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Goodness-of-Fit Test Based on Kullback-Leibler
Information for Progressively Type-II Censored Data

Arezou Habibi Rad, Fatemeh Yousefzadeh, and Narayanaswamy Balakrishnan

Abstract—We express the joint entropy of progressively Type-II
censored order statistics in terms of an incomplete integral of the
hazard function, and use it to develop a simple estimate of the joint
entropy of progressively Type-II censored data, considered earlier
by Balakrishnan et al., IEEE Trans. Reliability, vol. 56, pp. 349–356.
We then construct a goodness-of-fit test statistic based on the Kull-
back-Leibler information for Pareto, log-normal, and Weibull dis-
tributions by using maximum likelihood estimates and approxi-
mate maximum likelihood estimates of the model parameters. Fi-
nally, we use Monte Carlo simulations to evaluate the power of the
proposed test for several alternatives under different sample sizes
and progressive censoring schemes.

Index Terms—Approximate maximum likelihood estimate, en-
tropy, goodness-of-fit test, hazard function, Kullback-Leibler in-
formation, log-normal distribution, maximum likelihood estimate,
Monte Carlo simulation, Pareto distribution, progressively type-II
censored data, Weibull distribution.

ACRONYMS

AMLE approximate maximum likelihood estimate

c.d.f. cumulative distribution function

KL Kullback–Leibler

MLE maximum likelihood estimate

p.d.f. probability density function

NOTATION

sample size

-th order statistic from a sample of
size
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the number of complete failures in a
progressively censored sample

the number of surviving units
censored at random at the time of the
-th failure

-th progressively censored order
statistic; for convenience, we will
use the simplified notation ,

the probability density function
(p.d.f.) of

the joint probability density function
of all progressively Type-II
censored order statistics

the hazard function (rate),

the joint entropy of

the Kullback-Leibler information of

the conditional p.d.f. of , given

the expectation of conditional
entropy of , given

.

I. INTRODUCTION

D ATA arising from life-testing and reliability experiments
are often censored based on cost and time considera-

tions. Conventional Type-I and Type-II censoring are the most
common forms of censoring. Because parametric inferential
procedures are developed with the assumption of a special
lifetime distribution, such as exponential, Weibull, log-normal,
gamma, and Pareto, it becomes important to test the validity
of the assumed lifetime model based on the observed cen-
sored data. Many such goodness-of-fit procedures have been
developed in the literature for the cases when the available
samples are either Type-I or Type-II censored. Recently, a more
flexible and efficient form of censoring, called progressive
censoring, has been studied quite extensively; see, for example,
Balakrishnan [2] and Balakrishnan & Aggarwala [3] for elab-
orate reviews on various developments regarding progressive

0018-9529/$26.00 © 2011 IEEE



RAD et al.: GOODNESS-OF-FIT TEST BASED ON KL INFORMATION FOR TYPE-II CENSORED DATA 571

TABLE I
POWERS FOR DIFFERENT HAZARD ALTERNATIVES AT 5% LEVEL OF SIGNIFICANCE FOR SEVERAL PROGRESSIVE CENSORING SCHEMES WHEN THE SAMPLE SIZES

ARE � � ��� ����� WHILE TESTING FOR THE PARETO DISTRIBUTION

censoring. However, not many goodness-of-fit tests have been
developed for progressively censored data. We therefore de-
velop here an information-based goodness-of-fit test for Pareto,
log-normal, and Weibull distributions based on progressively
Type-II censored data.

Suppose a random variable has distribution function ,
and continuous density function . Then, the differential en-
tropy of the random variable is defined by Shannon
[18] to be

(1)

Vasicek [19] was the first to propose a test for normality based
on sample entropy, who also compared its power with those of
leading test statistics for complete samples. The entropy differ-
ence was considered by Dudewicz & van der
Meulen [10] and Gokhale [12] for establishing goodness-of-fit
tests for the class of maximum entropy distributions.

The Kullback-Leibler (KL) information in favor of
against was defined by Kullback [14] to be

which is in fact an extended concept of entropy. Because
is such that with the equality holding if ,

the sample estimate of the KL information has also been con-
sidered as a goodness-of-fit test statistic; see, for example, Ari-
zono & Ohta [1], and Ebrahimi & Habibullah [11] for complete
samples; and Park [17], and Balakrishnan et al. [5] for Type-II
censored data, and progressively Type-II censored data, respec-
tively.

