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Abstract—The epsilon-SVR has two limitations. Firstly, the
tube radius (epsilon) or noise rate along the y-axis must be
already specified. Secondly, this method is suitable for function
estimation according to training data in which noise is
independent of input x (is constant). To resolving these
limitations, in approaches like v-SVIRN, the tube radius or the
radius of estimated interval function which can be variable
with respect to input x, is determined automatically. Then, for
the test sample x, the centre of interval function is reported as
the most probable value of output according to training
samples. This method is useful when the noise of data along the
y-axis has a symmetric distribution. In such situation, the
centre of interval function and the most probable value of
function are identical. In practice, the noise of data along the
y-axis may be from an asymmetric distribution. In this paper,
we propose a novel approach which estimates simultaneously
an interval function and a triangular fuzzy function. The
estimated interval function of our proposed method is similar
to the estimated function of v-SVIRN. The center of triangular
fuzzy function is the most probable value of function according
to training samples which is important when the noise of
training data along the y -axis is from an asymmetric
distribution.

Keywords-  Fuzzy; Interval; Support vector machines
(SVMs); Support vector regression machines.

L INTRODUCTION

Support vector machines [1], [2], [3] is a learning method
used for patterns classification and function estimation. The
support vector machines are used in various fields due to its
simple structure and satisfactory performance. A version of
SVM for regression analysis was initiated by [4], [2], [5].
This method is named e-insensitive support vector regression
or &-SVR. In this method, for training data {(x;,y;), i =
1,2,...,n}, the objective function f(.) =wTe(x) + b is
estimated such that for each i, f(x;) —e <y; < f(x;) + &,
where w is a weight vector, b is a bias, and ¢(.) is a function

49

Hadi Sadoghi Yazdi

Computer department
Ferdowsi University of Mashhad
Mashhad, Iran
h-sadoghi@um.ac.ir

Mohammad -R. Akbarzadeh -T

Computer department
Ferdowsi University of Mashhad
Mashhad, Iran
akbarzadeh@jieee.org

that map the input space into a high-dimensional feature
space. In other words, this method estimates an interval
function or a tube with the center f(.) and the radius & such
that maximum possible amount of data are included. This
method is faced with following two issues: (1) the tube
radius (&) or the noise rate along the y-axis must be already
specified. (2) The method is suitable for those training data
in which noise is independent of input value x because the
radius of tube is considered to be constant along the x-axis.
Several researchers have made great efforts to solve the
mentioned problems of €-SVR. For example, in support
vector interval regression machine or SVIRNS, [6] the lower
and upper bound of the tube is determined automatically
using two independent RBF networks. By using this method,
there is no need to have a priori knowledge about the noise
rate along the y-axis. In addition, in this method, the tube
size along x -axis can be variable which is suitable for
situation that the noise along the y-axis is dependent on input
value x. The initial structure of these two RBF networks is

formed using e-SVR approach, and the back propagation
method is employed for adjusting the RBF networks.

Another method to solve the problems of €-SVR was
proposed by [7]. The method is called support vector interval
regression machine or SVIRM. In this method, the upper and
lower bound of the tube are gotten simultaneously based on
combining the possibility estimation formulation integrating
the property of central tendency with the e-SVR approach.
The proposed approach is robust against outliers’ impact on
the resulting interval regression models. The SVIRM is
theoretically simpler than SVIRNs. Finally, the v-SVIRN
method was proposed by [8]. This approach is faster and
simpler than two previous introduced methods.

In each of the four mentioned methods, for the test
sample x, the centre of tube or estimated interval function is
reported as the most probable value of output according to
training samples. This method is useful when the noise along
the y-axis is from a symmetric distribution (e.g. Uniform or
Gaussian distribution). In such situation, the centre of
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function and the most probable value of function are
identical. In practice, the noise of data along the y-axis may
be from an asymmetric distribution. In this paper, we
propose a novel approach which estimates simultaneously an
interval function and a triangular fuzzy function. The
estimated interval function of our proposed method is similar
to the estimated function of v -SVIRN. The center of
triangular fuzzy function is the most probable value of
function according to training samples which is important
when the noise of training data along the y-axis is from an
asymmetric distribution.

II.  DEFINITIONS

A. Interval value

Definition 1- interval value is a normalized and
continuous fuzzy set whose elements have equal degrees of
membership [9]. Let ¥ = [a, b] be an interval value. This
interval value can be represented by (m,c) in which

a+b . . b-a . .
m=—-is center of interval and ¢ = — s radius of
interval.

