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Abstract: In this article, the free transverse vibrational behaviour of a multiwall carbon nano-
tube (MWNT) surrounded by a Pasternak-type elastic medium has been determined using a very
generalized model. The model has been made on the basis of Timoshenko elastic beam theory
which allows the effects of shear deformation and rotary inertia and supports non-coaxial vibra-
tion of the adjacent layers of MWNT using interlayer van der Waals forces. The boundary con-
ditions used in this simulation are such that not only standard and conventional kinds, but also all
possible forms, of end conditions are applicable. A generalized differential quadrature method is
utilized to solve the governing equations with assorted aspect ratios, various boundary condi-
tions, and different foundation stiffnesses. This study shows that the resonant frequencies of
MWNTs are strongly dependent on the stiffness of the elastic medium, aspect ratios, and number
of walls in carbon nanotubes and, for short nanotubes, the boundary stiffness plays a significant
role on the natural frequencies.

Keywords: vibration, generalized differential quadrature method, multiwall carbon nanotubes,
Timoshenko beam, Pasternak-type elastic foundation

1 INTRODUCTION

Superior and exceptional electronic, mechanical, and

other physical and chemical properties of carbon

nanotubes (CNTs), discovered in 1991 [1], have trans-

formed them to ideal building blocks for several

nano-electro mechanical systems (NEMS) such as

oscillators, charge detectors, clocks, field emission

devices, and sensors [2–9]. Since these devices work

mostly with the basis of an oscillating nanotube,

vibrational characteristics, and modelling of CNTs

have been of great interest in nano-engineering.

Moreover, experiments at the nanoscale are still

extremely difficult and molecular dynamics (MD)

simulations remain expensive and formidable for

large-scale systems. Continuum mechanics models

have been effectively and successfully used to sim-

ulate the mechanical behaviour of CNTs such as

bending, buckling and vibrating [10–14]. Euler–

Bernoulli beam theory is widely used for modelling

nanotubes and in some previous works, multiwall

carbon nanotubes (MWNTs) have been modelled

as a single-Euler-elastic-beam, disregarding non-

coaxial intertube radial displacements [15, 16].

Both rotary inertia (RI) and shear deformation (SD)

are taken into account by Timoshenko beam theory

which simulates vibrational characteristics of nano-

tubes with more accuracy, especially for stubby

CNTs [17–19].
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The van der Waals (vdW) forces between layers in

MWNTs play an important role in the movement of

nested tubes and directly affect natural frequencies

and mode shapes. Hence, to apply a more accurate

simulation, several papers used multiple elastic

beams to model the effects of the interlayer vdW

forces [19–21].

Furthermore, CNTs are usually surrounded by

other materials such as polymers in nanocomposites

and the effects of these media should be included in

vibrational simulations. Typically, a Winkler-type

elastic foundation is employed to model an elastic

medium around nanotubes [19, 21–25]. The

Winkler model is approximated as a series of closely

spaced, mutually independent, vertical linear elastic

springs and the foundation modulus is represented

by stiffness of the springs. A Pasternak-type founda-

tion model, meanwhile, describes a more clarified

simulation for an elastic medium using a shear layer

with linear elastic springs and therefore, the two dif-

ferent constants express the stiffness of the medium.

As a result, some papers applied the Pasternak model

for the foundation of nano-materials and nanotubes

successfully [26–30].

In all the mentioned papers, typical boundary

conditions such as pinned–pinned (PP), clamped–

pinned (CP), free–free (FF), clamped–free (CF), and

clamped–clamped (CC) conditions have been

employed to investigate the effects of end conditions

on the vibrational behaviour of CNTs. Furthermore,

some recent studies reveal that the heterogeneous

boundary conditions affect the structural stiffness,

natural frequency, and buckling behaviours of

MWNTs [31, 32]. However, in real applications like

nanocomposites, it is particularly hard to predict

the accurate boundary stiffness of a CNT embedded

in a matrix, and the end constraint may vary from the

free condition to clamped condition.

In this study, for the first time, we develop a very

general simulation for transverse vibration of

MWNTs using the Timoshenko elastic beam model.

