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a b s t r a c t

Uncertainty is an inevitable element in many practical production planning and scheduling environ-

ments. When a due date is predetermined for performing a set of jobs for a customer, production

managers are often concerned with establishing a schedule with the highest possible confidence of

meeting the due date. In this paper, we study the problem of scheduling a given number of jobs on a

specified number of identical parallel machines when the processing time of each job is stochastic. Our

goal is to find a robust schedule that maximizes the customer service level, which is the probability of

the makespan not exceeding the due date. We develop two branch-and-bound algorithms for finding an

optimal solution; the two algorithms differ mainly in their branching scheme. We generate a set of

benchmark instances and compare the performance of the algorithms based on this dataset.

& 2011 Elsevier Ltd. All rights reserved.
1. Introduction

The literature on parallel machine scheduling has developed
over multiple decades, and contains many useful models and
algorithms (see, for instance, [1–3]). One of the most frequently
studied objectives in scheduling identical parallel machines is to
minimize the makespan, i.e. the maximum completion time of the
jobs. This problem is denoted as Pm:Cmax in the notation of
Graham et al. [4], and has been shown to be NP-hard [5]. Several
heuristic and exact procedures have been proposed to construct
workable baseline schedules that solve this problem [6]. One
drawback, however, is that Pm:Cmax is inherently deterministic:
all problem parameters (among which, the processing times) are
supposed to be known with certainty.

However, the usefulness of a scheduling algorithm depends on
the system parameters of the shop floor. In many practical
production planning and scheduling environments, uncertainty
is an inevitable element: ex-ante developed production plans will
be confronted with multiple disturbances during implementation,
and the system’s parameters can change in real time. If such
changes are significant and not considered, the proposed ‘‘opti-
mal’’ schedules may turn out to be quite poor in practice. The
most significant changing parameters are new unscheduled
arrivals of jobs, resource breakdowns and variability in the task
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durations. The unavoidable time lag between the development of
a schedule and its implementation only reinforces the reduction
of the effectiveness of deterministic schedules. Most of these
phenomena can be modeled by uncertainty in job processing
times, since the scheduling objective function is usually a func-
tion of the processing times.

In this paper, we address an identical parallel machine sche-
duling problem with stochastic processing times and a predeter-
mined due date for the makespan that is imposed by the
customer. Our goal is to find a robust schedule that maximizes
the customer service level, which is the probability of the
makespan not exceeding the due date. In the remainder of this
text, we refer to this problem as the robust parallel machine

scheduling problem (RPMSP). The intuition underlying the problem
statement is that many production managers and schedulers
should be concerned with the construction of a baseline schedule
with maximum ‘‘trust’’ that relevant constraints will not be
violated. In order to obtain an optimal solution to the RPMSP,
we develop two branch-and-bound algorithms (B&B) that differ in
their branching schemes.

To the best of our knowledge, the RPMSP is a new problem,
which has not yet been studied in the literature. There are two
areas in the scheduling literature, however, that contain related
material: deterministic identical parallel machine scheduling and
stochastic scheduling.

Many studies have been published on identical parallel machine
problems, but most of them pertain to a static environment, in
which all parameters are known in advance [7,8]. Over the last two
decades, several exact and heuristic procedures have been proposed
for Pm:Cmax, which is the most classic and frequently studied

www.elsevier.com/locate/caor
www.elsevier.com/locate/caor
dx.doi.org/10.1016/j.cor.2011.09.019
mailto:m_ranjbar@um.ac.ir
mailto:mo_da26@stu-mail.um.ac.ir
mailto:mo_da26@stu-mail.um.ac.ir
mailto:Roel.Leus@econ.kuleuven.be
dx.doi.org/10.1016/j.cor.2011.09.019
dx.doi.org/10.1016/j.cor.2011.09.019


M. Ranjbar et al. / Computers & Operations Research 39 (2012) 1652–1660 1653
problem in this field. Dell’Amico and Martello [9] present a fast B&B
algorithm for this problem, which tends to find optimal solutions in
a very short time. Dell’Amico and Martello exploit the relationship
between Pm:Cmax and the bin packing problem to develop efficient
bounds. Mokotoff [10] formulates Pm:Cmax as a mixed integer
program (MIP) and solves it using a cutting-plane scheme. Compu-
tational experiments by Dell’Amico and Martello [11] demonstrate
that the latter MIP-based approach is consistently outperformed by
their earlier-developed branch-and-bound algorithm (in [9]).
Haouari and Jemmali [12] propose a B&B algorithm with tight
bounds for Pm:Cmax in which the machines are sequentially loaded
whereas in the Dell’Amico and Martello’s algorithm, the machines
are loaded simultaneously. Van Den Akker et al. [13] apply column
generation to solve Pm:Cmax; a decomposition algorithm based on
column generation is also proposed for a just-in-time parallel
machine scheduling problem by Cheng and Powell [14]. In addition
to exact algorithms, several heuristic procedures have been devel-
oped for Pm:Cmax; the best performing ones are surveyed in
Dell’Amico et al. [6]. Since B&B outperforms other exact algorithms
in the literature for Pm:Cmax, in this text we choose this optimiza-
tion framework as the basis for a solution procedure for RPMSP.

Multiple articles have been published on the stochastic paral-
lel machine scheduling problem with objectives such as mini-
mization of makespan, minimization of total completion time and
due date related objectives (see Chapter 12 of Pinedo [15]). Robust

or proactive scheduling can be defined as scheduling with a
degree of anticipation of variability during the schedule’s execu-
tion [16]. In this article, we operationalize this anticipation of
variability by maximizing the customer service level. We are
aware of a few papers that look into robust scheduling of a single
machine, but the literature on robust parallel machine scheduling
is almost void. The only related work stems from Anglani et al.
[17], who investigate robust scheduling of parallel machines with
sequence-dependent set-up costs. In contrast to our paper, in
which the uncertainty is captured by stochastic variables, they
represent the uncertainty by means of fuzzy numbers. The
objective of Anglani et al. [17] is the minimization of the set-up
costs. The work proposed in the current article is an extension of
the research papers of Daniels and Carrillo [18] and Wu et al. [19],
in which a so-called ‘‘b-robust’’ scheduling model is developed for
a single machine. Both these references search for a schedule that
minimizes the risk that the flow time exceeds a given threshold.