B. Basic operators on intervals
Theorem 1- Let ¥ = (m,c¢) and ¥ = (n,d) be two
interval value and s be a scalar [9]. Based on extension
principle [10], we have:
X+y=m+n,c+d),
X—y=m-—-n,c+d),
sk = (sm,|s|c).

C. Triangular fuzzy number

Definition 2- The fuzzy number X with the following
membership function

x — 1 )
- I<x<i,
i—1
r—Xx

psz(x) = - [ <x<rT,
r—i
0 otherwise,

is called triangular fuzzy number (TFN) denoted by
(i,,7)ppy in which i, [, and r are called center, left
spread, and right spread of TFN [11].

D. Basic operators on Triangular fuzzy numbers

Theorem 2- Let ¥ = (i,l,7)rpy and ¥ = (j, m, n) rpy be
two TFNs and s be a scalar. Based on extension principle
[10], we have:

X+y=>0+j1l+mr+n)rey,
F—y=>0—jl+nr+m)r,
- {( i,sl,sr)rey s =0,
sk=3, .
(si,sr,sD ey s <0.
III. v-SVIRN APPROACH

In this model, the objective is to find two functions f(.)
and g(.) or interval function f(x) = [f(x) — g(x), f(x) +
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gx)] = (f (), g(x)), so that following condition is met:

f(xi) - g(xi) = Yi = f(xi) + g(xi)f~ i= 112! - n

To obtain this objective, function f(x) is defined as
follows:

fx) =w"p(x) + b,
where W = (Wy, Wy, ..., Wy,)" and b are weight vector and
bias term, respectively. Here, W; = (w;,c;) and b = (b, d)
are considered to be interval variables where w; is the center
and c; is the radius of W;, and b is the center and d is the
radius of b. Based on interval arithmetic, the f(x) can be

expressed as f(x) = WTe(x) +b,cTo(lx|) + d)
where w = (Wy,wy, .., w,)T , = (ci, ¢z e, )T, and
lx| = (x|, 1%2], ooo) |6, DT . In  other words, f(x) =

wlo(x) + b and g(x) = c"@(|x]) + d. Therefore, the f(x)
can be written as follows:

fO) =W () +b— (c"p(x]) + d),w"o(x) + b +
(c"o(x) + d)].

Consequently, similar to e-SVR model, the following
model is defined as:

1 1 1\ .
Min Sl + c<v (el +a) + ;Zl(a- + a))
(= (W) + D) + (Tolln) + D) < &,

subject to 1 (W@G) +b) = (Tp(xl) + D} -y < &
§,6 >0, i=12,...,n

where & = (&,&5, ., &), E=(§,&,,..,E)7, and C is a
penalty term.

The constraints of above problem imply that outliers can
lie outside the tube. The penalty term helps to determine
margin size and number of samples outside the tube. The v
parameter allows at most a v-percent of the data lie outside
the tube. The dual of problem (1) can be formulated as
follows:

n

n
A 1
H;%XZ(@ - 5i))’i - EZ
i=1 i
n
i=1

(6= 88 ~ 8K (i)

1j=1
n

=Z

j=1

8 +6:)(8; + &) K (I, | %))

n
Z(‘Si —6;) =
i=1
n
(8, +8,) = Ccv; »
subject to { i=1 (
0<5iS—, l=112P s
n
~ C
OS(SLS_, l_llzﬁ s
n
where & = (81,85, ...,6,)7 , 6§ =(81,84...8)7 , v =
(,}/1')/2’ ""yn)Ts and ]7 = (?1! ?2! ""?n)T in which ]’/\i » Vi

0;, and §; V i are Lagrange multipliers. According to the

€y
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optimality conditions of problem (1), for each i and j that
8;,0; € (0,C/n), we have:

b= _%(Wr(p(xl.) +wo(x) + "ol — c"o(|x)

. — Vi~ Yj)’ ®)
d = _E(ngo(xl-) - WT¢(Xj) + cTo(lx) + CT‘P(lij
—yi +yj)- )

Therefore, the lower, center, and upper bounds of the
interval function f (x) are as follows, respectively:

fG) =g = (Zi(8; — 8:)K(x, x;) + b) —
(Z3m (8 + 8)K 1) + ),

fx) = (31 (6; — 8:)K (x, x;) + b),

) +9() = (Zi(6: — §:)K(x,x;) + b) +
(22 (8 + 8)K (x, 1xD) + ).

In fact, the center and radius of interval function f(x) are
identified as f(x) = (T,(6; — 8;)K(x,x;) +b) and
glx) = (C—IU m(6 + &)K(x, [x; ) + d), respectively.