Our model covers the effects of vdW forces and non-

coaxial vibration of internal layers, has no limitation

for the number of walls, and supports a Pasternak-

type foundation model. Moreover, applying a non-

classical form of boundary conditions has made this

model more coincident with real situations in NEMS

and nanocomposites. The governing equations have

been solved numerically for natural frequencies and

corresponding mode shapes, using the generalized

differential quadrature method (GDQM). The

GDQM is a rather efficient and alternative discrete

approach for solving the equilibrium equations in

engineering and mathematics directly [33–41]. The

obtained results have been compared with some

previous, simpler studies, which show a very good

agreement and verify the simulation.

2 GOVERNING EQUATIONS

Timoshenko beam theory has been used to investi-

gate the free vibration of MWNT. Hence, the deflec-

tion w(x,t) and the slope ’(x,t) of a Timoshenko beam

with Pasternak elastic foundation are determined by

the following two coupled equations [17–19].

�A
@2w

@t 2
� KGA

@2w

@x2
�
@�

@x

� �
¼ kp

@2w

@x2
þ kew ð1aÞ

�I
@2’

@t 2
� EI

@2’

@x2
� KGA

@w

@x
� ’

� �
¼ 0 ð1bÞ

where x is the axial coordinate, A and I the cross-

sectional area and the second moment of area of

the cross-section, respectively, and � the mass den-

sity per unit volume. In addition, the shear correction

factor, the Young’s modulus, and the shear modulus

of the beam are represented by K, E, and G, respec-

tively. Also, kp and ke are the shear stiffness and elas-

tic stiffness of the Pasternak-type foundation model,

correspondingly.

3 MULTI-TIMOSHENKO BEAM MODEL

A multi-beam model has been developed and applied

for the analysis of the free vibration of MWNTs [14].

The applied model is based on Timoshenko elastic

theory and assumes that all the nested, concentric

single-walled CNTs are individually described by an

elastic beam. In this way, the effects of transverse SD

and RI are considered for each nanotube of the

MWNT. The vdW interaction between nested CNTs

and the Pasternak-type foundation are employed for

modelling of the nanotube. (Fig. 1).

The deflection of the adjacent tubes is coupled

through the vdW force, which is determined by the

interlayer spacing. By applying equation (1) for a

Fig. 1 Model of MWNTs, surrounded by an Pasternak
elastic medium with general form of BCs
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MWNT with M tubes, the 2-M coupled governing

equations are obtained

�A1
@2w1

@t 2
�K1GA1

@2w1

@x2
�
@’1

@x

� �
¼ c1ðw2 �w1Þ

�I1
@2’1

@t 2
�EI1

@2’1

@x2
� K1GA1

@w1

@x
� ’1

� �
¼ 0

�A2
@2w2

@t 2
�K2GA2

@2w2

@x2
�
@’2

@x

� �
¼ �c1ðw2 �w1Þ þ c2ðw3 �w2Þ ð2aÞ

�I2
@2’2

@t 2
� EI2

@2’2

@x2
� K2GA2

@w2

@x
� ’2

� �
¼ 0 ð2bÞ

..

.

�AM
@2wM

@t 2
� KM GAM

@2wM

@x2
�
@’M

@x

� �

¼ kp
@2wM

@x2
� cM�1 wM �wM�1ð Þ þ kewM

�IM
@2’M

@t 2
� EIM

@2’M

@x2
� KM GAM

@wM

@x
� ’M

� �
¼ 0

ð2mÞ

where wj(x,t) and ’j(x,t) (j¼ 1, 2, . . ., M) are the total

deflection and the slope due to bending of the jth

nanotube, t is the time, and Ij and Aj the moment of

inertia and the area of the cross-section of the jth

tube, in that order. All tubes have the same Young’s

modulus E and the shear modulus G (with Poisson

ratio �¼ 0.25). Also, Kj is the shear correction factor

of the jth tube while the vdW interaction coefficients

cj are different for each layer and can be determined

by equations (3) and (4) [41].

Kj ¼
6ð1þ �Þð1þ �j Þ

2

ð7þ 6�Þð1þ �j Þ
2
þ ð20þ 12�Þ�2

j

ð3Þ

cj ¼
320� 2Rj

	 
 erg
cm2

0:16�2

� ¼ 0:142 nm, j ¼ 1, 2, . . . , M � 1

ð4Þ

where �j ¼ ð2R1j � thÞ=ð2R2j þ thÞ that R1j , R2j are the

innermost and outermost radii of jth tube, respec-

tively ð j ¼ 1, 2, . . . , M Þ. Also, th is the effective thick-

ness of a single-walled nanotube in which Rj is the

average radius of jth tube.