In this paper, we extend the goodness-of-fit test based on
KL information for progressively Type-II censored data for
Pareto, log-normal, and Weibull distributions. The rest of this
paper is organized as follows. In Section II, we describe briefly
the progressive Type-II censoring, the joint entropy of these
progressively censored order statistics in terms of the hazard
function, and the nonparametric estimate of this joint entropy.
In Section III, we define the KL information for progressively
Type-II censored data. Then we use that result to propose
a goodness-of-fit test for Pareto, log-normal, and Weibull
distributions in Sections IV Sections V Sections VI, respec-
tively. Finally, in Section VII, we use Monte Carlo simulations
to evaluate the power of these tests for several alternatives
under different sample sizes and progressive Type-II censoring
schemes. Finally, in Section VIII, we present an example to
illustrate the goodness-of-fit test developed here.
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TABLE II
POWERS FOR DIFFERENT HAZARD ALTERNATIVES AT 10% LEVEL OF SIGNIFICANCE FOR SEVERAL PROGRESSIVE CENSORING SCHEMES WHEN THE SAMPLE SIZES

ARE � � ��� ����� WHILE TESTING FOR THE PARETO DISTRIBUTION

II. PRELIMINARIES

A. Progressively Type-II Censored Data

Suppose identical units are placed on a life-testing experi-
ment. Assume that their life-times are -independent and iden-
tically distributed with cumulative distribution function (c.d.f.)

, and probability density function (p.d.f.) , where
is a vector of parameters.
Quite often, in life-testing and reliability experiments, some

units that are subject to test are removed from the experiment
before their failure either intentionally or unintentionally. Such
units result in censored lifetimes. The two most common cen-
soring schemes are the conventional Type-I and Type-II cen-
soring schemes, which have been studied extensively in the sta-
tistical and reliability literature; see Balakrishnan & Cohen [4],
and Cohen [9]. Briefly, they can be described as follows. Con-
sider items under observation in a life-testing experiment. In
the conventional Type-I censoring scheme, the experiment con-
tinues up to a pre-specified time T. The conventional Type-II
censoring scheme requires the experiment to continue until a
pre-specified number of failures occur. One of the
drawbacks of the conventional Type-I and Type-II censoring
schemes is that they do not allow for removal of units at points

other than the termination point of the experiment. The pro-
gressive Type-II censoring scheme, which does facilitate the re-
moval of units at many stages of the experiment, can be de-
scribed as follows. Consider units in a study, and suppose

is fixed prior to the experiment. Moreover, non-neg-
ative integers, , are also fixed prior to the experiment
such that . At the time of the first
failure, say , of the surviving units are randomly re-
moved. Next, at the time of the second failure, say ,
of the surviving units are randomly removed, and so on. Finally,
at the time of the -th failure, say , all remaining
surviving units are removed. For further details on progressive
Type-II censoring, one may refer to the monograph by Balakr-
ishnan & Aggarwala [3], and the elaborate review article by Bal-
akrishnan [2].

The joint p.d.f. of all progressively Type-II censored order
statistics is given by

where
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TABLE III
POWERS FOR DIFFERENT HAZARD ALTERNATIVES AT 5% LEVEL OF SIGNIFICANCE FOR SEVERAL PROGRESSIVE CENSORING SCHEMES WHEN THE SAMPLE SIZES

ARE � � ��� ����� WHILE TESTING FOR THE LOG-NORMAL DISTRIBUTION

B. Entropy of Progressively Censored Data in Terms of the
Hazard Function

The joint entropy of is given by (Park
[17])

where is the joint
density of all progressively Type-II censored order statistics.
Because is an -dimensional integral, we need to
obtain a simpler expression for this multiple integral.

The calculation of the entropy of the single and consecutive
order statistics has been discussed by Wong & Chan [21], and
Park [16]. The multiple integral of the entropy for Type-II cen-
sored data has been simplified to a single-integral by Park [17],
and the joint entropy of progressively Type-II censored order

statistics has been simplified by Balakrishnan et al. [5] in terms
of an integral involving the hazard function , , as

where

C. Nonparametric Entropy Estimate

The nonparametric estimate of the joint entropy
was obtained by Balakrishnan et al. [5] as

where
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TABLE IV
POWERS FOR DIFFERENT HAZARD ALTERNATIVES AT 10% LEVEL OF SIGNIFICANCE FOR SEVERAL PROGRESSIVE CENSORING SCHEMES WHEN THE SAMPLE SIZES