IV. PROPOSED MODEL

The most probable value of output according to training
samples is equal to the center of interval function (which has
been estimated by v-SVIRN), when the noise along the y-
axis is from a symmetric distribution (e.g. Uniform or
Gaussian distribution). However, the noise along the y-axis
may be from an asymmetric distribution. In such situation,
the center of interval function is not equal to the most
probable value of output. The paper then proposes a novel
approach to find both the center of interval function and the
most probable value of output. According to our approach,
the upper, center, and lower bound of the interval function
and a triangular fuzzy function are obtained, simultaneously.
The support of triangular fuzzy function is equal to the
support of interval function. Beside, the center of triangular
fuzzy function shows the most probable value of interval
output according to training data. In this method, the
objective is to find three functions i.e. f(x), g(x), and h(x)
such  that  f(x) —g(x) <y < f(x) +h(x), i=
1,2, ...,n. To achieve this goal, function f (x) is defined as
follows:

f)=w"p(x) +b

where W = (W, Wy, ..., W,,)" is weight vector and b is bias
rate. Meanwhile, W; = (W;, l;,11)7ry and b = (b, d,e)rpn
are considered as triangular fuzzy numbers where w; is
center, [; is left spread, and r; is right spread of W;. Similarly,
b is center, d is left spread, and e is right spread of b.
Assuming x = 0, if we use kernel functions like Gaussian
kernel function, we have @(x) = 0 [12]. Hence, f(x) =
Wlo(x) +b,ITp(x) +d, rTo(x) + e)gpy Where w =
Wy, wy, e, w)T L=l 00T, and 1=
(ry, 79 w0, )T . In other words, f(x) =wTe((x)+b,
gx) =1"p(x)+d, and h(x) = rT@(x) + e. Therefore,
similar to previous model, the following model is defined:
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1 1
17<—||l||2+d)+v<—||r||2+e>

1 2 2
Mé,?i“wn +C /

(vi—{w o) +b) + To(x) + d)} < &,
{WTo(x) +b) —Tp(x) +e)} —y; < &,
yi— WTo(x)+b) <é&3, i=12,..,n
WTo(x)+b)—y; <&, i=12,..,1;
£,20, i=12,..,mj=1234

subject to

(5)
The Lagrange function of the problem (5) is as follows:
L(W! bl ll dl r} e) fl 6' y) =

1 2wz + ¢ (v Gz +d) + v (GlIrl? +e) +
;Z?=1 Xi=1 fij) + 3180 (i — Wlhe(x) +b) —
TG +d) = i) + Ziky 8i(W e (x) + b) —
(ITo(x) +€) =y — &) + Xieq 83 (v — W (xy) +
b) — &i3) + X1y S (W () + b) — y; — &) —
?:1 Z?:l yijfij' (6)
where y;; and 6;; V i, j are the Lagrange multipliers. From
the optimality conditions of program (5), we have:
oL(w,bLdretdy) 0> w= Z?:l(&-l _ 61'2 +

ow (7)
SLOobidrets §i3 —6i)p(x);
L(w,b,Ldr.ef,s5, 1
et = 0 s =Y 6ue(); (8
dL(w,b,lLd,r.eé,6,
LRI = 05 1= ZX S0 (k)i O)
dL(w,b,Ld,r.eé,6,y)
% =0~ ?=1(6i1 - 61’2 + 51‘3 - (10)
8ia) = 0;
dL(w,b,Ld,r.eéby) N Z?=1 5i1 = Cv; (11)
aL(W,b,l,d:”,e.f.lS,Y) — 0 N ‘;1:1 61‘2 — Cv, (12)
oL(w,bLdredy) _c_ .
T—O—) (Sij—n VU’ L= (13)
1,2,..,nj =12,34;
Vi — {(WTfp(xi) + b) + (TTQD(Xi) + d)} < fil i (14)
i=12,..,n
{(WTQD(xi) + b) - (lT(p(xi) + e)} —Yi < fiz i (15)
i=12,,..,n
yi—Wlo(x)+b) <&, i=1.2,..,1 (16)
Who(x) +b) —y; <&, i =12,..,1 (17)
5i1(yl' - (WT¢(xi) + b) - (rT¢(xi) + d) - (18)
§1)=0,1i=12,..,n
5a(WToG) +0) = o)+ =y~
£2)=0,i=12,..,m
Sis(yi — Whop(x) +b) —&3) =0, i =
1,2,..,n; (20)
Su(WTop(x) +b)—y; —&4) =0, i = @1
1,2,..,n;
Vi =0, i =12,.,m) = 1,2,34; (22)
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$ijp6ijvij =20, i=12,...,n;j =1,234 (23)
With respect to (13) and y;; = 0, we have:
0<¢; < —, i=12,..,nj=1234. (24)