The contributions of this article are threefold: (1) we provide
the first description of the RPMSP and present a non-linear
formulation; (2) we develop two exact depth-first B&B algo-
rithms, which differ mainly in their branching strategy; and
(3) we derive upper and lower bounds as well as dominance
rules to accelerate the B&B procedures.

The remainder of this paper is organized as follows. In Section
2, we provide a formal description of the problem and state a non-
linear binary formulation. Section 3 describes the branching
schemes, while Sections 4 and 5 are devoted to the bounds and
dominance rules, respectively. Computational experiments are
reported in Section 6 and our main findings are discussed in
Section 7. Finally, conclusions and suggestions for future work are
presented in Section 8.
2. Problem description and formulation

We define the problem RPMSP as follows: there are n inde-
pendent jobs gathered in set J¼{J1, J2, y, Jn} and a set of m

identical machines M¼{M1, M2, y, Mm}. Each job j (also written
as Jj, for short) has a stochastic processing time pj with normal
distribution function f(pj), with expectation E(pj)¼mj and variance
VarðpjÞ ¼ s2

j (j¼1,2,y,n). We assume that neither release dates
nor due dates are imposed for any individual job but that a due
date d is put forward by the customer for the completion of the
entire job set. The machines are always available and the proces-
sing of each job can be done by any of the machines. We define
the customer service level P as the probability that the makespan
does not exceed the due date d and we aim to find a schedule
with maximum customer service level.

Clearly, inserting idle time between jobs on any machine never
improves the objective function, so we only consider solutions in
which each machine starts its work from time zero and processes
its subset of jobs without interruption. The order in which the
jobs assigned to the same machine are processed does not
influence the objective, and therefore we can equate a solution
with a partition of the job set into m subsets (one subset per
machine); we represent an (ordered) subset of jobs assigned to Mi

by ai. The total processing time Yi on Mi has a normal distribution:
Yi �N½mMi

,s2
Mi
�, with mMi

¼
P

jAai
mj and s2

Mi
¼
P

jAai
s2

j . The custo-
mer service level on Mi is written as pi¼P(Yird). An arbitrary
normal distribution can be converted to a standard normal
distribution by changing variables to Zi ¼ ðyi�mMi

Þ=sMi
, so

the service level for Mi becomes pi¼P(Zirzi)¼f(zi), where
Zi ¼ ðd�mMi

Þ=sMi
and f represents the cumulative standard nor-

mal distribution function.
We introduce the following decision variables:

Xij ¼
1 if Jj is assigned to Mi

0 otherwise
i¼ 1,. . .n; j¼ 1,. . .,m

�

RPMSP can now be formulated as the following non-linear
binary model:

Max P¼
Ym
i ¼ 1

f
d�mMi

sMi

� �
ð1Þ

subject to

Xm

i ¼ 1

Xij ¼ 1 j¼ 1,. . .,n ð2Þ

mMi
¼
Xn

j ¼ 1

mjXij i¼ 1,. . .,m ð3Þ

s2
Mi
¼
Xn

j ¼ 1

s2
j Xij i¼ 1,. . .,m ð4Þ

XijAf0,1g i¼ 1,. . .,m; j¼ 1,. . .,n ð5Þ

We have P¼ PðmaxfY1,. . .,YmgrdÞ and since Y1,y,Ym are
independent variables, we can rewrite P as P¼P(Y1rd,y,
Ymrd)¼P(Y1rd)yP(Ymrd). Consequently, we can write the
objective function (1) as

Qm
i ¼ 1 pi, which maximizes the customer

service level. Constraint (2) assures that each job is assigned to
exactly one machine. Constraints (3) and (4) compute the mean
and the variance of total processing time on each machine, which
are used to determine P. Constraint (5) states that all the decision
variables are binary.
3. Solution representation and branching schemes

We develop two depth-first B&B algorithms to find an optimal
solution to the RPMSP. These two B&B algorithms are both
implemented with a backtracking strategy but they differ in their
branching schemes. We identify the two algorithms as B&B1 and
B&B2. In B&B1, the machines are sequentially loaded while in
B&B2, the machines are simultaneously loaded. For Pm:Cmax,
branching schemes following the overall logic of B&B1 and
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B&B2 were implemented by Dell’Amico and Martello [7] and
Haouari and Jemmali [12], respectively.

3.1. Example

Existing algorithms for Pm:Cmax can obviously not be applied
‘‘as is’’ for solving the RPMSP: an optimal solution to Pm:Cmax

may not be optimal for the RPMSP. The following example
illustrates this issue, where the mean processing time of jobs in
the RPMSP is set as the fixed processing time in Pm:Cmax. In this
example, n¼10, m¼4 and d¼59; the remaining job character-
istics are shown in Table 1. The parameters were chosen such that
the sets of optimal solutions to Pm:Cmax and RPMSP are not the
same. This instance will also be used in Sections 3 and 4 for
further illustrations.
Table 1
Mean and variance of the processing times.

Job number 1 2 3 4 5 6 7 8 9 10

Mean (min) 24 22 23 20 21 21 20 19 19 20

Variance (min)2 23 32 9 27 16 14 14 15 13 4
An optimal solution to the RPMSP instance with these para-
meters has a1¼{J1, J6}, a2¼{J2, J3}, a3¼{J4, J5, J7} and a4¼

{J8, J9, J10}; the attained customer service level is

Pn
¼ pn

1p
n

2p
n

3p
n

4 ¼fðð59�45Þ=
ffiffiffiffiffiffi
37
p
Þfðð59�45Þ=

ffiffiffiffiffiffi
41
p
Þ

fðð59�61Þ=
ffiffiffiffiffiffi
57
p
Þfðð59�58Þ=

ffiffiffiffiffiffi
32
p
Þ¼ 0:220

where the symbols P* and pn

i represent the optimal value of P and the
corresponding values for pi, i¼1,2,3,4, respectively. Machine M3 has
the highest mean processing time in this solution, namely mM3

