prediction via the neural network methodology was used to

predict the areas of ‘‘interest’’ in order to obtain an effec-

tive mesh refinement at the appropriate times. Leephak-

preeda [14] presented fuzzy linguistic model in neural

network to solve differential equations and applied it as

universal approximators for any nonlinear continuous

function.

In [15], Malek and Beidokhti presented a hybrid method

based on optimization techniques and neural networks

methods for solving high-order ordinary differential equa-

tions. They proposed a new solution method for the

approximated solution of high-order ordinary differential

equations using innovative mathematical tools and neural-

like systems. Hybrid method could result in improved

numerical methods for solving initial/boundary value

problems without using pre-assigned discretization points.

In another work, Mai-Duy and Tran-Cong [16] pre-

sented mesh-free procedures for solving linear differential

equations, ordinary differential equations, and elliptic

partial differential equations based on multi-quadric radial

basis function networks. In [21], Sadoghi Yazdi and

Pourreza (our previous work) solved ODE using new ver-

sion of adaptive neuro-fuzzy inference system. Also, Ji-

anyu et al. in [17] described a neural network for solving

partial differential equations, which activation functions of

the hidden nodes were the radial basis functions (RBF)

whose parameters were learnt by a two-stage gradient

descent strategy. Also, solving differential equation using

neural network was applied to real problems such as a non-

steady fixed bed non-catalytic solid/gas reactor [18].

In recent work, Sadoghi Yazdi et al. [22] applied the

unsupervised KLMS algorithm to solve ordinary differen-

tial equations which is an unsupervised version of KLMS.

The main difference between the method that will be

introduced in this paper and the UKLMS in [22] is that the

UKLMS is unsupervised and no desired signal needs to be

determined by user and the output of the model is gener-

ated by iterating the algorithm progressively. But in the

new following method, the parameters of KLMS are

adjusted via an optimization algorithm. The use of neural

networks was not limited just to ODEs. Effati and Pakd-

aman [20] used the artificial neural networks to solve fuzzy

differential equations.

In the aforementioned works, some notes are observed

as follows:

• Solving differential equation (ordinary or partial) or

high order by using neural networks.

• Some researchers performed logistic function using

neural networks for solving differential equations.

• Applying the solution of differential equations via

neural networks in real-world problems.

Now, based on KLMS algorithm, we present a new

method to solve ordinary differential equations. The paper

is organized as follows. The basic requirements of KLMS

are explained in Sect. 2 (Preliminaries). Section 3 is

devoted to method formulation. Experimental results are

discussed in Sect. 4, and finally Sect. 5 contains concluding

remarks.

2 Preliminaries

In 1959, the LMS algorithm was introduced as a simple

way of training a linear adaptive system with mean square

error minimization. An unknown system—y(n)—is to be

identified and the LMS algorithm attempts to adapt the

filter ŷðnÞ to make it as close as possible to y(n). The

algorithm uses u(n) as the input, d(n) as desired output, and

e(n) as calculated error.

LMS uses steepest descent algorithm to update the

weight vector so that the weight vector converges to opti-

mum Wiener solution. Now, the weight vector is updated

based on the following rule:
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wðnþ 1Þ ¼ wðnÞ þ 2l� eðnÞ � uðnÞ ð4Þ

where w(n) is weight vector and l is step size and u(n) is

input vector. The filter output y is calculated by

yðnÞ ¼ �w� uðnÞ: ð5Þ

Successive corrections of the weight vector eventually

leads to the minimum value of the mean squared error.

Further information about LMS can be found in [6]. On the

other hand, Kernel methods are applied to map the input

data into a high dimensional space (HDS). In HDS, a

variety of methods can be used to find linear relations in the

data. Mapping procedure is handled by U functions.

Kernel functions help the algorithm to handle the con-

verted input data in the HDS ever without knowing the

coordinates of data in that space, simply by computing

the kernel of input data instead of calculating the inner

products between images of all pairs of data in HDS. This

method is called the kernel trick.

As presented in [6], estimation and prediction of some

time series could be optimized with a new approach,

named KLMS. The basic idea is to perform the linear LMS

algorithm in the kernel space.