Substituting (7)—(13), (22), and (24) into the Lagrange
function, we obtain the dual of problem (5) as follows:

max " (8 = b1z + 813 = 8}y

-1
n n 5
122( 1— 0+ 6i3 — z4)(+151 _12)
E Jj3 j4
i=1Jj=1 K (x;, x;)
n n
ZZ 8161 + 02872 )K (1, 37)
i=1j
Z(all B2+ 813 = 6a) = 0;
subject to { 5!
-
c
0<6;<=, i=1.,mj=1234

Solving the above quadratic programming problem, we
find the optimal value of Lagrange multipliers. With respect
to (18), if 8;; > 0 then y; — (WTo(x;) + b) = T (x;) +
d) + &;;1. Regarding (13), if §;; < %then yi1 > 0; therefore,
with respect to (22), §;; = 0.

Hence, if 0 < §;; < %then

b+d=y,—wlolx)—r"ox). (25)

With respect to (19), if §;; > 0 then (WT@(x;) + b) —
yi = ((Tp(x;) +e) + &, . Furthermore, regarding (13) if
Oy <= £ then Yiz > 0; therefore with respect to (22), &, =
0. Hence if0<d, <= then

b—e= Vi—w <P(x1) + lT‘P(xl) (26)

With respect to (20), if 8;3 > 0 then y; — (WTo(x;) +
b) = &3 . In addition, regarding (13), if &;53 < % then
¥i3 > 0; therefore, with respect to (22), {;3 = 0. Hence, if
0<d;3< £ then:

n
b=y, —wo(x). c (27)
Similarly, if 0 < §;4 < ;then:
b=wlp(x) -y (28)

Hence, the upper bound of triangular fuzzy function f(x)
is equal to:

W () +b) + T o(x) +d) =
Xi21(8i1 — 6z + 813 — 8i)K (x1,x) + b) +

(é =1 63K (x, x;) +d), (29)
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where amount of b + d is obtained using (25). The lower
bound of triangular fuzzy function f(x) is equal to:
W o(x) +b) — (Tp(x) +e) =
(21: =1(6i1 — 6z + 613 — i) K (x3,x) + b) —
(E =1 i4—K(x: xi) + e)'
where amount of b — e is obtained using (26). The center of
triangular fuzzy function f(x) is equal to:
(W) + b) + et (Cotore) (31)
and the most probable function (peak of triangular fuzzy
function) is equal to:
wio(x) + b =X, (6 —
61’4—)K(xi' X) + b! (32)
where b can be calculated by (27) or (28). In fact, it can be
stated that we obtained an interval function and a triangular
fuzzy function. The support of triangular fuzzy function is
equal to the support of interval function. Eq. (31) shows peak
of triangular fuzzy function whereas (32) represents the
center of interval function.

(30)

8ip + 83 —

V.

In this section, we use the training data as used in [6], [7],
[8] to verify the performance of our novel approach. The
training data are generated by following equations:
yi = 0.2sin(2mx,) + 0.2x2 + 0.3 + (0.1xZ + 0.05)ey,

EXPERIMENT

x, =002(k—-1), k=1,2,..,21,
where noise ey, is a real number randomly generated in the
interval [—1,1]. For our experiment, the parameters v and C
were chosen 0.3 and 100 respectively. Two parameter values

except ¢ are similar for both models based on v-SVIRN and
our novel approach. Figure 1 shows the results of the
experiment. From Figure 1 we recognize that our proposed
method successfully could find not only the upper, center,
and lower bounds of interval function but also the most
probable output according to training data.

VL

In this paper, we proposed a novel approach which
estimates simultaneously an interval function and a
triangular fuzzy function. Previous works estimate only an
interval function. The estimated interval function of our
proposed method is similar to the estimated interval function
of recently proposed work v-SVIRN. In v-SVIRN, for the
test sample x, the centre of interval function is reported as
the most probable value of output according to training
samples. This method is useful when the noise of data along
the y-axis has a symmetric distribution. In such situation, the
centre of interval function and the most probable value of
function are identical. The center of triangular fuzzy function
obtained by using our proposed method is the most probable
value of function according to training samples which is
important for us when the noise of training data along the y-
axis is from an asymmetric distribution.

CONCLUSION
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Figure 1. Function estimation by using (A) our proposed method and (B) v-SVIRN, for ¢ = 0.05, 0 = 0.075, and o = 0.1 respectively.
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