ARE � � ��� ����� WHILE TESTING FOR THE LOG-NORMAL DISTRIBUTION

III. GOODNESS-OF-FIT TEST BASED ON THE

KULLBACK-LEIBLER INFORMATION

For a null density function whose adequacy for
the data at hand that we wish to assess, the KL informa-
tion from a progressively Type-II censored data is given
by (See the equation at the bottom of the page) where

is the joint density of
all progressively Type-II censored order statistics. By using
an estimate of the above KL information based on the given
progressively Type-II censored sample, a test statistic based on

can be constructed as

(2)

where is a consistent estimate of .
The idea and motivation behind the test statistic proposed in

(2) is quite simple and intuitive. Based on the KL information
measure, we are evaluating the discrepancy between the ob-
served vector of progressively Type-II censored order statistics
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TABLE V
POWERS FOR DIFFERENT HAZARD ALTERNATIVES AT 5% LEVEL OF SIGNIFICANCE FOR SEVERAL PROGRESSIVE CENSORING SCHEMES WHEN THE SAMPLE SIZES

ARE � � ��� ����� WHILE TESTING FOR THE WEIBULL DISTRIBUTION

and what we would expect from such a data if they were to arise
from the hypothesized model .

It may also be noted that the statistic in (2) may
take on negative values as we have left out the constant term,
and also have based the statistic on
rather than on itself. This approach does not
pose any problem because the statistic proposed in (2) is for the
purpose of goodness-of-fit, and the critical values get adjusted
accordingly. One could also instead use the notion of maximum
entropy to develop a goodness-of-fit test.

IV. GOODNESS-OF-FIT TEST FOR PARETO

Suppose we are interested in testing

where is unknown, and is the indicator function.
Then the KL information for a progressively Type-II censored
data can be estimated, and the corresponding test statistic can be
computed from (2) for which we may estimate the unknown pa-
rameters by maximum likelihood estimates (MLEs). Of

course, as mentioned above, one could use instead the notion of
maximum entropy for developing a goodness-of-fit test. In the
case of the Pareto distribution, this approach will be quite mean-
ingful because it is known that Pareto distributions have max-
imal entropy under some conditions. We are currently working
on this problem, and hope to report these findings in a future
paper.

A. MLEs for the Pareto Distribution

Here, we provide the MLEs of , and for the Pareto distri-
bution. Let be a progressively Type-II cen-
sored sample from the two-parameter Pareto distribution under

, with censoring scheme . Then the likelihood
function is

(3)
where is a normalizing constant. So the MLE of is

(4)
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TABLE VI
POWERS FOR DIFFERENT HAZARD ALTERNATIVES AT 10% LEVEL OF SIGNIFICANCE FOR SEVERAL PROGRESSIVE CENSORING SCHEMES WHEN THE SAMPLE SIZES

ARE � � ��� ����� WHILE TESTING FOR THE WEIBULL DISTRIBUTION

TABLE VII
VALUES OF THE WINDOW SIZE FOR PARETO, LOG-NORMAL, AND WEIBULL

DISTRIBUTIONS, RESPECTIVELY, AT � � ���� AND � � ���� LEVELS OF

SIGNIFICANCE

Next, we can find by solving the likelihood equation

which yields

(5)

V. GOODNESS-OF-FIT TEST FOR LOG-NORMAL

Suppose we are interested in testing

where , and are the scale, and shape parameters, respectively.
If the random variable has the density function under ,
then has the normal distribution with location, and
scale parameters as , and , respectively. The KL information
for a progressively Type-II censored data can be estimated, and
the corresponding test statistic can be computed from (2) for
which we may estimate the unknown parameters by MLEs. Be-
cause the MLEs cannot be obtained explicitly, we can instead
use the approximate maximum likelihood estimates (AMLEs)
proposed by Balakrishnan et al. [6] which are simple explicit
estimators, and are nearly as efficient as the MLEs.

VI. GOODNESS-OF-FIT TEST FOR WEIBULL

Suppose we are interested in testing

(6)
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TABLE VIII
CRITICAL VALUES OF THE TEST STATISTIC

where , and are the shape, and scale parameters,
respectively. If the random variable has the density function
under , then has the extreme value distribution
with p.d.f.

(7)
where , and . The density function in (7)
is the extreme value density with location, and scale parameters
as , and , respectively; one may refer to Johnson et al. [13]
for elaborate details on this distribution. Models (6) and (7) are
equivalent models in the sense that a procedure developed under
one model can be easily used for the other model. Although
they are equivalent models, it is often easier to work with the
extreme value model in (7) than the Weibull model in (6) be-
cause in model (7) the two parameters , and appear respec-
tively as location, and scale parameters. Then, the KL-based test
statistic for a progressively Type-II censored data can be com-
puted from (2) by using the MLEs for the unknown parameters.
Because these MLEs are not available explicitly, we may al-
ternatively use the AMLEs proposed by Balakrishnan et al. [7]
which are simple, explicit estimators, and are nearly as efficient
as the MLEs.