¼ 61.
Next, we consider the following job-machine assignment: a1¼{J1, J2},
a2¼{J3, J10}, a3¼{J4, J5, J8} and a4¼{J6, J7, J9}. This solution is an
optimum solution for Pm:Cmax with Cn

max ¼ 60, but the customer
service level is lower than optimal in RPMSP:P¼ p1p2p3p4 ¼

fðð59�46Þ=
ffiffiffiffiffiffi
55
p
Þ fðð59�43Þ=

ffiffiffiffiffiffi
13
p
Þ fðð59�60Þ=

ffiffiffiffiffiffi
58
p
Þ fðð59�60Þ

=
ffiffiffiffiffiffi
41
p
Þ¼ 0:188.
Fig. 1. Illustration of B&B1.
3.2. Solution representation

Haouari and Jemmali [12] represent a feasible schedule for
Pm:Cmax as a permutation of n jobs; we modify this representa-
tion for our algorithms. Our solution encoding is based on the
concept of symmetry breaking developed by Sherali and Smith
[20]. Consider an arbitrary schedule for the RPMSP. We can obtain
m! equivalent solutions by exchanging the assigned jobs of each
pair of machines. Also, for each Mi, if ai is not an ordered subset
then the number of equivalent solutions becomes m!n

Qm
i ¼ 1 9ai9!,

where 9ai9 is the number of jobs assigned to Mi. Thus, a B&B
procedure can become captured in a time consuming and largely
redundant search process because it risks needing to generate and
evaluate numerous equivalent solutions. In order to avoid this
phenomenon, we represent each set of alternative symmetric
solutions by a unique permutation of the n jobs, based on the
ideas developed by Haouari and Jemmali [12]. In this representa-
tion, a permutation ai ¼ ða

1
i ,a2

i ,. . .,a
9ai9
i Þ is associated with each

machine (i¼1,y,m), where ak
i is the kth job assigned to Mi, and

each solution S is represented by a permutation A(S)¼(a1,
a2,y,am). Such a permutation is valid if it satisfies the following
conditions:

C1) Each ordered subset ai is an increasing list of the job
indices, so ak

i oakþ1
i for k¼1,y,9ai9�1 and i¼1,y,m. We assume

that the jobs j are indexed in non-increasing order of the values
yj¼mjþsj, with ties broken arbitrary. This property also holds for
the example instance presented at the start of Section 3.

C2) The machines are indexed in increasing order of the index
of their first job. Thus, a1

i oa1
iþ1 for i¼1,y,m�1.

3.3. B&B1

In our first algorithm, the machines are loaded sequentially
and M1, having J1 as its first job, is loaded first. The root node N0

(at level zero) of the search tree corresponds to the empty
permutation and each node Nr

l at level lZ1 of the search tree
corresponds to a partial valid permutation of l jobs on r machines,
represented as AðNr

l Þ ¼ ða1,a2,. . .,arÞ, where 1rrrm and
9a19þ9a29þyþ9ar9¼ l. In this permutation, the job assignments
to machines 1,y,r�1 are completed and no more jobs will be
added to these machines. As a result, each child node of Nr

l

corresponds to appending a job from the set of unscheduled jobs
JðNr

l Þ ¼ J\ða1 [ a2 [ . . . [ arÞ to either Mr or to Mrþ1, unless r¼m, in
which case all members of J must be assigned to Mm. Nodes with
the same parent are created in order of increasing job index of the
new job to be assigned.

We represent the set of children of node Nr
l by CNr

l
, and we

partition this set into two subsets C1
Nr

l
and C2

Nr
l
, where C1

Nr
l
, resp.

C2
Nr

l
, represents the child nodes in which the next job will be

assigned to Mr, resp. to Mrþ1. Based on (C1), in the generation of
C1

Nr
l

we only consider jobs with an index greater than the
previously loaded job. Moreover, from (C1) and (C2), C2

Nr
l

includes
only one job, with the lowest index among the unscheduled jobs.
When backtracking, we save the best value of

Qm
i ¼ rþ1 pi in node

Nr
l and denote it by pn

CNr
l

.

The branching scheme of procedure B&B1 is illustrated in
Fig. 1 for the example instance introduced in Section 3.1. The
figure represents the different branching choices at level l¼2
when previously J1 and J6 were assigned to M1 at levels 1 and 2,
respectively. These two assignments were established in the two
nodes 1 and 2 (the number written inside each node is the node
number). At level 3, nodes 3 to 6 belong to C1

Nr
l

while node
7 belongs to C2

Nr
l
.

3.4. B&B2

In the second algorithm, the jobs are assigned to machines by
increasing index and machines are loaded simultaneously. At
level l of the search tree, each node Nl has mrm child nodes,
obtained by assigning job lþ1 to Mi (i¼1,y,m), to be scanned in
increasing order of i. Node Nl corresponds to a partial valid
permutation of jobs 1,2,y,l, represented as A(Nl)¼(a1,a2,y,am),
where 9a19þ9a29þyþ9am9¼ l.
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In B&B2, since the jobs are assigned to machines by increasing
index, (C1) automatically holds. In each job assignment, we divide
the set of machines into two subsets, containing all empty (with
no assigned job) and all non-empty (with at least one job)
machines, respectively. Based on (C2), each unscheduled job
should be assigned either to one of the non-empty machines or
to the empty machine with the smallest index.

The branching scheme of procedure B&B2 is illustrated in Fig. 2,
for the same instance as before. We consider the situation where J1is
assigned to M1 at level 1 and J2 is assigned to M2 at level 2. The
children of node 2 correspond to the three possible alternatives for
assignment of J3, i.e. assignment of J3 to M1, M2 or M3.
Fig. 2. Illustration of B&B2.
4. Bounds

In this section, we present a lower bound and an upper bound
for the optimal objective value of the RPMSP, as well as a lower
bound for the number of jobs assigned to each machine. Also, we
develop procedures for improving the upper bound of the optimal
solution and the lower bound of the number of jobs assigned to
each machine.
4.1. Lower bound for the optimal objective value

We develop a heuristic procedure to create an initial solution,
leading to a lower bound (LB) that can be computed in short running
time. This initial solution produces a lower bound that can be used in
both B&B1 and B&B2. Whenever a better solution is obtained during
the search process, the LB will be updated. The procedure tries to
balance the p values across the machines. The heuristic procedure is
described in pseudo-code in Fig. 3 and runs in O(mn) time.

