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Abstract—In this paper, we introduce multiple-access half-
degraded relay channel (MAHDRC), an important model in
cooperative uplink of cellular communications, and obtain an
achievable rate region for it, using superposition coding, message
splitting-partitionning and jointly decoding strategy. According
to the possible states for unknown relay channels, also we
introduce other types of multiple-access relay channels (MARC).
For all of these special MARCs, we obtain the achievable rate
regions. Then, we extend the obtained results to the Gaussian
case and illustrate the results numerically.

Index Terms—Multiple-access relay channel; decode and for-
ward strategy; superposition coding; jointly decoding; multiple
access half-degraded relay channel; reversely degraded relay
channel; orthogonal components.

I. INTRODUCTION

Multiple-access relay channel was introduced by Krammer-
Wijengaaren [1]. In multiple-access relay channel, some
sources communicate with one single destination with the help
of a relay node. An example of such a channel model is
the cooperative uplink of some mobile stations to the base
station with the help of the relay in a cellular based mobile
communication system.

In [2], the multiple-access relay channel with orthogonal
components was introduced and for it, a capacity region was
obtained. For this model, in fading environment, the capacity
region was obtained. the capacity region for fading MARC
with common information was investigated in [3]. Many recent
results concerning coding strategies on the MARC can be
found in [4], [5] and [6]. An achievable rate region of the
MARC with relay-source feedback was established in [7].

The rest of the paper is organized as follows: In section II,
we have preliminaries and some definitions. In the section III,
we introduce and prove the main theorem. The results of the
main theorem and the extension of the results to the Gaussian
case are studied in section IV. Finally, we conclude the paper
in section VL

II. PRELIMINARIES AND DEFINITIONS
A. Notation

In this paper, we use the following notations: random
variables (r.v.) are denoted by uppercase letters and lowercase
letters are used to show their realizations. The probability
distribution function (p.d.f) of a r.v. X with alphabet set
X is denoted by Px(x) where » € X; Pix|y)(z|y) denote
the conditional p.d.f of X given Y. A sequence of r.v.’s
(Xki1, -, Xgn) with the same alphabet set X is denoted by
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Fig. 1.

An N-source multiple-access relay channel

X} and its realization is denoted by (x 1, ,Zk,n), Where
k is index for k' sender. The set of all e-typical n-sequences
X™ with respect to the p.d.f Px(z), is denoted by A”(X).

B. Some Definitions

Fig. 1 shows an N-source discrete memoryless
MARC which is defined by (&) x X Xy X
XRap(yRayD‘xla"’ 7$N;xR)7yR X yD)’ where YD

and Yy are the channel outputs of the receiver and the
relay, respectively; X, (k = 1,---,N) and Xp are the
channel inputs which are sent by the transmitter and the relay,
respectively.

1) Multiple-Access Degraded Relay Channel (MADRC): In
multiple-access degraded relay channel, all channels between
the senders and the relay are better than direct channels, such
that for MADRC, we have for N = 2:

p(x1, 22, TR, YR, YD) = (D
p(xlv X2, fR)P(yR|$1> X2, xR)p(yD|1'R7 yR)

2) Multiple-Access Reversely Degraded Relay Channel
(MARDRC): In multiple-access reversely degraded relay chan-
nel, all channels between the senders and the receiver are better
than channels between the senders and the relay, hence, we
have for N = 2:

p($1a$27$R>yR>yD) = (2)
p(z1, 22, 7R)p(YD|71, 22, 2R)P(YR|YD, TR)

3) Multiple-Access Relay Channel with Orthogonal Compo-

nents (MARCO): X (k = 1,2), is divided to orthogonal com-

ponents (X i, X pr) and these components are sent from the
senders to the relay (Xgy) and from the senders and the relay
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to the receiver (Xpg, Xr). A discrete memoryless multiple-
access relay channel is said to have orthogonal components
if the channel input-output distribution for N = 2 can be
expressed as

P(yp,Yr,TR1,TR2,TD1,TD2,TR) = P(Yr|TR1,TR2, TR) (3)

2
P(yplrpy, xp2, 2r)Pxr) [ [ P(wrklzr)P(zpk|zr)
k=1

4) Multiple-Access Half-Degraded Relay Channel (MAH-
DRC): In multiple-access half-degraded relay channel,
m (m < N) channels between senders and relay are better
than direct channels and the state of N — m of them are not
known.

