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Abstract—In this paper, we introduce multiple access relay
channel with orthogonal components from the senders to the
relay receiver and from the senders and relay to the receiver.
Our model is motivated by the practical constraint in wireless
communications that a node cannot send and receive at the same
time or in the same frequency band. For this model, we derive
a capacity region. Superposition block Markov encoding and
multiple access channel encoding and decoding strategies are
used to prove the results and then we extend the results to the
Gaussian case.

Index Terms—multiple access relay channel; orthogonal com-
ponents; decode and forward strategy; Gaussian channel.

I. INTRODUCTION

The relay channel was first introduced by Van der Meulen
[1]. In [2], the capacity of degraded and reversely degraded
relay channels and the capacity of the relay channel with
feedback as well as upper and lower bounds on the capacity of
the general relay channel were established. In [3], the capacity
of semi deterministic relay channel , in [4], the capacity of the
relay channel with orthogonal components, in [5], the capacity
of modulo-sum relay channel, in [6], the capacity of a class
of deterministic relay channel and in [7], capacity of a more
general class of relay channels have been determined.

Relaying has been proposed as a means to increase coverage
area of wireless networks. Relay nodes in cooperation with the
users, act as a distributed multi antenna system. Nowadays,
there has been much research on a multi-user extension of the
relay channel, e.g. multiple access relay channel (MARC). In
[8], MARC is introduced, where some sources communicate
with one single destination with the help of a relay node. An
example of such a channel model is the cooperative uplink of
some mobile stations to the base station with the help of the
relay in a cellular based mobile communication system. Fig.
1 shows an N-source MARC.

Many recent results concerning coding strategies on the
MARC can be found in [9]-[11]. An achievable rate region
for the MAC with feedback was established in [12].

II. PRELIMINARIES AND MAIN RESULTS

We Divide X (k = 1,---,N), to orthogonal components
(Xgk, Xpr) and send these components from the senders
to relay receiver (Xpgi) and from the sender and relay to
the receiver (X py). For this model (MARCO), we derive a
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Fig. 1: An N-source multiple access relay channel

capacity region and extend the result to the Gaussian case.

A discrete memoryless multiple access relay channel is said
to have orthogonal components if the channel input-output
distribution can be expressed as

P(yD7yR717R17 3 TRN,TD1," " ,mDN71'R) =
P(yrl|zr1,---,2rN,zR)P(yp|ZD1, -+, DN, TR)
xP(zr) [[1, P(zre|zr)P(zpr|zr) (1)

where Xp, Xgr and Xpr (k = 1,---,N), are the inputs,
Yp and Yy are the outputs, all with finite alphabets, and
P(yD, yR|mR1, ©*yTRNsTD1, """ s TDN, JER) is the channel
probability function.

In Gaussian multiple access relay channel with orthogonal
components the channel input sequences are subject to the
following average power constraints

L
— Vit ElX gy + XDl < Py (K=1,---,N) ()

J N,
; Et:l E[XIQ?,,t] < Pr 3)
At the ¢ transmission (t = 1,---,n), XRkt, Xpit (k=
1,...,N), and Xp . are sent and the channel outputs are
Yr: = fozl 9REX Rkt + Z1t “4)
Yp: = Efj:l 9ok XDkt + 9rX Rt + Zot 5)
where N is the number of senders, Z,, = (Zm1,-.., Zmn)s

m = 1,2, is a sequence of independent identically distributed
(i.7.d) normal random variables with zero mean and variance
N 9rk»> gpk (k=1,---,N), and gg are the channel gains;
Sk = 9hrTEE, Spk = ghy Rk, and Sk = g} &2 are the
signal to noise ratio (SNR) of the channels, where Ppy, = a Py,
and Prr =aP, 0<ar <1, ar=1-—ag).

Now, we express main results as two following theorems.