If we apply this procedure to the example instance, we obtain
a1¼{J1, J8}, a2¼{J2, J7, J10}, a3¼{J3, J6} and a4¼{J4, J5, J9}. The cus-
tomer service level for this solution is P¼0.15.
Fig. 3. Pseudo-code of t
4.2. Upper bound for the optimal objective value

The upper bound developed in this section is used at all levels
of B&B1 and at the first level of B&B2. For each node Nr

l of B&B1,
this upper bound is valid only for the child nodes corresponding
to subset C2

Nr
l

and not for C1
Nr

l
. Each node in the search tree of both

procedures corresponds to a partial schedule. Thus, there is a set
of scheduled jobs and a set of unscheduled jobs in each node.
Consider a node in which there are grn unscheduled jobs and
hrm empty machines; these unscheduled jobs and empty
machines in isolation constitute a smaller instance of the RPMSP.
We seek to derive an upper bound UBg,h

1 on the best objective
value for this smaller instance, which is referred to as ‘‘sub-
problem’’ below. Obviously, UBn,m

1 is an upper bound for the
original instance.

Let ~n be a lower bound on the maximum number of jobs
assigned to an empty machine. For now, we simply consider
~v ¼ g=h but ~v may be improved by the lower bound presented in
Section 4.3. Each job has two characteristics, namely the mean
and variance of its processing time, and we will distinguish two
sets of jobs in the computation of UBg,h

1 : the set of ~v jobs with
lowest means and the set of ~v jobs with the lowest variances. Let
J[j] be the job with jth lowest mean processing time and J[j] the job
with jth lowest variance. In other words, mJ½1�

rmJ½2�
r . . .rmJ½n�

and
s2

J½1�
rs2

J½2�
r . . .rs2

J½n�
. Note that we only use information on the

number of remaining jobs and machines in this upper bound,
since sorting jobs based on both mean and variance in each node
of B&B1 would be quite time consuming and lead to an inefficient
algorithm. The construction of UBg,h

1 is based on Proposition 1.

Proposition 1. Consider a node in the search tree with g

unscheduled jobs and h empty machines and let ~v ¼ ½g=h�. If

d�
P ~v

k ¼ 1 mJ½k�
40, let UBg,h

1 ¼fðd�
P ~v

k ¼ 1 mJ½k�
=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiP ~v

k ¼ 1

q
s2

J½k�
Þ, other-

wise UBg,h
1 ¼fðd�

P ~v
k ¼ 1 mJ½k�

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn

k ¼ n� ~vþ1 s2
J½k�

q
Þ. The value UBg,h

1 is

an upper bound on the best objective value for the sub-problem
corresponding to the node under consideration.

Proof. For each combination of ~v unscheduled jobs, the sum of

means of processing times is not less than
P ~v

k ¼ 1 mJ½k�
and the sum

of variances is not less than
P ~v

k ¼ 1 s2
J½k�

. Thus, if d�
P ~v

k ¼ 1 mJ½k�
40,

UBg,h
1 ¼fðd�

P ~v
k ¼ 1 mJ½k�

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiP ~v

k ¼ 1

q
s2

J½k�
Þ is a bound. In the case

d�
P ~v

k ¼ 1 mJ½k�
o0, the maximum of the function f(U) is obtained

when the ~v largest variances are considered in the denominator

of the argument, so UBg,h
1 ¼fðd�

P ~v
k ¼ 1 mJ½k�

=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn

k ¼ n� ~vþ1 s2
J½k�

q
Þ.

Obviously, when d�
P ~v

k ¼ 1 mJ½k�
¼ 0, UBg,h

1 ¼ 0:5.&

Intuitively, the calculation of UBg,h
1 is based on the assignment

of a maximum number of unscheduled jobs with shortest proces-
sing times to an empty single machine. For the example instance
he initial solution.
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and with g¼n¼10 and h¼m¼4, we obtain ~v ¼ ½10=4� ¼ 3 and

UB10,4
1 ¼fðð59�ð19þ19þ20ÞÞ=ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ9þ13
p

ÞÞ ¼fð0:196Þ ¼ 0:577.

UBg,h
1 is computed using the workload of one machine and is

very workable. We will additionally present an improved version
of this upper bound in the next section by considering the
minimum workload of h�1 other machines.

4.3. Lower bound for the number of jobs assigned to each machine

The result in this section is inspired by Proposition 3 of
Dell’Amico and Martello [9] and entails the determination of a
lower bound nmin on the number of jobs assigned to each machine
in any optimal schedule.

Proposition 2. If UBn�n,m�1
1 oLB then nmin

Znþ1 for any integer
{1,2,y,[n/m]}.

Proof. Consider any solution in which a machine, say M1, has v or
less tasks. The remaining n�v jobs should then be assigned to the
other m�1 machines and will achieve a service level of at most
UBn�n,m�1

1 , and so the overall service level can never be equal to LB

or more.&

If nmin4 ~v then we can update ~v in Section 4.2 as ~v ¼ nmin. Also,
whenever the LB is updated, the value vmin may be updated,
which may in turn lead to updating ~v and the upper bounds.

For the example instance, since UB9,3
1 ¼fðð59�ð19þ19þ

20ÞÞ=ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ9þ13
p

ÞÞ ¼ 0:57750:24¼ LB, we let nmin
¼1.

4.4. An improved upper bound on the optimal objective value

The upper bound developed in this section is an improved
version of the upper bound described in Section 4.2. Similar to

previous upper bound, for each node Nr
l of B&B1, this upper bound

is valid only for subset C2
Nr

l
and not for C1

Nr
l
. A sub-problem of the

RPMSP is again considered, with g unscheduled jobs and h empty

machines. It was explained in Section 4.2 that UBg,h
1 is constructed

based on the workload of a single machine, but if the minimum
workload of the other h�1 empty machines is also taken into
account, the bound may be improved. If ~v jobs are assigned to a

single machine then g
0

¼ g� ~v jobs should be assigned to h
0

¼ h�1

machines, with g
0

4h
0

. Without loss of generality, we denote the
unscheduled jobs by J1,. . .,Jg0 and the empty machines by

M1,. . .,M
h
0 . For each Mi ði¼ 1,. . .,h

0

), let p̂i be an upper bound on

pn

i , where p̂i is computed based on the minimum workload of Mi.