4 GENERAL FORM OF BOUNDARY

CONDITIONS

In this model, the general form of boundary condi-

tions (BCs) has been introduced. Applying torsional

and linear stiffnesses at the ends of each nanotube

has made the model well matched for real conditions

and permits it to cover all possible BCs. Thus, BCs for

each layer can be expressed as follows:

At x ¼ 0,
KjGAj

@wj

@x � �j

� 

¼ �KLLwj ð0, t Þ:

EIj
@�j

@x ¼ KTL�j ð0, t Þ:

(
ð5aÞ

At x ¼ l,
KjGAj

@wj

@x � �j

� 

¼ �KLRwj ðl, t Þ:

EIj
@�j

@x ¼ KTR�j ðl, t Þ:

8<
:

j ¼ 1, . . . , M

ð5bÞ

where KLL and KTL denote the linear and the torsional

stiffness constants for the left end of nanotube and

KLR and KTR the linear and the torsional stiffness con-

stants for the right end. Table 1 introduces several

BCs with their relevant values of linear and torsional

spring constants.

5 THE GENERALIZED DIFFERENTIAL

QUADRATURE METHOD

The Generalized differential quadrature (GDQ)

method will be used to discretize the derivatives in

the governing equations in terms of displacements

and the boundary and compatibility conditions.

The essence of the GDQ method is that the nth

order derivative of a smooth one-dimensional func-

tion U(x) defined over an interval [0, L] at the ith point

of abscissa xi, can be approximated as

dr U ðxiÞ

dxr
¼
XN

l¼1

C ðrÞil U ðxiÞ; ði ¼ 1, 2, . . . , N Þ ð6aÞ

where C ðrÞil is the weighting coefficient corresponding

to the rth order derivative at point xi and

M 0 ¼
PN

i¼1 ni the number of the total independent

variables Uk , which are expressed in series as

Uf gT¼ U1, U2, . . . , Uk , . . . , UM 0f g ¼

w ð0Þj1 , w ð1Þj1 , ’ð0Þj1 , ’ð1Þj1 , w ð0Þj2 , ’ð0Þj2 , . . . , w ð0ÞjN , w ð1ÞjN , ’ð0ÞjN , ’ð1ÞjN

n o
j ¼ 1, . . . , M

ð6bÞ

where w
ð0Þ
ji , �ð0Þij ¼ wðxjiÞ, �ðxjiÞ ¼ wji , �ji are the

function values.

Table 1 The values of spring constants for several

boundary conditions

Boundary conditions

Stiffness (N/m)

KLL KTL KLR KTR

PP 1 0 1 0
CC 1 1 1 1

FF 0 0 0 0
CP 1 1 1 0
CF 1 1 0 0
Clamped–slide (CS) 1 1 0 1

Pinned–free (PF) 1 0 0 0
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The weighting coefficients for rth-order derivative

are given by recurrence relations in general form as

C ð1Þil ¼
M ð1Þ xið Þ

xi � xlð ÞM ð1Þ xlð Þ
, for

i 6¼ l, i, l ¼ 1, 2, . . . , N

ð6cÞ

C ðmÞil ¼ m C ðm�1Þ
ii C ð1Þil �

C ðm�1Þ
il

xi � xl

 !
, for

i 6¼ l, m 
 2 i, l ¼ 1, . . . , N

ð6dÞ

C
ðmÞ
il ¼ �

XN

l¼1,l 6¼i
Cil
ðmÞ: i ¼ 1, 2, . . . , N ð6eÞ

where

M xið Þ ¼
YN
l¼1

x � xlð Þ ð6fÞ

These recurrence expressions are very useful for

implementation in computer programming. There

is no need to solve a set of algebraic equations to

find weighting coefficients and there is no influence

of loading or BCs on the weighting coefficients.

Besides the selection of test functions and the der-

ivation of the explicit weighting coefficients, the judi-

cious choice of the sampling points is another

important matter in GDQM. We divide the solution

domain [0, L] using both equispaced points (equation

(6g)) and cosine-type (or Gauss–Chebyshev–Lobatto)

points (equation (6h)) as

xi ¼
i � 1

N � 1
� L ð6gÞ

xi ¼
1

2
1� cos

i � 1

N � 1
�

� �
� L

� �
; i ¼ 1, 2 , . . . , N

ð6hÞ

It has been proven that for the Lagrange interpolat-

ing polynomials, the Gauss–Chebyshev–Lobatto

sampling points rule guarantees convergence and

efficiency to the GDQ technique [42–44].

