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Abstract 

Several ways have been suggested for obtaining the inlet hydrodynamic and thermal length (lhy and 
lth). Studying on nanofluid inlet region is more complicated than fully developed region. Blasius, 
Sparrow, Schlichting, Atkinson and Chen presented different equations due to Reynolds number 
and diameter of channel to predict lhy. Another method is where maximum velocity reaches to 1.5 
times of inlet velocity. In this research the new method due to hydrodynamic entropy generation is 
presented. The difference between this method and Atkinson equation is 0.8%. Shah and Hanna 
presented the relations due to Pecklet number and hydraulic diameter of channel to obtain the lth. 
The other ways to find lth are according to difference of mean temperature and walls temperature, 
dimensionless temperature and Nusselt number. The new method to predict the lth is due to thermal 
entropy generation. When the entropy generation approaches to 0.94% of final value, lth value 
equals to Shah solution.  
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1. INTRODUCTION 
Using fluid additives is one of the passive heat transfer enhancement techniques. One of the major 

limits of the heat transfer improvement of heat exchangers is the poor thermophysical properties of 

conventional heat transfer fluids such as water, ethylene glycol or engine oil. These fluids have much 

lower thermal conductivity than metallic and metallic oxide solids. For example, the thermal 

conductivity of aluminum oxide at room temperature is about 67 times greater than that of water and 

about 275 times greater than that of engine oil. Therefore, it is predictable that the thermal 

conductivities of fluids containing suspended these solid particles are higher than those of conventional 

heat transfer fluids. Nanofluids, which are suspensions of nanoparticles in conventional fluids, are very 

stable and almost free from problems such as sedimentation, channel clogging, extra pressure drop and 

erosion. 

Experimentalists have shown that nanofluids not only have a better thermal conductivity but also have 

a higher convective heat transfer capability than that of base fluids [1-13]. There are also several 

numerical studies in convective heat transfer of nanofluids [14-20] which prove the nanofluids 

convective heat transfer enhancement. It has been shown that nanoparticle shape is a significant 

parameter in this issue. The study of the nanoparticle shape effects on heat transfer illustrates that the 

enhancement of both thermal conductivity and convective heat transfer coefficient of nanofluids with 

the cylindrical nanoparticles is considerably higher than spherical nanoparticles [21-23]. The thermal 

heat transfer increases with nanoparticle volume fraction; but, the extra pressure drop, or pumping 

power, will somewhat decrease the positive effects. 
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 The nanofluids have great potential for enhancing heat transfer. However, research work on the 

concept, enhancement mechanism, and application of the nanofluids is still in the primary stage. To the 

extent of authors’ knowledge, there is no study available on combination of two mentioned passive heat 

transfer enhancement techniques of using bluff bodies and nanofluids. 

Finding or predicting the hydrodynamic and thermal inlet length is so important. The behavior of 

velocity or nondimensional temperature gradients is different in inlet length and fully developed region. 

In fully developed region the gradient of velocities and nondimensional temperatures are constant. 

In the hydrodynamic inlet region, because of greater cross gradient of axial velocity, the wall bearing 

tension is maximum. There isn’t any precision method to predict the inlet length[24]. In some problems 

to study on thermal inlet region, at first the flow passes from a thermal insulated wall. Where it reaches 

to hydrodynamics fully developed region wall thermal condition changes to constant temperature or 

heat flux. Then we have a hydrodynamic fully developed and thermal developing flow[25].  

For the first time Schiller used integral method to study the inlet length.  

Blasius [26] equation to predict the hydrodynamic inlet length is: 
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Sparrow [26] suggested the other relation: 
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Schlichting [24] calculated the hydrodynamic inlet length by the approximated relation: 
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Atkinson [25] suggested the next equation: 
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Chen [27] provided the last equation: 

(5) 
 

In current Numerical solution the maximum velocity is observed. Where the velocity at the centre of 

the channel reaches to 0.99Umax, fully developed region occurs [26]. 

 For thermal inlet length some solutions have been provided. Shah [28] suggested two relations to find 

inlet thermal length in wall temperature constant and heat flux constant. They are presented in 

equations 6 and 7 respectively: 
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Hanna [29] obtained thermal inlet length for constant heat flux by the next equation: 
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The next way to predict the thermal inlet length is nondimensional temperature [26]. 
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Where Tw is wall temperature, Tm is mean temperature and uin is the uniform inlet velocity. In fully 

developed thermally region the nondimensional temperature is constant. Where the nondimensional 

temperature of channel center reaches to 0.99 of final value fully developed region begins.   

Another solution is Nusselt number. In parallel plate channel with constant heat flux, the final value of 

Nusselt number is 8.235[26]. Fully developed region is where the amount of Nusselt number reaches to 

0.99 of final value [30].  

The next solution is the difference of mean temperature (Tm) and wall temperature (Tw )[30]. When the 

difference of them becomes constant the thermal fully developed occurs.   

In this study new methods are suggested to predict inlet hydrodynamic and thermal inlet length. These 

methods base on entropy generation theory. The results are comprised with other solutions. The results 

show that these methods are so predictable. 

2. Mathematical Modelling 
It is assumed that the fluid phase and nanoparticles are in thermal equilibrium with zero relative 

velocity. The governing equations are the incompressible Navier–Stokes and energy equations in 

integral form as: 
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Where, V
ϖ
, P and T are the velocity vector, pressure, and temperature. A

ϖ
 and n

ϖ
 represent the cross-

section area and its normal unit vector respectively. Also, eρ , ek , eµ , and Cpe are density, thermal 

conductivity, viscosity and heat capacity of nanofluid, respectively, where the subscript e indicates 

effective properties of nanofluids defined as: 

Density: 
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Entropy Generation[31]: 
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The first term on the right-hand side of the above equation is Thermal Entropy Generation (TEG) and 

the second term is Viscous Entropy Generation (VEG). 