The minimum workload of each machine is the direct outcome of
assigning the minimum possible number of jobs (nmin) to that

machine. The improved upper bound is written as UBg,h
2 and is

computed as UBg,h
2 ¼UBg,h

1

Qh0

i ¼ 1 p̂i.

The question that remains is which nmin jobs to assign to each
machine. Intuitively, in an optimal solution one expects ‘‘large’’
jobs (with high mean or variance) to be assigned to machines
with ‘‘small’’ jobs, and these jobs will be our target. We consider
two cases. In both cases, we first assign one of the largest jobs to
each machine. In the first case, we assign each of the jobs

J½g0 �,J½g0 �1�,. . .,J½g0 �h
0
þ1�

to one of the h
0

empty machines, while in

the second case, each of the jobs J½g
0
�,J½g

0
�1�,. . .,J½g

0
�h
0

þ1� is allocated

to one of the h
0

empty machines. Subsequently, in both cases, if
nmin41 then we consider nmin

�1 remaining jobs for each
machine, as described in Proposition 1.

In the first case, if we assume that job J½g0 �iþ1� with mean

processing time mJ
½g
0
�iþ 1�

and variance s2
J
½g
0
�iþ 1�

is assigned to Mi,
i¼ 1,. . .,h
0

, the minimum mean processing time on Mi is obtained
when nmin

�1 other jobs with lowest means are assigned to Mi.
Since the calculations would otherwise become overly time

consuming, these nmin�1jobs are not updated in each node based
on the set of unscheduled jobs, but they are predetermined at the
start of B&B1. As a result, we determine

p̂i ¼f
d�mJ

½g
0
�iþ 1�
�
Pnmin�1

k ¼ 1 mJ½k�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

J
½g
0
�iþ 1�
þa

q
0
B@

1
CA,

where a depends on whether d�mJ
½g
0
�iþ 1�
�
Pnmin�1

k ¼ 1 mJ½k�
40 or d�

mJ
½g
0
�iþ 1�
�
Pnmin�1

k ¼ 1 mJ½k�
r0. Similarly to Proposition 1, if d�mJ

½g
0
�iþ 1�

�
Pnmin�1

k ¼ 1 mJ½k�
40 then a¼

Pnmin�1
k ¼ 1 s2

J½k�
whereas if d�mJ

½g
0
�iþ 1�

�
Pnmin�1

k ¼ 1 mJ½k�
r0 then a¼

Pn
k ¼ n�nminþ2 s2

J½k�
. Consequently, we

define f1
i as follows:

f1
i ¼

f
d�mJ

½g
0
�iþ 1�

�
Pnmin�1

k ¼ 1
mJ
½k�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2
J
½g
0
�iþ 1�

þ
Pnmin�1

k ¼ 1
s2

J½k�

r
0
BB@

1
CCA; d�mJ

½g
0
�iþ 1�
�
Xnmin�1

k ¼ 1

mJ½k�
40

f
d�mJ

½g
0
�iþ 1�

�
Pnmin�1

k ¼ 1
mJ
½k�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2
J
½g
0
�iþ 1�

þ
Pn

k ¼ n�nmin þ 2
s2

J½k�

q
0
@

1
A; d�mJ

½g
0
�iþ 1�
�
Xnmin�1

k ¼ 1

mJ½k�
r0:

8>>>>>>>>><
>>>>>>>>>:

In the second case, again assuming that job J½g
0
�iþ1� with mean

processing time m
J½g
0
�iþ 1� and variance s2

J½g
0
�iþ 1�

is assigned to Mi,
i¼ 1,. . .,h

0

, f2
i is defined as follows:

f2
i ¼

f
d�m

J½g
0
�iþ 1�

�
Pnmin�1

k ¼ 1
mJ
½k�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2

J½g
0
�iþ 1�

þ
Pnmin�1

k ¼ 1
s2

J½k�

r
0
BB@

1
CCA; d�mJ

½g
0
�iþ 1�
�
Xnmin�1

k ¼ 1

mJ½k�
40

f
d�m

J½g
0
�iþ 1�

�
Pnmin�1

k ¼ 1
mJ
½k�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2

J½g
0
�iþ 1�

þ
Pn

k ¼ n�nmin þ 2
s2

J½k�

q
0
@

1
A; d�mJ

½g
0
�iþ 1�
�
Xnmin�1

k ¼ 1

mJ½k�
r0:

8>>>>>>>>><
>>>>>>>>>:

Finally, using the following proposition, we can find p̂i,
i¼1,2,y,h�1.

Proposition 3. p̂i ¼minff1
i ,f2

i g.

Proof. Straightforward.&

For the example instance, if M1 is the machine with the
maximum number of jobs (resulting in UB10,4

1 ¼ 0:577), we have
two cases for M2,M3 and M4. In the first case, in which we consider
the jobs with largest mean processing time, we assign J1 to M2, J3

to M3 and J2 to M4. In the second case, considering the jobs with
largest variances, we assign J2 to M2, J4 to M3 and J1 to M4. For this
example, we actually have nmin

¼2 (see Appendix) and therefore
in both cases, we consider a (dummy) job with minimum mean
and minimum variance of processing time as the second job of
these three machines. Further calculations for this example are:

f1
2 ¼f

59�24�19ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
23þ4
p

� �
¼fð3:07Þ ¼ 0:999 f2

2 ¼f
59�22�19ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

32þ4
p

� �

¼fð3:00Þ ¼ 0:998

f1
3 ¼f

59�23�19ffiffiffiffiffiffiffiffiffiffiffi
9þ4
p

� �
¼fð4:71Þ � 1 f2

3 ¼f
59�20�19ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

27þ4
p

� �

¼fð3:59Þ � 1

f1
4 ¼f

59�22�19ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32þ4
p

� �
¼fð3:00Þ ¼ 0:998 f2

4 ¼f
59�24�19ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

23þ4
p

� �

¼fð3:07Þ ¼ 0:999

p̂2 ¼ 0:998, p̂3 ¼ 1, p̂4 ¼ 0:998 and UB8,3
2 ¼ 0:577n0:998n1n

0:998¼ 0:574.
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5. Dominance rules

5.1. Dominance rules for B&B1

Dominance rule 1. If in a node of the search tree, the customer
service level is less than the LB, then the node can be fathomed.