ICTC 2011



Theorem 1. The capacity region Cy;arco of two-source
multiple access relay channels with orthogonal components is
given by

Cvarco = U{(Rh Ry)

0 < Ry <min{l (Xp1,Xr;Yp|Xp2), (6a)
I (Xr1;Yr|XR2, Xr) + I (Xp1;YD|XD2, XR)}

0 < Ry <min{I (Xp2, Xr;Yp|Xp1), (6b)
I (XRr2; YR|XR1, Xr) + I (XD2; YD|XD1, XR)}

0 < Ry + Ry <min{/ (Xp1, Xp2, Xr; YD), (6¢)
I (X1, Xroi YalXr) + 1 (X1, X2 Yol Xr)} |

where the union is taken over

P(xR,2R1,TR2,TD1,TD2) (N

=P(zgr)P(xr1|zr)P(xpi|zr)P(xr2|zr)P(xp2|zR)
Theorem 2. The capacity region Cy;arco of two-source

Gaussian multiple access relay channels with orthogonal com-
ponents is given by (C(z) = Llog(1+z), x> 0)

=32
0 < R; <min{C (Sm +Sr+2pp1vV SDlsR) ; (8a)
C ((1 - p?ﬂ)SRl) +C ((1 - P2D1)SD1)}
0 < Ry <min{C (Sm + Sr+2pp2y/ 5D2SR) ; (8b)
C ((1 - P?%2)SR2) +C ((1 - P2D2)SD2)}
0< R+ Ry < min{C ((1 — pQDl)SD1 + (1 — p2D2)SD2)
+C ((1 - p1)Sr1 + (1 — p?gg)SRz) , (8¢c)

c (Sm +Sp2+ Sr+2pp1vVSp1SR + 2pp2V 5D25R)}

where ppi and ppry are the correlation coefficients between
Xpr and Xpgy with Xg, respectively.

The above two theorems can be easily generalized to N-
source MARCO.

III. PROOF OF THE MAIN RESULTS
A. Proof of Theorem 1

1) Achievability part: The two-source multiple access relay
channel with orthogonal components is shown in Fig. 2.

Definition: A ((2"F1,2"82 n) code, (Ry = Rpi +
Rpi1, R = Rpas + Rpay), for the multiple access relay
channel with orthogonal components consists of two sets of
integers w; = (wgi,wpy) € [1: 2"FrR] x [1: 27Fp1] and

wy = (Wga, wp2) € [1 : 2nFr2] x [1 : 2nEp2]  called the
message sets; two encoding functions,
X1 : W1 = (WRl,Wpl) — Xln = XEI XXBl (9a)
Xo : Wo = (Wr2,Wp2) — X' = Xpyx Xy (9b)
a set of relay function {f;}?_; such that
Xpe=f{Yg '}, 1<t<n (10)

and a decoding function,
g:Yp — Wi xWa= (W1, Wp1) x Wr2, Wp2) (11)

Sender 1 chooses an index w; = (wgi,wp1) uniformly
distributed over [1 : 2"Fri] x [1 : 27Fp1] and sends the
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Fig. 2: A 2-source multiple access relay channel with orthog-
onal components

corresponding codeword over the channel. Sender 2 does
likewise. Assuming that the distribution of messages over
the product set WW; x Ws is uniform, we define the average
probability of error for the ((27f% 2%z pn) code as follows:

P = (12)

m Z Pr{g(Y}) # (w1, w2)|(w1, we)has been sent}
(w1, w2) EW1XWo

A rate pair (R, R») is said to be achievable for the multiple
access relay channel with orthogonal components if there
exists a sequence of (2771, 27%2) n) code with P™ — 0.
We consider B blocks, each of n symbols. We use super-
position block Markov encoding. A sequence of B messages
W13 X W2 ; = (le,iale,i) X (’sz,mez,i), i=1,2,---,B
will be sent over the channel in nB transmissions. In each n-
block, b =1,2,---, B+ 1, we use the same set of codebooks:

C= {x%(v)vxgl(uj%x%Q(UJ l)7x%1(v7Q)ﬂ $%2(07u)}
v = (v1,v) € [L: 2"t R)] e [1: onfim]
Le[1:27fr2] g e[1: 2" ] e [1: 202
Now we proceed with the proof of achievability using a
random coding technique.
Random codebook generation: First fix a choice of
P(J:R)P(JSRl|$R)P($RQ|JUR)P(3}D1|JER)P(.23D2|xR).
1) Generate 2"(f1+12) independent identically distributed
n-sequences x',, each drawn according to P(z7%)
i+ P(xpy). Index them as z'h(vi,v2), v1 € [1 :

2”1}{11], vy € [1:27R2),

2) For each x7%(v), generate 2"Fr1  conditionally
independent n-sequence x’y; drawn according to
Pz 2% (v) = 117, P(zRr14|zRe(v)). Index them
as %, (v, ), j € [1:2nBr1],

3) For each x%(v), generate 2"Er2  conditionally
independent n-sequence z'%, drawn according to
P(zhyla%(v) = TIi., P(xr2t|zRt(v)). Index them
as T'hy(v,1), 1 € [1: 2nfirz],

4) For each x%(v), generate 2"Ep1  conditionally
independent n-sequence z',; drawn according to
Pz’ | (v)) = [Ij=, P(p1t|rre(v)). Index them
as 2%, (v,q), g € [1: 2",

5) For each x%(v), generate 2"7P2  conditionally

independent n-sequence '),

P(ahyl(v) = [Ti—, Plep2s

as 'y (v, u), u € [1: 2nfn2],
Encoding: Encoding is performed in B + 1 blocks, The

drawn according to
zgt(v)). Index them




TABLE I: Encodmg Strategy
Block 2

IR 2(wR1,17wR2,1)

Ty o (WR1,1, WR1,2)

Ty o (WR2,1, WR2,2)

%, 5(wp1,1,wp1,2)

zhy o (Wp2,1, wp2,2)

Block 1

T 1(17 1)
T 1(1va1,1)
w%z 1(17'LUR2,1)
w%1 1(17wD1,1)
x%z,l(l’U’DZl)

Block B+1
T’ B+1(wR1,B,sz,B)
Thy B+1(wR1,Bv 1)
93711:{2 B+1 (wr2,B,1)
Ty B+1(wD1,Bv 1)
Tho py1(WD2,8,1)

coding strategy is shown in Table L.

1) Source terminals: The messages are split into B
equally sized blocks wri1,b, WR2,b, WD1,b, WD2,b, b =

1,2,---,B. In block b = 1,2,---,B + 1, the
sender 1 transmits ', ,(WRr1b—1,WR1,») and
z'hy p(Wp1,p—1,Wp1,p), Where wrio = Wg1B+1 =

wp1,0 = Wp1,B+1 = 1. Sender 2 does likewise.

2) Relay Terminal: After the transmission of block b is
completed, the relay has seen yj ,. The relay tries to

find a pair (Wg1 b, Wra,p) such that

<$71L{1,b(1/§R1,b71, WR1,b), Tha p (WR2,6—1, WR2,b),
T (WR1 -1, WR2p-1), y%,b)e Al (XRr1, Xr2, Xr, YR)

where 57731,17—1 and @\Rgﬂb_l are the relay terminal’s
estimate of wgryp—1 and wgrop—1 , Tespectively. If one
or more such Wgri p and Wra, are found then the relay
chooses one of them, calls thls ch01ce i R1,b and @ R2,b
and then transmits 5, b+1(le b, Wr2p) in block b+ 1.
If no such wgi and Wgep are found, the relay sets
@Rl,b,l = 1 and 1%32,1771 = 1 and then transmits

x?‘i,b+1(17 1)'

3) Sink Terminal: After block b, the receiver has seen

yDb . and yDb and try to find Wgip—1, WR2,b—1.
Wp1,5—1, and Wpo p—1 such that

~ ~

=
=
w

n :\/\\ ~ n ~
(xR,b—l(le,bf%wRQ,b*2)7$D1,b71( D1,b—2,WD1,b-1),

W)

Zhop—1(WD2,6—2,WD2,6—1), y}s,b_l)EA?(XR,XDLXD%YD)
and
(ho@rr-1, Brzs1), v ) € AL (Xn, Vo)

If one or more such wpyp—1, Wp2p—1 »WR1,p—1 and
Wgep—1 are found, then the sink chooses one of them

and puts out these choices as Wpi p—1, Wp2p—1 and

Wg1,b—1 and Wra p—1, respectively. If no such Wpy p—1,
Wp2,b—1, WR1,p—1 and Wge p—1 are found, the sink sets

Wp1,h—1 = Wp2,p—1 = WR1,p—1 = WR2,p—1 = L.