5) Multiple-Access Semi-Degraded Relay Channel (MAS-
DRC): In multiple-access semi-degraded relay channel,
m (m < N) channels between senders and relay are better
than direct channels and in the rest of channels, channels
between senders and receiver are better.

III. MAIN THEOREM

Theorem. An achievable rate region of two-source
multiple-access half-degraded relay channel with m = 1 is
given by
U(R1, Ry) :

Ry < min(1(X1; Ya|Us, Xr), (4a)
I(X3;Yp|Us, X3, Xp) + I(Xps VD))

Ry < min(1(Uz, Xo3 Yo | X1, Xp) + [(Xp: V), (4b)
I(Us; Yl X1, Xp) + I(Xa3 Yp|Us, X1, Xn) )

Ry + Ry < min(I(X1, Xz, Xr; Yp), (40)
10Xy, U Yr|Xr) + 1(X23 Yp| X1, U, X))

where yp and yg are the the channel outputs and are received
by the receiver and the relay, respectively; zp, & = 1,2,
and zr are the channel inputs and are sent by the transmit-
ter and the relay, respectively. The union is taken over all
p(x1,x2,u2, xr) for which

(&)

p(xr)p(uz|zr) P(z2|uz, R)P(T1|7R)

p($1,$27u2,$R) =

Proof: We consider the messages wy, k = 1,2, with the
rates Ry, k = 1,2, to be sent by X, £ = 1,2. We split the
message wsy into two parts wjh and wj with respective rates
R, and R (R = R, + RY). We consider B blocks, each
of n symbols. We use superposition coding. In each block,
b=1,2,---, B+ 1, we use the same set of codebooks:

C= {$Tll%(m)vuQ(maj)axl(maq)ax2(majal)
jel:2M2] me[l:2 1e1:2"f], g e[1: 2"}

Now, we proceed with proof of achievability using a random
coding technique.
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Random codebook generation: First, fix a choice of
P(ug, xR, x1,x2) = P(xr)P(us|zr)P(x2|us, zr)P(z1|TR)

1) Generate 2" independent identically distributed n-
sequence z', each drawn according to P(z7)
[T\, P(zg,) and index them as a;%(m), m € [1:2nf).
For each 27 (m), generate 2"f2 conditionally inde-
pendent n-sequence wuj, each drawn according to
P(uy|zh(m)) = H?:]’ P(ugt|zp(m)). Index them as
ug(m,j), j € [L: 2",
For each {z%(m),uy(m,j)}, generate
conditionally independent n-sequence 3,
dreTllwn according to P(z%|z}(m),us(m,5))
| P(x21t|xR,t(m),u/lg,t(m7j)). Index them
x%(m, j,1), 1 € [1:2"ERz2],
For each x%(m), generate 2" conditionally inde-
pendent n-sequence z7, each drawn according to
P(ay|ah(m)) =TI}, P(z1.|zr,(m)). Index them as
at(m,q), g € [L:2"F].
Partition the sequence =7 into 2" ping, randomly.
Partition the sequence (u},x%) into 2" bins, randomly.
Partition the sequence (u%,z%,x7) into 2" bins, ran-
domly.

2)

3) onRy

each

as

4)

5)
6)
7)

Encoding: Encoding is performed in B + 1 blocks. The
encoding strategy is shown in table I.

1) Source Terminals: Message wy is divided into two
parts,w), and w}, and they are split into B equally
sized blocks wh ,,wh, b = 1,...,B. Similarly, w; is
split into B eqﬁally sized blocks wipy b=1,...,B.
In block b = 1,---,B + 1, the first encoder sends
x’ib(mb, wy,p) over the channel and the second sender
sends xy ,(mp, wyy,, wy,) where mo = mpi1 =
Wh py1 = Wy pyy = w1 =L

2) Relay Terminal: After the transmission of block b is
completed, the relay has seen yp ,. The relay tries to
find My, W} ,, Wy, and Wy, such that

(1 . ). 50 001 ). 5 5 1.1), )
S A?(U27 XR7 Xla YR)(6)

where my_1 is the relay terminal’s estimate of mg_y. If
one or more such m; are found, then the relay chooses
one of them, and then transmits x ,  (772) in block
b+ 1.