Proof. Straightforward.&

This rule explains why we index jobs in non-increasing order
of their y values: since ai is an ordered subset for each Mi, jobs
with higher means and variances are assigned first, and so
dominance rule 1 will fathom dominated solutions earlier.

For the example instance, consider a node N1
4 where a1¼{J1,

J2, J4, J5} and LB¼0.15. For this partial solution, p1 ¼fðð59
�87Þ=

ffiffiffiffiffiffi
98
p
Þ¼ 0:002o0:150, and so the node can be fathomed.

Dominance rule 2. At node Nr
l , if there is another node N0rl such

that N0rl oNr
l (N0rl is explored before Nr

l ), JðNr
l Þ ¼ JðN0rl Þ and pn

CN0r
lQr

i ¼ 1 pioLB, then the child node that corresponds to C2
Nr

l
can be

fathomed.

Proof. This dominance rule is applied whenever two nodes Nr
l

and N0rl have identical unscheduled jobs. Since N0rl oNr
l and our

algorithm is a depth-first B&B, node N0rl is visited first and the

value of pn

CN0r
l

is calculated. Afterwards, since we know the value of

Qr
i ¼ 1 pi at Nr

l and pn

CNr
l

¼ pn

CN0r
l

(because JðNr
l Þ ¼ JðN0rl Þ), pn

CN0r
l

Qr
i ¼ 1 pi

is an upper bound for the objective value of all solutions obtain-

able from the child node corresponding to C2
Nr

l
. As a result, if this

upper bound is less than the LB, then the child node can be
fathomed.&

Using this rule, we can also update the LB in each node Nr
l

when pn

CN0r
l

Qr
i ¼ 1 pi4LB.

For the example instance, consider node N2
6 with a1¼{J1, J5, J8},

a2¼{J2, J4}, JðN2
6Þ ¼ f3, 6, 7, 9, 10g and pn

C
N02

6

¼ 0:499, and N026 with

a1¼{J1, J2}, a2¼{J4, J5,J8} and JðN026 Þ ¼ f3,6,7,9,10g; currently

LB¼0.216. For the node N2
6, we have p1¼0.986 and p2¼0.248.

Since JðN2
6Þ ¼ JðN026 Þ and p1np2npn

C
N02

6

¼ 0:122o0:216, the node

pertaining to C2
N2

6
is fathomed.

Dominance rule 3. If in node Nr
l , UBn�l,m�r

2

Qr
i ¼ 1 pioLB, then the

child node corresponding to C2
Nr

l
is fathomed.

Proof. Straightforward.&

For the example instance, consider C2
N1

3
with a1¼{J1, J2, J4},

p1 ¼ 0:22and LB¼0.216. Because nmin
¼2 and ~v ¼ ½7=3� ¼ 3, we

have UB7,3
1 ¼fðð59�ð19þ19þ20ÞÞ=ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ9þ13
p

ÞÞ ¼ 0:578 (an
upper bound for p2),

p̂3 ¼min f
59�ð24þ19Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi

23þ4
p

� �
,f

59�ð22þ19Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32þ4
p

� �� �
¼ 0:998

p̂4 ¼min f
59�ð23þ19Þffiffiffiffiffiffiffiffiffiffiffi

9þ4
p

� �
,f

59�ð20þ19Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27þ4
p

� �� �
¼ 1

and UB7,3
2 ¼UB7,3

1

Q4
i ¼ 3 p̂i ¼ 0:575. As UB7,3

2 p1 ¼ 0:127oLB, the
node is fathomed.

It should be noted that in our implementation, we first verify

in each node the condition UBn�l,m�r
1

Qr
i ¼ 1 pioLB and if the node

is not cut by this first condition then UBn�l,m�r
2 is computed and

the condition UBn�l,m�r
2

Qr
i ¼ 1 pioLB is tested.

Dominance rule 4. In each node Nr
l , let J* be a dummy job with

mJn ¼minJj A JðNr
l Þ
fmJj
g and s2

Jn
¼minJj A JðNr

l Þ
fs2

Jj
g, and consider adding
J* to Mr at the next level of the search tree. If
Qr

i ¼ 1 pioLB, then all

the child nodes corresponding to C1
Nr

l
can be fathomed.

Proof. If we cannot add the dummy job to Mr due to dominance
rule 1 then for any job from JðNr

l Þ added to Mr, we will haveQr
i ¼ 1 pioLB.&

For the example, consider a node at level 3 with a1¼{J1, J2, J4}
and LB¼0.15. In the set J, the lowest mean is 19 and the lowest
variance is 4. If we add the corresponding dummy job to M1, then
p1 ¼fðð59�85Þ=

ffiffiffiffiffiffi
86
p
Þ¼ 0:003o0:15 and so we fathom the node.
5.2. Dominance rules for B&B2

Dominance rule 1. In each node Nl, if
P

if1,...,mg:9ai9onmin ðnmin�

9ai9Þ4n�l, then Nl is dominated.

Proof. For each Mi with 9ai9onmin, at least nmin
�9ai9 jobs need to

be added, otherwise the resulting solutions are dominated by LB

through Proposition 2, and the number of remaining jobs is
(n� l).&

This dominance rule does not allow to fathom parts of the
search tree in the example instance, but it can achieve efficiency
gains for instances with more jobs and machines.

Dominance rule 2. Dominance rule 1 of B&B1.

Proof. Straightforward.&

In each node of the search tree of both B&B1 and B&B2, the
dominance rules are applied in order of their numbering.
6. Computational results

6.1. Computational setup

All the procedures were coded in Visual Cþþ.Net 2008; all
computational experiments were performed on a laptop computer
with Pentium IV 2.00 GHz processor, 3.00 GB of internal memory and
a 32-bit operating system. In order to evaluate the performance of the
algorithms B&B1 and B&B2, we consider five values for the number of

jobs, n¼ 12,14,16,18 and 20, and three values for the number of

machines, m¼ 3,4 and 5. For each job j, the value of mj is drawn

from the normal distribution N[20,9] and the value of s2
j is drawn

from the uniform distribution on interval ð0,0:1m2
j �. The uniform

distribution for s2
j is chosen so as to obtain non-negative processing

times in virtually all cases. To evaluate the impact of the variance on

the CPU time, we also consider s2
j Að0,0:1Zm2

j �, for the three values

0.25, 0.5 and 0.75 for Z. Three instances are generated for each
combination of n, m and Z, leading to 5*3*3*3¼135 test instances in

total. The due date is chosen as d¼ mþ
ffiffiffiffiffi
m
p

s, where m¼
Pn

j ¼ 1 mj=m

and s¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn

j ¼ 1 s2
j =m

q
.