Xðnþ 1Þ ¼ XðnÞ þ 2l� eðnÞ � UðuðnÞÞ ð6Þ

where X(n) is weight vector in the HDS. The estimated

output y(n) will be calculated by

yðnÞ ¼ hXðnÞ;UðuðnÞÞi: ð7Þ

The input vector u(n) will be transformed to the infinite

feature vector U(u(n)), whose components are then linearly

combined by the infinite dimensional weight vector. Non-

recursive type of equation (6) can be written as

XðnÞ ¼ Xð0Þ þ 2l
Xn�1

i¼0

eðiÞUðuðiÞÞ: ð8Þ

By choosing X(0) = 0,

XðnÞ ¼ 2l
Xn�1

i¼0

eðiÞUðuðiÞÞ: ð9Þ

Based on (7) and (9),

yðnÞ ¼ hXðnÞ � UðuðnÞÞi

¼ 2l
Xn�1

i¼0

eðiÞUðuðiÞÞ;UðuðnÞÞ
* +

¼ 2l
Xn�1

i¼0

eðiÞhUðuðiÞÞ;UðuðnÞÞi: ð10Þ

We can use kernel trick here to calculate y(n):

yðnÞ ¼ l
Xn�1

i¼0

eðiÞkðuðiÞ; uðnÞÞ: ð11Þ

Equation (11) is named Kernel LMS algorithm. As error

of system reduces by time, we can ignore the e(n) after n
sample and predict new data with previous error:

yðnÞ ¼ l
Xf

i¼0

eðiÞkðuðiÞ; uðnÞÞ: ð12Þ

This change decreases the complexity of algorithm.

Thus, we can train the system with fewer data and also use

it to predict new data.

Good prediction ability in non-linear channels is one of

the algorithm advantages, but results are sensitive to step

size and signal amplitude stability.

3 New method

A linear differential equation (DE) with constant coeffi-

cients can be expressed in the following form:

an
dnyðxÞ

dxn
þ an�1

dn�1yðxÞ
dxn�1

þ � � � þ a0yðxÞ ¼ voðxÞ;
x 2 ½a; b�

ð13Þ

where an,…,a0 are constant coefficients and [a, b] is the

problem domain. n-1 necessary initial conditions or

boundary conditions for solving above DE are

yð0Þ ¼ y0
0; yð1Þð0Þ ¼ y

ð1Þ
0 ; . . .; yn�1ð0Þ ¼ yn�1

0

or

y x0ð Þ ¼ yx0
; yðx1Þ ¼ yx1

; . . .; y xnð Þ ¼ yxn

ð14Þ

Following [15], we propose a trial solution for the above

differential equation is like (15).

yT x;Eð Þ ¼ Aðx; y 0ð Þ
0 ; y

1ð Þ
0 ; . . .; y

n�1ð Þ
0 Þ þ Fðx;Kðx;EÞÞ

¼ Aðx;CÞ þ Fðx;Kðx;EÞÞ ð15Þ

In (15), yT (x, E) is composed of two parts. The first

part, A (x, C), is a function for satisfaction of initial/

boundary conditions (C denotes the initial/boundary

conditions) and contains no adjustable parameters. In

the second part, F(x, K (x, E)) contains a KLMS part

which the errors of it must be adjusted so as the trial

solution satisfy the DE. Also, F(x, K (x, E)) must be zero

at initial points. E = (e1, e2,…, en) is the error vector as

in (12). By this construction, yT (x, E) satisfies the DE as

well as the initial/boundary conditions and the error

vector must be adjusted. To train the KLMS part, we

divide the interval [a, b] into n equal parts

ðx0 ¼ a; x1; . . .; xn�1 ¼ bÞ. Then, we put these points into

the KLMS function. If we rewrite (12), we have:

Kðx;EÞ ¼ l
Xn�1

i¼0

eðiÞkðxi; xÞ: ð16Þ
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Put (16) in (15),

yT x;Eð Þ ¼ Aðx;CÞ þ F x; l
Xn�1

i¼0

eðiÞkðxi; xÞ
 !

: ð17Þ

Substituting (17) into the (13), we have

an
dnyT x;Eð Þ

dxn
þ an�1

dn�1yT x;Eð Þ
dxn�1

þ � � �

þ a0yTðx;EÞ � voðtÞ ¼ 0: ð18Þ

To solve (18), we define the following unconstraint

optimization problem:

min
E

Gðx;EÞf g2 ð19Þ

where

Gðx;EÞ ¼ an
dnyT x;Eð Þ

dxn
þ an�1

dn�1yT x;Eð Þ
dxn�1

þ � � �
þ a0yT x;Eð Þ � vo xð Þ

To demonstrate the proposed procedure, we mention

some examples.