Sink Terminal: After block b, the receiver has seen
Y p—1 and yp, , and tries to find mp—_1, Wh, 4, Wy, 4
and wy p—1 such that

3)

(ehol0-1),05s) € AX(Xrs YD) (@)

and
(s (1, 1), 27y (1, 1),

n ~ ~/ ~/! n A~ n
Top—1 (mp—1, Wy p—15 U’z,bq)v TRb—1 (1p—2), yD,bA)

€ AY(Uz, X1, X2, XR, YD) (8)



TABLE I
ENCODING STRATEGY

Block1

Block2

Block B+1

T’y 1(1)

' 5(ma)

957112,3+1(m13)

uy 4 (ma,wj )

“3,2 (ma, w/2,2)

uy ppa(1,1)

zf (M1, w1,1)

x5 (M2, w1,2)

i g1, 1)

n T 7T
z2,1(7'”17“’2,17“’2,1)

n 7 77
$2,2(m21w2,21w2,2)

:D;LB+1(11 17 1)

Decoding and error Analysis: It can be shown that the relay,
after determining % from y%, uses jointly decoding and can
decode reliably if

Ry < I(X1;YR|XR, Uz) )
R, < I(Us; Yg|XR, X1) (10)
Ri+ Ry < I(X1,Us; Yr|XR) (11)

and the receiver decodes x% and other messages jointly, with
arbitrarily small probability of error if

Ry —I(Xg;Yp) < I(X1;Yp|XRg, Uz, Xs) (12)
Ry <I(X2;Yp|Xg,Us, X1) (13)

R/Q + RIQI - I(XR; YD) S I(UQ, X2; YD|XR, Xl) (14)

Rl + R/Q + R/Q/ - I(XR; YD) S I(UQ, Xl, X2; YD|XR115)

Therefore, by fully considering (9)-(15), the theorem is

proved. ]
IV. THE RESULTS OF THEOREM

A. The Capacity Region of multiple-access Degraded Relay
Channel (MADRC)

With substitution Uy = X5 [8] in (4a)-(4b) then MAHDRC
is an MADRC ((X1, X2) — (Xg, Yr) — Yp) and there exists
p(x1, T2, xR, us) = p(x1,x2,xR) such that for MADRC, we
have:

p(z1, 22, TR, YR, YD) = 16)
p(z1, z2, 2R)P(YrR|T1, T2, TR)P(YD|TR, YR)

Ry < min(I(X1;Yr| X2, Xg), [(X1, Xg; Yp|X2))  (17a)
Ry < min(I(Xa; Yr| X1, Xr), [(X2, Xg; Yp|X1))  (17b)
R+ Ry < (17¢)

min(I(Xl,Xz; Yr|XRr), (X1, X2, Xg; YD))

It is shown in [3] that achievable rate in (17a)-(17c) meets
its outer bound; therefore, the above achievable rate is the
capacity region.

Gaussian case: We can extend the above achievability results
to the Gaussian case. Consider the independent, zero mean,
unit variance, Gaussian random variables Vi, and W}, k =
1,2, such that

Xi = VPe(VarVi + VI — apWi) (18)
2
Xp=+/PrY_\/BiVi (19)
1=1

where 0 < oy, < 1,58, > 0 and Z?Zl B; = 1. The outputs of
the channel are,

Yp = gp1 X1 + gp2Xo +grXr + Zp (20)

Yr = gr1X1 + greXo + Zgr (2D

We assume that all channel gains are unit. The Zp and
Zr denote independent Gaussian random variables with zero
mean. The channel input sequences are subject to the following
average power constraints,

1 n
—> EXZ )< P, k=12 (22)
n t=1

1< )

- > E[X},) < Pr (23)

t=1

Let pi, kK = 1, 2, be the correlation coefficients between X,
and Xpg. The rate region for the Gaussian MADRC is given
by,

Pi(1—p?
R, < min(C(%), (24a)
1
Py + Prp +2p1V/P1 PR
o N )
2
)
Ry < min(C( 21— p3)) (24b)
Ny
Py + Pr + 2p2/ P2 Pr
e ~ )
2
1— p?) 4+ Py(1 — p?
R+ Ry < min(C(Pl( pl); 2(1=pa)y (24c)
1
O(Pl + P+ Pr+2p1vVPiPr+ 2psz2PR))

No

Using (24a)-(24c), the achievable rate region for the AWGN
MADRC has been computed with P;/N; = P,/N; =
10, Pi/Ny = P,/Ny = 1, Pgr/Nyo = 5. The results are
shown in Fig. 2.