The reasoning behind our choices for the experimental settings
is the following: first and foremost, we test different values of n

and m. The choice of the variance was made so as to obtain non-
negative processing times in virtually all cases. Other values for
the due date have been tested, but for all of those the optimal
objective frequently went to one or zero and (almost) none of the
dominance rules worked properly. Finally, the value of the
expected duration is somewhat specific, but from our experi-
ments, we find that other choices for the expectation do not
significantly influence the interpretation of the results.
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6.2. Overall findings

In this section, the total run time of an algorithm is referred to
as TTotal while the time spent before finding an optimal solution is
referred to as TBest. All times are expressed in seconds (s). The
total number of nodes explored in the search tree is referred to as
nTNodes while the number of nodes explored until an optimal
solution is found, is referred to as nBNodes. Tables 2 and 3 show the
results obtained for B&B1 and B&B2, respectively. In detail, each
Table 2
Summary of the results for B&B1.

n m TTotal TBest nTNodes nBNodes

12 3 0.03 0.01 5498 2101

4 0.04 0.02 6506 2597

5 0.05 0.03 7494 2618

14 3 0.30 0.10 76,408 24,971

4 0.36 0.13 119,969 44,201

5 0.19 0.02 52,503 4681

16 3 1.73 0.71 558,521 230,007

4 4.56 0.89 1,899,443 372,308

5 4.31 1.41 1,839,663 605,891

18 3 23.38 5.04 7,766,514 1,674,670

4 91.13 33.02 35,729,885 13,000,505

5 146.66 58.55 61,227,780 24,542,967

20 3 243.6 37.84 78,124,171 12,124,558

4 1918.00 333.55 686,099,627 119,415,891

5 3652.03 560.01 1,400,604,653 220,726,079

Table 3
Summary of the results for B&B2.

n m TTotal TBest nTNodes nBNodes

12 3 0.05 0.01 26,543 1780

4 0.31 0.02 134,420 6022

5 1.38 0.08 504,717 17,788

14 3 0.40 0.01 256,507 1720

4 5.34 0.13 2,605,489 53643

5 24.94 0.64 10,032,771 243,993

16 3 2.47 0.07 1,442,141 39,834

4 41.29 1.15 18,483,122 503,668

5 327.40 5.17 121,799,224 1,878,149

18 3 22.35 0.38 13,790,248 227,487

4 745.17 24.52 342,970,665 11,125,236

5 7800.81 163.11 2,694,756,455 59,041,267

20 3 198.10 1.20 117,590,873 704,354

4 – 135.44 – 68,666,059

5 – – – –

Table 4
Average TTotal for different numbers of jobs and machines and different values of Z.

n m

12 14 16 18 3

B&B1 0.04 0.28 3.53 87.06 6.36

B&B2 0.58 10.22 123.72 2856.11 6.32
cell in Tables 2 and 3 is (unless mentioned otherwise) the average
of nine values (three replications for each of three values of Z).
We naturally observe an increase in TTotal, TBest, nTNodes and nBNodes

in both B&B1 and B&B2 when the number of jobs is increased.
A similar observation is made when the number of machines

increases, with two exceptions, namely the case of n¼ 14, m¼5
and n¼16, m¼5 in B&B1. Although these exceptions seem to
have a random character, sometimes they occur when n is
divisible by m. The empty cells in Table 3 show that B&B2 could
not be run to completion or that optimal solutions could not be
found within a reasonable time (3 h). Based on Tables 2 and 3, we
conclude that B&B1 is more efficient than B&B2.
7. Discussion of the results

7.1. Detailed comparison

In order to compare the performance of the two exact algo-
rithms, we take the average TTotal as the comparison criterion. For
a fair comparison, we exclude all test instances with n¼20
because B&B2 is unable to obtain the corresponding results.
Table 4 shows the average TTotal for B&B1 and B&B2 for different
numbers of jobs and machines and different values of Z. In
Table 4, TTotal for B&B2 is 2871% greater than for B&B1, averaged
over all values of n. B&B2 is slightly faster than B&B1 for m¼3
machines, but for large numbers of machines B&B1 is more
efficient. B&B2 has average TTotal around 2005% larger than
B&B1, across the different values for m. Similarly, for all values
of Z, B&B2 has average TTotal around 3202% larger than B&B1.
Overall, the average TTotal for B&B2 is almost 33 times larger than
the average TTotal for B&B1. This ratio will increase when larger
values are considered for the number of jobs.

We run each algorithm for 1, 5, 10, 30, 60 and 120 s in order to
evaluate B&B1 and B&B2 with limited CPU times; the results are
shown in Table 5. Each cell in Table 5 contains two numbers: the
average percentage deviation from the optimal objective value
and the number of optimal solutions found out of 135 test
instances. For time limits under 10 s, the deviation from optimal
for B&B2 is less than for B&B1 while the contrary holds for higher
time limits. Furthermore, in terms of the number of optimal
solutions found, B&B2 outperforms B&B1 for limits less than or
equal to 30 s while for higher thresholds, B&B1 is better than
B&B2.

In order to evaluate and compare the ability of B&B1 and B&B2
to solve large test instances, we report the average deviation from
the optimal objective value for the best solutions found within
Z

4 5 0.25 0.5 0.75

24.02 37.80 18.69 23.12 26.29

198.03 2038.63 648.00 771.17 816.32

Table 5
Average percentage deviation from the optimal objective value and number of

optimal solutions found (out of 135; between parentheses) within the CPU

time limit.