6 SOLUTION METHODOLOGY

6.1 Dimensionless parameters

The deflection and the slope of the each wall of the

MWNT can be given by

wj ¼Wje
i!t , ’j ¼  je

i!t : j ¼ 1, 2 , . . . , M ð7Þ

where i ¼
ffiffiffiffiffiffiffi
�1
p

, ! is the vibrational frequency and Wj

and  j the mode shapes for transverse deflection and

slope of jth tube. For convenience and generality, the

following non-dimensional variables are defined in

the present analysis

�Wj ¼
Wj

l
, � ¼

x

l
, 
j ¼

�Ajl
4

EIj
, �j ¼

KjGAjl
2

EIj
ð8aÞ

�j ¼
Ajl

2

Ij
, �j ¼

KjGA2
j l4

EI 2
j

, k�e ¼
kel4

EIM
, k�p ¼

kpl4

EIM

ð8bÞ

"j ¼
csl4

EIj
, for s ¼ 1, 2 , . . . , M � 1 ð8cÞ

"�k ¼
ckl4

EIk
, for k ¼ 2, 3 , . . . , M � 1 ð8dÞ

and the BCs

KLLð Þ
�
j¼

KLLð Þj l

KjGAj
, KLRð Þ

�
j¼

KLRð Þj l

KjGAj
ð9aÞ

KTLð Þ
�
j¼

KTLð Þj l

EIj
, KTRð Þ

�
j¼

KTRð Þj l

EIj
ð9bÞ

Substituting equations (8), (9) into equations (2),

(5) yields dimensionless vibration governing equa-

tions of the system

� 
1!
2 �W1 � �1

@ �W1

@�2
�
@ 1

@�

� �
¼ "1

�W2 � �W1

	 

� 
1!

2 1 � �1
@2 1

@�2
� �1

@ �W1

@�
�  1

� �
¼ 0

ð10aÞ

� 
2!
2 �W2 � �2

@ �W2

@�2
�
@ 2

@�

� �
¼ �"2

�W2 � �W1

	 

þ "�2

�W3 � �W2

	 

� 
2!

2 2 � �2
@2 2

@�2
� �2

@ �W2

@�
�  2

� �
¼ 0

ð10bÞ

..

.

� 
1!
2 �WM � �M

@ �WM

@�2
�
@ M

@�

� �
¼ k�p

@ �WM

@�2

� "M
�WM � �WM�1

	 

þ k�e

�WM

� 
M!
2 M � �M

@2 M

@�2
� �M

@ �WM

@�
�  M

� �
¼ 0

ð10mÞ

and the BCs

At � ¼ 0,
@ �Wj

@� �  j ¼ KLLð Þ
�
j

�Wj

@ j

@� ¼ KTLð Þ
�
j j

(
ð11aÞ

At � ¼ 1,
@ �Wj

@� �  j ¼ KLRð Þ
�
j

�Wj

@ j

@� ¼ KTRð Þ
�
j j

(
ð11bÞ
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6.2 GDQM formulation

By dividing every tube into N segments and applying

GDQM to equations (10) and (11), the GDQM formu-

lation for MWNTs with M different nested tubes will

be obtained.

� 
1!
2 �W1i � �1

XN

l¼1

C 2
il

�W1l �
XN

l¼1

C 1
il 1l

 !

¼ "1
�W2i � �W1i

	 

�
1!

2 1i � �1

XN

l¼1

C 2
il 1l � �1

XN

l¼1

C 1
il

�W1l �  1i

 !
¼ 0

ð12aÞ

� 
2!
2 �W2i � �2

XN

l¼1

C 2
il

�W2l �
XN

l¼1

C 1
il 2l

 !
¼

� "2
�W2i � �W1i

	 

þ "�2

�W3i � �W2i

	 

�
2!

2 2i � �2

XN

l¼1

C 2
il 2l � �2

XN

l¼1

C 1
il

�W2l �  2i

 !
¼ 0

ð12bÞ

..

.

� 
M!
2 �WMi � �M

XN

l¼1

C 2
il

�WMl �
XN

l¼1

C 1
il Ml

 !
¼

k�p
XN

l¼1

C 2
il

�WMl � "M
�WMi � �WðM�1Þi

	 


þ k�e
�WMi � 
M!