B. The Achievable Rate Region of Multiple-Access Semi-
Degraded Relay Channel (MASDRC)

If Uy = Xg [8] for m < k < N; therefor, MAHDRC
is an MASDRC. Then there exists for N = 2 and m = 1,
p(x1, 2, R, us) = p(x1, 22, xRr) such that for MASDRC, we
have:

(25)

p(z1, 22, 2R)P(YR, YD |T1, T2, TR)

p(xla xo, vavayD) =



Fig. 2. Rate region for the AWGN MADRC with P; /N1 = P>/N; =
10, P1/No = P,/N2> =1, Pr/N2 = 5.

We obtain achievability of (Ry, Rs) if

Ry < min(I(Xy1; YR|XR), [(X1, Xg; Yp|X2)) (26a)
R2 S mil’lI(XQ;YD|X1,XR) (26b)
Ry + Ry < min(I(X1, X2, Xg; Yp), (26¢)

I(X1;YR|XR) + I(X2;Yp| X1, X))

Gaussian case: For extending the results to the Gaussian
case, we use the relations (26a)-(26c). The rate region for the
Gaussian MASDRC is given by,

9 9
Rl §m1n<C(P1(1 p1)+P2(]' pQ)), (273)
Ny
Py + Pr +2p1V/ P Pr
o - )
2
Py(1—p2
Ry < C( > p2)> (27b)
2
Ry + Ry < min( 27¢)
Pi(1—p3) + Po(1—p3) Py(1 - p3)
C( N )+ C( N, )s
Py + Py + Pr+2p1VP1Pr + 2p2y/ P> P

C( ))

Ny

Using (27a)-(27¢), the achievable rate region for the AWGN
MASDRC has been computed with P;/N; = P»/Nj
10, Py/Ns = P,/N1 = 1, P /Ny = 5. The results are shown
in Fig. 3.
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Fig. 3.
10, P1 /Ny = Py /N1 =1, Pp/N3 = 5.

Rate region for the AWGN MASDRC with P; /N1 = Py /N> =

C. The achievabe Rate Region of Multiple-Access Degraded-
Orthogonal Relay Channel (MADORC)

If Xo = (Xgo,Xp2), and Uy = Xpgo [9]; therefore, an
achievable rate region for MADORC is obtained as following:

Ry < min(I(Xy; Y| X po, Xr), (284)
I(X1;Yp|Xp2, Xp2, Xg) + I(Xg; YD))
Ry < min(I(X o, Xpo: Yp| X1, Xg) + I(Xg: Yp)), (28b)
I(XRgo; Yr|X1, Xr) + I(Xp2; Y| XR2, X1, XR)
R+ Ry Smin(I(Xl,XRQ,XDQ,XR;YD), (28¢)

I(X1, Xr2; Yr|XR) + I(Xp2; YD | X g2, X1, XR))
where the union is taken over

P(xR1,%R2,Zp1,TD2,TR) = (29)

P(xr)P(x1|xg)P(xp2|rr)P(TRr2|TR)

Gaussian case: In Gaussian case, we let Xpo
N(0,0ZQPQ),O S (65) S ]., and XR2 ~ N(0,62P2)762 =
1 — ag, be independent, and Xrp ~ N(0, Pg), is jointly
Gaussian with Xpo and Xpgo with correlation coefficients

~

PD2 = B(X2)E(XD,) and pry = B(x2)B(x2,)" "OPCC
tively. The outputs of the channel are,

Yp = gp1X1 + 9p2Xp2 + grXr + ZD (30)

Yr = gr1X1 + greXre + Zr (31

We assume that all channel’s gain are unit. The Zp and
Zr denote independent Gaussian random variables with zero
mean. The channel input sequences are subject to the following
average power constraints,

n

1
—Y EX},]<P (32)
n t=1

l - 2 2

" Z EXfg, + Xpo < P (33)

t=1
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Fig. 4. Rate region for the AWGN MASODRC with P;/N; =

10, P1/N2 =1, P/N1 = P,/N2 =5, Pr/Na = 5.