Time limit

(s)

1 5 10 30 60 120

B&B1 4.64(68) 3.24(88) 1.16(94) 0.52(106) 0.37(116) 0.16(122)

B&B2 4.08(87) 2.35(101) 2.26(106) 0.90(111) 0.88(115) 0.81(119)
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10 s. The results are shown in Table 6 for different numbers of
jobs and machines. From the table, we conclude that B&B2 is
generally better than B&B1 in generating heuristic solutions for
large test instances with limited running times when m is low; for
high values of m, on the other hand, B&B1 is preferable.
Table 6
Average percentage deviation from the optimal objective value within 10 s

run time.

n

12 14 16 18 20

B&B1

m 3 0.00 0.00 0.00 0.00 0.44

4 0.00 0.00 0.00 0.39 3.90

5 0.00 0.00 0.00 6.09 6.64

B&B2

m 3 0.00 0.00 0.00 0.00 0.32

4 0.00 0.00 0.00 0.26 0.55

5 0.00 0.00 0.50 10.19 22.12
7.2. Performance of the initial solution

The performance of the initial solution is evaluated in Table 7.
Each cell of this table contains the average optimality gap of the
solutions produced by the initial solution procedure. Averaged
over all test instances, the deviation from optimal is almost 25.3%.
This deviation will tend to increase with increasing number of
jobs and machines, although Table 7 contains some exceptions to
this general observation.
Table 7
Average optimality gap for the initial solution.

n

12 14 16 18 20

m

3 5.96 28.75 21.04 4.38 18.62

4 11.04 46.49 10.73 36.33 5.45

5 56.45 45.07 32.76 47.10 8.12
7.3. Impact of the dominance rules

Table 8 reports the average percentage deviation from optimal for
different variants of B&B1: in the table, setting ‘‘B&B1’’ refers to B&B1
with all of its dominance rules, while ‘‘B&B1-(i)’’ pertains to B&B1
without dominance rule i (i¼ 1,2,3,4). By removing each of the
proposed dominance rules in turn, we can evaluate the impact of the
rules on the algorithm’s performance. Each variant is run with a 10-s
Table 8
Impact of the dominance rules for B&B1.

B&B1 B&B1-(1) B&B1-(2) B&B1-(3) B&B1-(4)

1.16 2.52 2.93 1.94 1.45

Table 9
Impact of the dominance rules for B&B2.

B&B2 B&B2-(1) B&B2-(2)

2.26 2.37 14.93
time limit. Table 8 indicates that dominance rule 2 is the most
effective, followed by rules 1, 3 and 4, in that order.

Similarly, Table 9 evaluates the dominance rules of B&B2. We
see that dominance rule 1 has a rather minor impact while
dominance rule 2 seems to be very effective.
8. Conclusions and outlook on future work

In this paper, the robust parallel machine scheduling problem
RPMSP is studied, which aims to maximize customer service level
in a parallel machine environment. A solution representation is
proposed that prevents repetitive enumeration of equivalent
solutions in a search tree. Furthermore, two branch-and-bound
algorithms (B&B1 and B&B2) are developed for finding optimal
solutions. These two algorithms differ in their branching
schemes: B&B1 loads machines sequentially while B&B2 does
this simultaneously. We also describe an upper-bounding proce-
dure and a heuristic algorithm that produces an initial lower
bound. In order to accelerate the B&B algorithms, four dominance
rules for B&B1 and two dominance rules for B&B2 are incorpo-
rated. Experimental results demonstrate that B&B1 is more
efficient overall but that for short run times (less than 10 s),
B&B2 regularly achieves a lower average deviation from the
optimal objective value.

To the best of our knowledge, this paper is the first to study
robust scheduling of parallel machines with stochastic job dura-
tions, and as such is a step in the direction of the development of
robust plans for practical large-scale scheduling environments.

Nevertheless, the restriction to a parallel machine environ-
ment is still an important limitation of this work. As a future
research opportunity, we distinguish robust scheduling in more
complicated scheduling environments (e.g. flow shop, job shop,
open shop); this would constitute an important step also towards
the possibility of practical implementation of the models. The
development of other exact, heuristic or meta-heuristic proce-
dures for the RPMSP may also be interesting research topics.
Another limitation of this paper is the fact that all processing
times are assumed to be normally distributed, and so a direct
relevant generalization of our work is the consideration of other
probability distributions and of distribution-independent proce-
dures; this will probably require approximation methods for
computing customer service level. Also, the optimality gap of
our initial heuristic is still rather large for a number of the
instances tested; future work should focus on constructing a
better starting heuristic, which may lead to a significant speed-up
of the search procedures. Finally, the question whether a perfor-
mance guarantee can be established for the initial heuristic also
remains open.
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Appendix. improvement of mmin

For some RPMSP instances, such as for the example instance
used in this paper, the value obtained for nmin is rather low and
does not achieve a significant speed-up of the algorithms. In this
appendix, we describe an improvement procedure for nmin. In
view of the extensive running times, however, we have not
included this procedure in the implementations that were tested
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in Sections 6 and 7. The intuition of the procedure is illustrated on
the example instance. If we assume nmin

¼1, nine jobs should be
assigned to three machines M2, M3 and M4. If we suppose these
nine jobs are equal (later on, we remove this assumption), there
are seven ways for assigning these nine jobs to three machines
such that each machine has at least nmin jobs, as follows:
{(1,1,7),(1,2,6)(1,3,5)(1,4,4)(2,2,5)(2,3,4)(3,3,3)}, where each triple
shows (9a29,9a39,9a49). In order to compute an easy upper bound
for each case, we consider the condition of Proposition 1. Consider
the case (3,3,3), for instance, implying 9a19¼1, 9a29¼3, 9a39¼3
and 9a49¼3. The upper bound in this case is fðð59�19Þ=ffiffiffi

4
p
Þðfðð59�ð19þ19þ20ÞÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ9þ13
p

ÞÞ
3
¼ 0:192. Next, we select

the case having the maximum upper bound and compare it to the
current lower bound. If the upper bound is less than the lower
bound, we conclude that nmin should be increased. For the
example, the case (3,3,3) has the maximum upper bound among
the seven cases. In B&B1, at the beginning of the procedure we
have LB¼0.15, which does not allow us to increase nmin. Consider
now the node corresponding to the following solution: a1¼{J1, J2},
a2¼{J3, J6}, a3¼{J4, J5, J7} and a4¼{J8, J9, J10}. The customer service
level of this solution is 0.216 and since 0.192o0.216, we update
nmin to the value 2 for the rest of search.
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