Consider the following first-order DE:

dy xð Þ
dx
¼ voðy; xÞ; x 2 ½0; 1�; yð0Þ ¼ A: ð20aÞ

Hence,

A x;Cð Þ ¼ A) yTðx;EÞ ¼ Aþ xKðx;EÞ: ð20bÞ

Following (19) and by replacing (20b) in (20a), we can

introduce the following optimization problem:

min
E

Kðx;EÞ þ x
oKðx;EÞ

ox
� v0ðyT ; xÞ

� �2

: ð21Þ

The optimization problem (21) can be solved by any

optimization technique.

Now consider the following second-order DE.

d2y xð Þ
dx2

¼ vo
dy

dx
; y; x

� 	
; x 2 ½0; 1�: ð22Þ

The trial solution of this DE is considered in two cases.

In the first case, these initial conditions are considered as

yð0Þ ¼ A and dy

dx
ð0Þ ¼ A0 thus

A x;Cð Þ ¼ AþA0x) yTðx;EÞ ¼ AþA0xþ x2Kðx;EÞ: ð23Þ

Again by replacing (23) in (22), we can define the

following optimization problem:

min
E

2Kðx;EÞ þ 4x
oKðx;EÞ

ox
þ x2 o2Kðx;EÞ

ox2
� v0

dyT

dx
; yT ; x

� 	� �2

:

ð24Þ

In the second case, the boundary conditions are

considered as y x0ð Þ ¼ y0; y x1ð Þ ¼ y1. Therefore,

A x;Cð Þ ¼ x1y0 þ x0y1

x1 � x0

þ y1 � y0

x1 � x0

x)

yTðx;EÞ ¼
x1y0 þ x0y1

x1 � x0

þ y1 � y0

x1 � x0

x

þ x� x0ð Þ x� x1ð ÞKðx;EÞ:

ð25Þ

The same procedure can be performed to find the trial

solution of higher-order ordinary differential equations.

The optimization problem (19) (or 21 and 24) is an

unconstrained optimization problem, and thus, we can use

any optimization techniques such as steepest descent

method and conjugate gradient or quasi Newton methods.

Newton method is one of the important algorithms in

nonlinear optimization. In this paper, we use the Quasi-

Newton BFGS method. Quasi-Newton methods were orig-

inally proposed by Davidon in 1959 and were later devel-

oped by Fletcher and Powell (1963). The most fundamental

idea in quasi Newton methods is that an approximation of

the Hessian matrix is calculated. Here, the quasi Newton

BFGS (Broyden–Fletcher–Goldfarb–Shanno) method is

used. This method is quadratically convergent (for more

details see [19]). After the optimization step, optimal value

of the vector E is obtained, thus, by replacing the optimal

parameter E in (15), the trial solution (15) will be the

approximated solution of (13).

3.1 Method advantages

The proposed method has several advantages: first that the

implementation of the method is simple and also has a

quick convergence, second that we can apply the method to

solve higher-order ODEs as well as PDEs. We can increase

the number of iterations of optimization step to attain more

accurate results. We can also apply it to solve a system of

ODEs.

4 Numerical simulations

To illustrate the method advantages, in this section, five

problems are solved. All problems are solved over the

interval [0,1]. The solved problem has transient response in

this interval. For all problems, the interval [0,1] is dis-

cretized to 20 equal sections. By this selection, E will have

20 elements. To minimize the objective function in (19),

we used MATLAB7 optimization toolbox.

Example 1 Consider the following first-order differential

equation with constant excitation.

d

dx
yðxÞ þ 5yðxÞ ¼ 4; yð0Þ ¼ 1: ð26Þ

The related trial function (similar to (17)) can be

considered in the following form:
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yT xð Þ ¼ 1þ ðx� 0ÞKðx;EÞ: ð27Þ

After substituting (27) in (26), we can define the

following optimization problem:

min
E

1þ ð1þ 5xÞKðx;EÞ þ x
oKðx;EÞ

ox

� �2

: ð28Þ

By running the BFGS algorithm in MATLAB7

optimization toolbox, we obtain the optimal value of

error vector as reported in Table 1.

By replacing the error vector from Table 1 in (16), the

KLMS model will be as (29).

Kðx;EÞ ¼ 0:0845� ex2 þ 0:1366� eðx�0:05Þ2

þ 0:4486� eðx�0:1Þ2 þ � � � � 0:6953

� eðx�0:90Þ2 � 0:5779� eðx�0:95Þ2 : ð29Þ

Analytical solution and the KLMS solution are

compared in Fig. 1. As it can be seen, the KLMS

solution approximates the analytical solution.