1 n
S EIXR] < P

(34)
t=1
The rate region for the Gaussian MASODRC is given by,
Pi(1—p?
Ry < min(C(l(Tlpl)), (35a)
P1 +PR +2p1 P1PR
S )
2
Qo Py (1 — p2 Py(1 — p?
R2 S min(C(a2 2( pRQ))jC(CVQ 2( pDQ))) (35b)
Ny No
Ri+ Ry < min( (35¢)

Pi(1 - p}) + @2 Po(1 — phy) @ Po(1 — phy)

e = )+ (2P0 pba),,
C(Pl + Py + Pr + 2p1/ P Pr + 2/)D2\/C¥2P2PR))
No

Using (35a)-(35c), the achievable rate region for the AWGN
MASODRC has been computed with P, /N; = 10, P, /Ny =
1, Po/N; = P,/Ny =5, Pr/Ny = 5. The results are shown
in Fig. 4.

V. CONCLUSION

In this paper, we introduced multiple-access half-degraded
relay channel (MAHDRC) and obtained an achievable rate
region for it and according to the MAHDRC, we introduced
other types of multiple-access relay channels (MARC) such as
multiple-access degraded relay channel (MADRC), multiple-
access semi-degraded relay channel (MASDRC) and multiple-
access degraded-orthogonal relay channel. For all of above
MARC s, we obtained the achievable rate regions. Also, we
extended the results to the Gaussian case and illustrated them
numerically.

REFERENCES

[1] G. Kramer and A. Van Wijngaarden, “On the White Gaussian Multiple-
Access Relay Channel,” in IEEE Int. Symp. on Information Theory (ISIT
2000) (Sorrento, Italy, June 25 - June 30, 2000), p. 92.

73

(2]

(3]

[4]

[5]

(6]

(71

(8]

(9]

M. Osmani-Bojd, A. Sahebalam, and G. A. Hodtani, “The Capacity
Region of Multiple-Access Relay Channel with Orthogonal Components,”
accepted in International Conference on ICT Convergence (ICTC 2011)
(Seoul, Korea).

M. Osmani-Bojd, A. Sahebalam, and G. A. Hodtani, “The Capacity
Region of Fading Multiple-Access Relay Channels with Common In-
formation,” accepted in IEEE International Conference on Information
Theory and Information Security (ICITIS 2011) (Hangzhou, China).

G. Kramer, P. Gupta, and M. Gastpar, “Information-Theoretic Multi
Hopping for Relay Networks,” in International Zurich Seminar on Com-
munications (1ZS), (Feb. 2004), pp. 192-195.

L. Sankar, G. Kramer, and N. Mandayam, “Hierarchical Sensor Networks:
Capacity Bounds and Cooperative Strategies using the Multiple-Access
Relay Channel Model,” in First IEEE Conference on Sensor and Ad Hoc
Communications and Networks (SECON 2004), (Santa Clara, Canada,
Oct. 2004), pp. 191-199.

L. Sankar, G. Kramer, and N. Mandayam, “Offset Encoding for Multiple-
Access Relay Channels,” IEEE Trans. Inform. Theory, vol. 53, no. 10,
pp. 3814-3821, Oct. 2007.

J. Hou, R. koetter and G. Kramer, “Rate Regions for Multiple-Access
Relay Channels with Relay-Source Feedback,” in IEEE Information
Theory Workshop (ITW 2009), (Oct. 2009), pp. 288-292.

G. A. Hodtani and M. R. Aref, “Capacity of a More General Class of
Relay Channels,” in IEEE Int. Symp. on Information Theory and lIts
Applications (ISITA 2008) (Auckland, New Zealand, December 7-10,
2008), pp. 1-4.

A. E. Gamal and S. Zahedi, “Capacity of A Class of Relay Channels
with Orthogonal Components,” IEEE Trans. Inform. Theory, vol. 51, no.
3, May 2005.