2 Mi � �M

XN

l¼1

C 2
il Ml

� �M

XN

l¼1

C 1
il

�WMl �  Mi

 !
¼ 0

i ¼ 2, 3, . . . , N � 1

ð12mÞ

with BCs:

At � ¼ 0, 1
�W 1

ji �  ji ¼ Z �Wji

 1
ji ¼ S ji

(
ð13Þ

i ¼ 1 or N , j ¼ 1, 2, . . . comma M ,

Z ¼ KLLð Þ
�
j or KLRð Þ

�
j , S ¼ KTLð Þ

�
j or KTRð Þ

�
j

6.3 Eigenvalue equation

By rearranging equations (12) and (13), an assembled

form of governing equations with the boundary con-

ditions is given as follows [36, 37]

Kbb½ � Kbd½ �

Kdb½ � Kdd½ �

� �
Ubf g

Udf g

� �
� !2 0½ � 0½ �

Mdb½ � Mdd½ �

� �
Ubf g

Udf g

� �
¼ 0

ð14aÞ

where

Ubf g ¼
�Wj1, �W 1

j1,  j1,  1
j1, �WjM , �W 1

jM ,  jM ,  1
jM

n o
ð14bÞ

Udf g ¼ �Wj2,  j2, �Wj3,  j3, . . . , �Wj ðM�1Þ,  j ðM�1Þ

� �
ð14cÞ

By matrix subtraction, one has the following gen-

eralized eigenvalue equation

ð½K � � !2½M �ÞfUdg ¼ 0 ð14dÞ

where

½K � ¼ ½Kdd � � ½Kdb�½Kbb�
�1
½Kbd �,

½M � ¼ ½Mdd � � ½Mdb�½Mbb�
�1
½Mbd �

To obtain a non-trivial solution for the above equa-

tion, it is required that the determinant of the coeffi-

cient matrix vanishes

det ½K � � !2½M �
	 


¼ 0 ð14eÞ

where ½K �, ½M �, and ! stand for the stiffness matrix,

the mass matrix, and non-dimensional natural fre-

quencies, respectively.

7 NUMERICAL RESULTS AND DISCUSSION

For the numerical calculations, the properties and the

dimensions of MWNT are assumed as follows:

E ¼ 1 TPa, G ¼ 0:4 TPa, and � ¼ 2:3 g
cm3 and the

innermost radius of the inner tube is rin ¼ 0:35 nm.

Additionally, we consider an average thickness of

0.35 nm for each wall and also a 0.35 nm as an annu-

lus. The length of the tube is selected such that
L

dave
¼ 10, 30, 50, and 100.

For verification, the non-dimensional natural fre-

quencies are found using GDQM and given in Tables

2, 3, and 4 for the first three modes, respectively. The

results for CC, CF, and PP boundary conditions are

compared with the results in references [19] and [41],

respectively. The present model, as a general simula-

tion which supports all kinds of BCs and mediums of

a MWNT, shows a good agreement with all the previ-

ous studies.

7.1 Natural frequencies

As mentioned before, the natural frequencies and the

associated mode shapes of MWNTs are calculated

using the GDQM model. In Fig. 2, dimensional natu-

ral frequencies !n of a clamped-clamped MWNT with

various aspect ratios L/d have been shown for a

DWNT (M¼ 2) and a five-walled MWNT (M¼ 5). It

is clear that the dimensional natural frequency !n

increases with the decreasing aspect ratio L/d.
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Furthermore, the slope of the curves, which repre-

sents the difference between frequencies in different

modes, is steeper for short CNTs with small values of

L/d. This means that for stubby CNTs the effects of RI

and SD will be more obvious and give rise to the nat-

ural frequency !n especially for higher vibrational

modes.

The effects of the number of walls M on the natural

frequencies !n, for a short (L/d¼ 10) and a long

(L/d¼ 100) CNT, have been demonstrated in Fig. 3.

This figure reveals that the number of walls in a

CNT affects the dimensional natural frequency !n

and for a CNT with a greater number of walls M, the

natural frequencies are reduced to smaller values. In

fact, both the mass of MWNTs and the vdW forces

between walls increase with an increase in the

number of walls M, but the results indicate that the

effects of the vdW forces on the stiffness of the system

are not very significant compared with the effects of

the mass increasing for large values of M.