Example 2 Consider the following first-order differential

equation with sinusoidal excitation:

d

dx
yðxÞ þ 10yðxÞ ¼ � sinð10xÞ; yð0Þ ¼ 1: ð30Þ

Similar to Example 1, the related trial solution can be

constructed as

yT xð Þ ¼ 1þ ðx� 0ÞKðx;EÞ: ð31Þ

After substituting (31) in (30), we can define the

following optimization problem:

min
E

10þ ð1þ 10xÞKðx;EÞ þ x
oKðx;EÞ

ox
þ sinð10xÞ

� �2

:

ð32Þ

Analytical solution and obtained solution via KLMS

algorithm are compared in Fig 2.

Example 3 Consider the following first-order differential

equation with nonlinear sinusoidal excitation:

d

dx
yðxÞ þ yðxÞ ¼ ð4xÞ3 sinð5xÞ; yð0Þ ¼ 1: ð33Þ

The related trial solution can be constructed as

yT xð Þ ¼ 1þ ðx� 0ÞKðx;EÞ: ð34Þ

After substituting (34) in (33), we can define the

following optimization problem

min
E

1þ ð1þ xÞKðx;EÞ þ x
oKðx;EÞ

ox
� ð4xÞ3 sinð5xÞ

� �2

:

ð35Þ

Analytical solution and obtained solution via KLMS

algorithm are compared in Fig 3.

Table 1 Numerical value of error vector for KLMS model in

example 1

Error Value Error Value

e0 0.0845 e10 -0.2569

e1 0.1366 e11 0.5066

e2 0.4486 e12 0.2224

e3 -0.4329 e13 0.7038

e4 -0.3387 e14 0.2044

e5 -0.2746 e15 0.0833

e6 -0.2542 e16 0.3872

e7 0.1881 e17 -0.1148

e8 -0.0932 e18 -0.6953

e9 -0.1176 e19 -0.5779
Fig. 2 Solution of example 2

Fig. 1 Comparing analytical solution and the solution via KLMS for

example 1
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As it can be seen in Examples 4 and 5 despite sinusoidal

excitation, the KLMS algorithm could follow the analytical

solution. This examples show that this algorithm can

get transient and steady-state responses of differential

equation.

Example 4 Consider the following second-order differ-

ential equation with constant excitation:

d2

dx2
yðxÞ þ 25yðxÞ ¼ 2; yð0Þ ¼ 1; yð1Þ ¼ 0: ð36Þ

For this type of DE, we use (23). The related trial

function would be in the following form if yð0Þ ¼ A;

yð1Þ ¼ B.

Aðx;CÞ ¼ Að1� xÞ þ Bx)
yTðx;EÞ ¼ Að1� xÞ þ Bxþ xð1� xÞKðx;EÞ:

ð37Þ

After substitution in (36), we have

yT xð Þ ¼ ð1� xÞ þ xð1� xÞKðx;EÞ: ð38Þ

The trial solution (38) satisfies the boundary conditions.

Similar to previous examples, we can define the following

optimization problem:

min
E

23� 25xþ ð�2þ 25x� 25x2ÞKðx;EÞ
�

þ ð2� 4xÞ oKðx;EÞ
ox

þ ðx� x2Þ o
2Kðx;EÞ

ox2

�2

: ð39Þ

Analytical solution and the obtained solution via KLMS

algorithm are compared in Fig 4.

Example 5 Consider the second-order differential

equation with time-varying input signal. This example

shows the case of variable–time input signal.

d2

dx2
yðxÞ þ yðxÞ ¼ 2þ 2 sinð4xÞ cosð3xÞ

yð0Þ ¼ 1; yð1Þ ¼ 0;

ð40Þ

Analytical solution and obtained solution via KLMS

algorithm are compared in Fig 5.

We can see in Examples 4 and 5, that KLMS method

can be applied to solve higher-order differential equations.

Also, comapring the results in Fig. 5 with the obtained

results via UKLMS in [22] shows that the optimization-

based KLMS has more accurate results.

5 Concluding remarks

In this paper, we proposed a new approach for solving

ordinary differential equations by the use of kernel least

Fig. 3 Solution of example 3
Fig. 4 Solution of example 4

Fig. 5 Solution of example 5
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mean square (KLMS) algorithm and an optimization

approach. The accuracy of the proposed method was

examined by solving first-order and second-order differen-

tial equations with input excitation signal in both constant

and time-varying formats. The achieved results demonstrate

the accuracy and fast convergence of the new approach.

Furthermore, implementing the KLMS algorithm is very

simple. In optimization step, we can use other optimization

techniques. Indeed, the results can be compared with the

other methods, which are based on neural networks. In

future, we are going to apply and extend the method to solve

PDEs as well as integral differential equations.
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