        For the incompressible, 2D flow in the channel described above, the dimensionless form of the 

continuity, the x and y components of the Navier-Stokes, and the thermal energy equation were solved 

numerically in a rectangular coordinate system and are given below [26]. 

Continuity: 
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Energy: 
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Where the following dimensionless variables are used: 
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3. Numerical Approach 
The governing equations were solved using finite volume method and SIMPLE algorithm and since 

Pe>2, the upwind scheme is employed [32]. The convergence criterion was the residuals (R) of energy 

and momentum equations to become 0.001 of the order of  each amount. R is defined as follows: 
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In which φ  isθ ,U  orV . In order to validate the results, the Nusselt number for the channel with 

constant heat flux was calculated and compared the well-known value of 8.235. 
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The physical domain was discretized with different non-uniform grids of 201×123 with expansion 

coefficient 1.05 and 24723 nodes.  
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4. Results and Discussions 

4.1. Hydrodynamic inlet length 

 Fig. 1 shows the comparison of current solutions. In the Re<100 the numerical solution is adapted with 

Atkinson, Chen and Sparrow solutions. For Re>100 it's adapted with Schlichting solution.  

 

Fig. 1. Nondimensional hydrodynamic inlet length vs. Reynolds number. 

In this method the term of viscous entropy generation is observed.: 
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Table 1.  Thermophysical properties 

Water / CNT 
%5.0=φ  

Property 

1008 ).( 3−mkgρ  

4134 )..( 11 −− KkgJCp  

0.87×10
-3
 ).( sPaµ  

3.7 )..( 11 −− KmWk  

0.97 Pr 

As shown in the equation 23 velocity gradients effected on the value of viscous entropy generation. 

Fully developed region where occurs that the velocity profiles become constant. In the viscous entropy 

generation term all the velocity gradients are present. In this region the velocity only varies in y 

direction and the value is constant. So where fi becomes constant fully developed region occurs. In this 

method all of velocity gradients are considered but in the current solutions all velocity gradients aren’t 

considered. So the precision of this method is higher than the others. Fig. 2 shows the viscous entropy 

generation along the flow. 
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Fig. 2. Viscous entropy generation vs. channel length. 

The comparison of result of this method with others is presented in table 2. All amounts are constant 

for all cases. The result of new method is so adapted with current solutions and because of considering 

all of velocity gradients, is so precise.  

mDmD h 1.005.0 =→= ,ReD=80.549 

Table 2: Hydrodynamic inlet lengths for different methods 

Solutions Lhy (m) 

Blasius 0.081 

Sparrow 0.21 

Schlichting 0.32 

Atkinson 0.12 

Chen 0.1 

Numerical 0.16 

Viscous Entropy generation 0.47 

4.2. Thermal inlet length 

The new method to predict thermal inlet length is thermal entropy generation: 




















∂
∂

+







∂
∂

=
22

2

'''

,
y

T

x

T

T

k
S Tgen

 (24) 

In this term all the temperature gradients are considered. When the nondimensional temperature 

becomes constant the thermal fully developed region occurred. The nondimensional temperature only 

varies in y direction and the value is constant.  

All the flow parameters are constant for all cases: 

Pe=78.73, Re=80.549, Pr=0.977, Dh=0.1 m 

The thermal entropy generation along the flow direction is shown in Fig. 3. 
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Fig. 3. Thermal entropy generation along flow direction. 

According to Fig. 3, in thermal fully developed region the entropy generation value tends to a constant 

amount. In Shah [28] solution Lth=0.091. In new method where the nondimensional thermal entropy 

generation reaches to 0.02 then Lth= 0.091. 

The comparison between all cases is presented in table 3. 

Table 3.  Thermal inlet length in all solutions 

Solutions Lth (m) 

Shah 0.091 

Hanna 0.069 

Nondimensional Temperature 0.585 

Tm-Tw 0.6 

Thermal entropy generation 0.549 

5. Conclusion 
Maximum viscous entropy generation is in the inlet of channel. It decreases along the flow direction till 

it tends to a constant value. The zone of constant value is fully developed region. In this method all 

gradients of velocities are considered. So the precision of this method is higher than the others. The 

new method to predict the lth is due to thermal entropy generation. In thermal fully developed region 

temperature gradients are constant. So the thermal entropy generation becomes constant. Comparison 

between new method and current procedures indicates that this method is so predictable.  

6. Nomenclature 
A         Area (m

2
) 

Cp       specific heat (kJ/kg.K) 

CNT   Carbon NanoTube 

Dh  hydraulic diameter (m) 

h    block height (m) 

H   channel height (m) 

k          thermal conductivity of fluid (W/m K) 

L        channel length (m) 

n        normal unit vector 
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Nu Nusselt number defined in eq. 7 

P    Pressure (kPa) 

Pr   Prandtl number = ν/α 

Re  Reynolds number = ρuDh/µ 

genS ′′′  entropy generation per unit volume defined in eq. 16 (J/K.m
3
)  

T    temperature (K) 

TEG Thermal Entropy Generation 

u, υ velocity components in the x and y directions (m/s) 

VEG Viscous Entropy Generation 

w         block length (m) 

x, y rectangular coordinate system (m) 

Greek  symbols 

β  blockage ratio = h/H 

µ dynamic viscosity (kg/ms) 

Ф volume fraction of nanoparticles 

ρ density 

Subscripts 

e effective properties of nanofluids 

f fluid 

m mean 

out outlet 

p particle 

s block center 

w wall 

∞ inlet flow 
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