Decoding and error Analysis: It can be shown with [2],[13,
theorem 15.2.3] that the relay can decode reliably if

0 < Rp1 < I(Xg1;Yr|XR2, XR) (13a)
0 < Rpe < I(XR2; Yr|XR1, XR) (13b)
0 < Rp1+ Rpr2 < I(Xg1,Xr2;Yr|XR) (13¢)

and the receiver can decode with arbitrarily small probability
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of error if
0 < Rp1 < I(Xp1;Yp|Xp2, XRr) (14a)
0 < Rp2 < I(Xp2; Yp|Xp1, XR) (14b)
0 < Rp1+ Rp2 < I(Xp1, Xp2; Yp|Xr)  (l4o)
0< Ry <I(Xp1,Xr;Yp|Xp2) (15a)
0 < Ry < I(Xp2, Xr;Yp|Xp1) (15b)
0<Ri+ Ry <I(Xp1,Xp2,Xr;YD) (15¢)
Therefore,
0 < Ry <min{l (Xp1,Xr;Yp|Xp2), (16a)

I (XRg1;YR|XRg2, Xg) + 1 (Xp1;YD|XD2, XR)}
0 < Ry <min{I (Xp2, Xr; Yp|Xp1), (16b)
I (XR2; YR|XR1, XR) + 1 (XD2; YD|XD1, XR)}
0 < Ry + Ry <min{l (Xp1, Xp2, Xr; YD), (16¢)
I(Xp1, Xno; Vel Xp) + 1 (Xp1, Xp2: Yp|Xn)} |
2) Converse part: It is possible to
Wi, Wo (Wr1,Wp1), Wgae, Wpso)) from the received
sequence Y5 with low probability of error. Hence, the

conditional entropy of (W;,Ws) given Y} must be small.
By Fano’s inequality,

estimate

HWh|YS) <ney, HWy, Wa|Y]S) < nes (17
To bound the R;, we have

nRi=H (W) =1(Wy;Yp) + H(Wh|YD) (18)
aI(Wl;YB) + neq (19a)
<" I(X{5 YR YiE X3) +ne (19b)

=I(X7; X3) + I(X]5 YE|XY)
+I(XT;YBIYE, XT) +ney (19¢)
= I(X7;YRIXS) + I(XT5YEIYVE, XY) +ner (19d)
=L+ 1L+ng (19e)

where

I = I(XT5 YRIXS) = Sy IXTs Yeel Ve X3) (20)

=2 H(YRa[ Y X3) — H(Yra|Yg ', X5, XT)21)
=* Z?:l H(YR,t|Y1§t_17X?)2a Xhos XRot)
~H(Yr Vg™, XDo, Xfia, XDy, Xy, Xrt) 22)
< S H(Yr4|XRot, Xpo)
—H(YR | XRrot, XR1,t, XR,t)
= Z?:l I(XRl,t; YR,t|XR2,t7XR,t)
and
I = I(XP5YBIXS, Vi) =Y, I Yo lV5 X3, Y7)
=i H(YpulYy ' X5, YE) (25)
—H(Yp Y5 ' X5, X7, YE)
=S HYD e[V Xy X oo X R YRt Y ) (26)
—H(Yp Y5 X1, X 51X Bor X B0 X Rt Ve Vi)

(23)
(24)

< S H(Yp | Xp2y, Xri) 27)
—H(Yp+|Xp2,t, XD1,t: XR,t)
=31 I(Xp1,6:YDt| X2t XRot) (28)