Figs 4 and 5 focus on the effects of the elastic

medium around a CNT. The dependency of the first

natural frequency !1 on elastic constant ke and shear

constant kp of the Pasternak foundation model has

been shown for a DWNT (M¼ 2) and a MWNT

(M¼ 5) with a CC boundary condition. As seen, by

increasing the elastic constant ke , the natural fre-

quency !1 rises markedly especially for low shear

constants kp and small aspect ratio L/d. For a better

understanding of this, some helpful numerical results

have been given in Table 5.

7.2 General boundary conditions

As mentioned above, BCs of an embedded CNT

depend on the bonds between carbon atoms within

the medium at each end of nanotube. Hence, it is

difficult to predict the real stiffness of the ends of a

CNT embedded in a matrix. Furthermore, BCs affect

the natural frequencies directly and significantly and

it seems that the standard and the traditional BCs

(such as CC, CP, CF, FF, PP, and CP) may not cover

all possible conditions at the ends of the model and

therefore miss some natural frequencies.

In this article, by defining a linear and a torsional

spring at each end of MWNT, and through changing

their stiffness, the model covers all possible BCs for

in-plane vibration of CNTs (Fig. 1). Thus, to see the

effects of boundary stiffness on the natural frequency,

a dimensionless boundary stiffness parameter p is

introduced as follows

p �
KLL

KLR
¼

KTL

KTR
ð15Þ

As this parameter varies, the BCs of the model and

the natural frequencies change; so, ! ¼ ! ðpÞ.

Table 3 The first three non-dimensional natural fre-

quencies of CF double-walled CNT

(kp¼ ke¼ 0) (comparison of results)

Aspect ratio
Mode
number, n

Natural frequency

Present
(GDQM) Reference [19]

L
d ¼ 10 1 1.861 0 1.866 3

2 4.474 4 4.550 3
3 7.1092 7.343 7

L
d ¼ 30 1 1.873 5 1.874 1

2 4.666 6 4.676 9
3 7.747 8 7.787 2

L
d ¼ 50 1 1.874 5 1.874 7

2 4.684 1 4.687 8
3 7.815 2 7.830 0

L
d ¼ 100 1 1.874 9 1.875 0

2 4.691 5 4.692 5
3 7.844 7 7.848 5

Table 4 The first three non-dimensional natural fre-

quencies of PP double-walled CNT

(kp¼ ke¼ 0) (comparison of results)

Aspect ratio
Mode
number, n

Natural frequency

Present
(GDQM) Reference [39]

L
d ¼ 10 1 3.092 6 3.127 8

2 5.937 1 6.173 5
3 8.734 5 9.041 8

L
d ¼ 30 1 3.128 9 3.137 5

2 6.185 3 6.256 1
3 9.111 9 9.333 1

L
d ¼ 50 1 3.139 5 3.141 0

2 6.266 9 6.278 9
3 9.370 3 9.410 2

L
d ¼ 100 1 3.141 0 3.141 4

2 6.279 0 6.281 7
3 9.410 9 9.421 1

Table 2 The first three non-dimensional natural fre-

quencies of a CC double-walled CNT

(kp¼ ke¼ 0) (comparison of results)

Aspect ratio
Mode
number, n

Natural frequency

Present
(GDQM) Reference [19]

L
d ¼ 10 1 4.458 5 4.553 3

2 6.977 2 7.249 3
3 9.204 3 9.697 8

L
d ¼ 30 1 4.695 0 4.708 7

2 7.722 8 7.771 8
3 10.685 10.799

L
d ¼ 50 1 4.717 2 4.722 2

2 7.804 7 7.8234
3 10.877 10.922

L
d ¼ 100 1 4.726 8 4.728 0

2 7.8409 7.845 7
3 10.965 10.997
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Fig. 4 The effects of the elastic constant ke and shear constant kp on the resonant frequencies of a
MWNT
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In particular, for the sake of comparison, the natural

frequency variation �! is also defined as

�! � !ð1Þ � !ð0:2Þ ð16Þ

Figure 6 reveal that the natural frequency of a

DWNT increases with parameter p and frequency

increases are more evident for models with L/d¼ 10.

For instance, the natural frequency variation �! for

long CNT with L/d¼ 100 is �! ffi 45 Hz while for

short CNT with L/d¼ 10 is �! ffi 2:1 MHz. This means

that the effects of supports stiffness is more important

for stubby nanotubes compared with long CNTs.