VII. IMPLEMENTATION OF TESTS

Because the sampling distribution of is in-
tractable, we determine the percentage points using 10,000

Monte Carlo simulations from Pareto, log-normal, and Weibull
distributions. In determining the window size , which depends
on , and , we define the optimal window size to be one
which gives minimum critical points. However, we find from
the simulated percentage points that the optimal window size

varies much according to rather than , and does not vary
much according to , if . In view of these observations,
our recommended values of for different are presented in
Table VII.

Then, after choosing the value of , we simulated pro-
gressively Type-II censored samples from Pareto, log-normal,
and Weibull distributions, and then calculated the value of

, 10,000 times. Critical values were then determined
as the percentage points of the obtained (empirical) distribution
of the test statistic , and these are presented in Table VIII. This
empirical procedure of finding critical values of the proposed
goodness-of-fit procedure is simple and straightforward, and
hence it can be easily adopted to determine the critical values
required for any other sample size and progressive censoring
scheme.

A. Power Results

As the proposed test statistic is related closely to the hazard
function of the distribution, we consider the following alterna-
tives according to the type of hazard function:

a) Monotone increasing hazard including Gamma and Gexp
(shape parameter 2),
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TABLE IX
PROGRESSIVELY CENSORED SAMPLE GENERATED FROM THE TIMES TO BREAKDOWN DATA ON INSULATING FLUIDS TESTED AT 34 KILOVOLTS, GIVEN BY

VIVEROS AND BALAKRISHNAN [20]

b) Monotone decreasing hazard including Gamma and Gexp
(shape parameter 0.5), and

c) Nonmonotone hazard including Beta and Log-logistic
(shape parameter 0.5).

We used 10,000 Monte Carlo simulations for , and
30 to estimate the power of the proposed test statistic. The sim-
ulation results are summarized in Tables I and II for the Pareto
distribution, Tables III and IV for the log-normal distribution,
and Tables V and VI for Weibull distribution at , and

levels of significance.
We can see from Tables I –VI that the censoring schemes

and
show in general better power than

other censoring schemes. Thus, early censoring situations seem
to possess better power. In particular, early censoring seems to
be especially useful when the alternative is either monotone in-
creasing hazard functions, or monotone decreasing hazard func-
tions. Also, in Tables I –VI, four out of the five progressive
censoring schemes considered within each case correspond to
single step censoring schemes. The variation in these four single
step censoring schemes indeed show how the test performs in a
stable manner when the nature of progressive censoring varies.
In addition, we have included an equal censoring scheme in each
case to demonstrate how the results for single step censoring
compare to this equal censoring scheme.

VIII. ILLUSTRATIVE EXAMPLE

In this section, we present an example to illustrate the use of
the test for testing the validity of the log-normal,
Weibull, and Pareto distributions based on a progressively
Type-II right censored sample. These data have been used
in the progressive censoring literature quite extensively; see
Balakrishnan [2].

Nelson [15] reported data on times to breakdown of an in-
sulating fluid in an accelerated test conducted at various test
voltages (see Tables VII and VIII). From these data, Viveros &
Balakrishnan [20] produced a progressively Type-II censored
sample of size from observations recorded at
34 kilovolts. These progressively censored data are presented in
Table IX.

For these data, the estimates of the parameters (the AMLEs
of the parameters for log-normal and Weibull distributions, and
the MLEs for the Pareto distribution), of the test statistics, crit-
ical values, and -values determined corresponding to the three
distributions are presented in Table X. Clearly, neither the log-
normal model nor the Pareto model is suitable for these data,
while the Weibull distribution seems to provide an excellent fit
( -value being 0.7396) for these progressively Type-II censored
data. This conclusion agrees with a similar finding of Viveros &
Balakrishnan [20], and Balakrishnan et al. [8].

TABLE X
CRITICAL VALUES, ESTIMATES OF THE PARAMETERS, TEST STATISTICS, AND

THE �-VALUES, WITH � � �

It is worth mentioning here that, if different items are
withdrawn from the original sample due to the progressive cen-
soring, then the resulting data will be different, and so the value
of the test statistic will also be different. However, because the
test statistic has been developed based on the joint distribution
of the progressively Type-II censored sample, and that every
set of realized failures produced by progressive censoring is
equally likely, we would expect the result produced by one
realization to be similar to the average one.
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