Therefore,
nRy <> I(XRr14; Yrt| XRots XRot)
+ >0 I(Xp1,6;YD | X Doy, XRt) + ney

= Ry < I(XRg1; Yr|XR2, Xr) + [(Xp1; YD| X D2, XR)

Similarly,
Ry < I(Xr2; YR|XR1, Xr) + I(Xp2; YD|Xp1, XR)

where,
‘a’ follows from Fano’s inequality.
‘b’ follows from the data-processing inequality.
‘c’ follows from the chain rule and definition of relay
function.
‘& follows from the fact that
(Vi ' X P X' X1 X' — Xpots Xruts Xpt —
Yr ) forms a Markov chain according to the distribution,
the memoryless property of the channel, the chain rule
and removing conditioning.
‘e’ follows from the fact that channel is memoryless.
b follows from the fact that
(Yp ' X XD X7y, Xpy' Y= Xpoe, Xpre Xpot
— Yp,) forms a Markov chain according to the
distribution, the memoryless property of the channel, the
chain rule and removing conditioning.
Again, we have

(29)

nRy=H(W) =I(Wy;Yp) + H(Wi[Yp) (30)

< I(W1;YR) +ne (31)

< I(XT5YES,X3) + ney (32)

= > I(XT3 YDV, X3) + ney (33)

=S H(Ypa Y5, X3 (34)
—H(Yp Yy ', X5, XT') + ney

<Y H(Yp Y5 Xy, Xit) (35)

_H(YD7t|Y1t)_17XB1aXJg,lanzvX}%z,XR,t)‘i‘nEl

<> H(Yp4|Xpay) (36)
—H(Yp+|Xp2,t, XD1,t: XR,t) + ner
=> 1 I(Xp1,t, Xrt; YDt | X Do) + ne (37)
Since,
nRy <30 I(Xp1t, Xt Ypi| Xpoyg) +ner (38)
= R < I(Xp1, Xr:Yp|XD2) (39
Similarly,
=Ry < I(Xp2, Xr;YD|XD1) (40)
To bound the sum rate, we have
TL(Rl +R2):H(W1,W2) (41)
< I(Wi,Wa; Y[ + ners (42)
< I(XT, X3, Y5, YE) + ners (43)

= I(X], X35 V) + I(X], X5, YRIYE) + nea(44)

= I3+ 14 + ne1s (45)

where
I; =1(X7, X535 YE) (46)
= S I(X, X YRalY ) = 47)
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Fig. 3: A 2- source Gaussian multiple access relay channel
with orthogonal components

=30 I(XRr14, Xgot; Y| XRot) (48)
and
Li=I(XT.X3;Yp|YR) (49)
= I(XP X8 Yp YY) = (50)
=30 I(Xp1,4t, Xpot; Ypu| XRot) (51
Therefore,
n(Ri+ Ro) <> I(XRr1,4,XR2,6:YRrt| XRot) (52)

+ > I X D16, X p2,t;YD | X Ryt ) +1€12
= Ri+ Ry <I(Xp1,Xr2;Yr|XR)+I(Xp1,Xp2:YD|XR)
Again, we have in a similar manner
n(Ry + Ro) <30 I(Xp1,, Xpo, Xre; Yp,i) +ne12(53)
= Ry + Ry < I(Xp1,Xp2, Xr; YD)

B. Proof of Theorem 2

The two-source Gaussian multiple access relay channel with
orthogonal components is shown in Fig. 3 Achievability is
established using the block Markov scheme just as the proof of
achievability of theorem 1, where we let Xpg ~ N(0, ap Py)
and Xpgr ~ N(0,arP;) (kK = 1,2), be independent and
Xgr ~ N(0,Pg), is jointly Gaussian with Xpj and Xpgy

with correlation coefficients ppr = _E(XrXpk) __ apd
E(XnXn0) E(X3)E(XE,)

— RARE : . .

PRE = NCEAE Tk respectively. The message is split

into two parts, Xpg and Xgyr; Xpg is sent directly to the
receiver and X gy is sent to the relay and decoded by it and
sent cooperatively with the senders to receiver to remove the
uncertainty of the receiver about the previous message.