To analyse the effects of the parameter p on the

changing natural frequency more clearly, the

Table 5 Some numerical results to explain the effects of shear constant kp of Pasternak model and aspect ratio L/d on

the first natural frequency !1

First natural frequency, !1 (THz)

Ke/C1¼ 0.01 M¼ 2 M¼ 5

Kp Kp

0 1.00E� 06 1.00E� 05 0 1.00E� 06 1.00E� 05

L/d¼ 10 0.269 1.059 1 1.648 9 0.162 3 0.352 4 0.641
L/d¼ 100 0.107 6 0.156 2 0.370 4 0.052 7 0.062 4 0.116 9
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Fig. 5 The effects of the elastic constant ke and shear constant kp on the resonant frequencies of a
MWNT
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natural frequency variation �! has been plotted

with aspect ratio L/d for a DWNT (M¼ 2) and a

MWNT (M¼ 5), as shown in Fig. 7. These figures

demonstrate that the effect of boundary stiffness

on the natural frequency is very important for

short CNTs with small values of L/d. In other

words, for vibrational models, an exact description

of boundary conditions is not vital for long CNTs in

comparison to stubby nanotubes. Moreover, evalu-

ating Fig. 7(a) and (b) reveals that the stiffness of the

ends of CNTs affects the natural frequency of

MWNT (M¼ 5) more significantly in comparison

with DWNT (M¼ 2). This means that increasing

the number of walls causes BCs to become a more

effective parameter for the natural frequencies of

a nanotube.

7.3 Mode shapes

The present vibrational model is a general model,

which can account for the mode shapes of a MWNT

regardless of the number of the walls and the BCs. For

instance, the first four mode shapes of a DWNT

(M¼ 2) have been drawn in Fig. 8 for the two walls

with two different aspect ratios. Meanwhile, to see the

effects of the number of walls M on the mode shapes,

Fig. 9 shows the similar mode shapes for a MWNT

(M¼ 5). It is found from the figures that the difference

between corresponding mode shapes of wall one and

wall two tend towards each other with increasing the

aspect ratio L/d of the CNT. In fact, for long slender

CNTs, the relative internal vibrations of walls dimin-

ish and all walls vibrate in the same manner
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Fig. 7 The natural frequency variation as a function of aspect ratio L/d (a) for a DWNT M¼ 2 and
(b) for a MWNT M¼ 5
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approximately. In addition, comparison of Figs 8

and 9 for L/d¼ 10 or L/d¼ 100 indicates that the

number of walls M does not markedly affect the cor-

responding mode shapes.

8 CONCLUSIONS

In this study, for the first time, GDQM has been

applied to solve a general vibrational model of

MWNTs based on the Timoshenko elastic beam

theory. The model covers all possible BCs, and the

Pasternak-type foundation model, and it has no lim-

itation dependent on the number of walls. Moreover,

the non-coaxial vibration of MWNTs is taken into

account using vdW interwall forces. The obtained

results, which are in good agreement with previous

simpler models, show that the natural frequencies of

CNTs are sensitive to the stiffness of the medium,

number of walls, and aspect ratio. The natural fre-

quencies increase with elastic and shear constants

of the Pasternak medium while, with increasing

number of walls and aspect ratio, the natural frequen-

cies decrease. Applying torsional and linear stiff-

nesses in each end of MWNT has made this model

closer to real conditions, especially in nanocompo-

sites. The results indicate that the boundary stiffness

of the nanotube plays a more important role in the

natural frequencies of short nanotubes.

� Authors 2011
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APPENDIX

Notation

A cross-sectional area
cj vdW interaction coefficients
E Young’s modulus
G shear modulus
ke elastic Winkler foundation coefficients
kp shear stiffnesses of the foundation

I second moment of area of cross-section
K shear correction factor

KLL linear stiffness for left end of CNT

KLR linear stiffness for right end of CNT
KTR torsional stiffness for left end of CNT
KTR torsional stiffness for right end of CNT

M number of walls
P pressure per unit axial length

Rj average radius of jth tube
t effective thickness of single-walled nanotubes

t 0 distance of between two adjacent nanotubes
w transverse deflection
x axial coordinate
� mass density per unit volume
� Poisson’s ratio
’ slope of beam
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