To prove the converse, first note that from theorem 1, given
any sequence of ((2"F1 27F2) n) code with P\ — 0, the
set (6) is capacity region Cysarco of two-source multiple
access relay channels with orthogonal components for some
joint probability distribution

P(xR1,TR2, D1, ZD2, TR) (54)
:P(JZR)P(IR1|IR)P(ID1|1‘R)P(LER2|LER)P(xD2|IR)
The outputs of channel are

Yr = gr1Xr1 + gr2Xr2 + 21 (55)
Yp = 9p1Xp1 + gp2Xp2 + grXR + Z> (56)

We can now bound the rate Rpq as
I(Xr1;Yr|XR2, XR) (57)
= h(Yr|XRro, Xr) — hM(YR|XR2, XRr1, XR) (58)



< WMygriXr1 + Z1|XRr) — h(Z1) (59
1
< =

1
<3 log2me[E(Var(gr1Xr1 + Z1|XR))] — 3 log 2me N,
Hence, we have

Rp1 < 3 log 2me[N1+g%, (E(XR)E(XRl)*E XrXrp1)

E(X%)

)]

1
—5 log 2we Ny (60)
< %log(l + 9?31@1(}\[—1@31)131) (61)
= C((1 = ph1)Sr1) (62)
Similarly, we have
Rpa < C((1 = pha)Ska)
To bound the sum rate, we have
I(XRg1, Xpo; Yr|XR) (63)
= WYR|XRr) — h(Yr|XR2, Xr1, XR) =---  (64)
= % log(l + 9??.1511(1—P%?.1)Plglgzzazaz(l—lﬁaz)ljz) (65)
Therefore,
Rp1+ Rpa < C((1 = pi1)Sr1 + (1 — pho)Sk2)
Now, we want to bound the rate Rpq as
I(Xp1;Yp|Xp2, Xg) (66)
= h(Yp|Xp2, Xr) — M(YD|Xp2, Xp1,XR) = - (67)
2 2
< %log(l 4 ngal(}V;le)Pl) (68)
= Rp1 < C((1 - ph1)Sp1) (69)
Similarly, we have
Rps < C((1 = phy)Sp2) (70)
To bound the sum rate, we have similarly
Rp1+ Rps < C((1— pp1)Sp1 + (1 — p1o)Sp2)
and again
I(Xp1,Xp;Yp|Xps2) (71)
= h(Yp|Xp2) — h(Yp|Xp2, Xp1, XR) (72)
< h(gp1Xp1 + 9grXRr + Z2|Xp2) — h(Z2) (73)
< %log(l + 912:)1QIP1+9123PR+1\2];7D1\/92D1061P1PR)
= Ry < C(Sp1 + Sr +2pp1V/Sp1SkR) (74)
similarly, we have
Ry < C(Sp2 + Sk +2pp2V/Sp2Sk) (75)
and for the sum rate
R+ Ry < (76)

C(Sp1+ Sp2 + Sk + 2pp1V/ Sp1SR + 2pD2V/ SD2SR)

IV. SIMULATION

In this section with the help of computing, we show that
the capacity region for a 2-source Gaussian multiple access
relay channel with orthogonal components is larger than
the achievable rate region of MARC with feedback. We fix
SNR=0 dB for all channels and compute the capacity region
of our model, multiple access channel and an inner bound
for multiple access relay channels with relay-source feedback
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0.9
1- Achievable rate region of MARC with feedback [14]

2- Capacity region of our model
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Fig. 4: Capacity Region for a 2-source Gaussian multiple
access relay channel with orthogonal components

0.6 0.7 0.8 0.9 1

[14]. The results are shown in Fig. 4.

V. CONCLUSION

We have established capacity region for the multiple access
relay channel with orthogonal components from the senders
to the relay receiver and from the senders and relay to the
receiver and extended the results to the Gaussian case. For
the class of multiple access relay channels with orthogonal
components discussed here, the optimal strategy is to split the
messages into two parts, one is decoded by the relay and sent
cooperatively with the senders to the receiver and the other is
sent directly to the receiver.
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