The Capacity Region of Gaussian Fading Multiple Access Relay Channels with
Orthogonal Components

Mohammad Osmani-Bojd®, Assadallah Sahebalam?, Ghosheh Abed Hodtani?
Y Department of Electrical Engineering, Zahedan Branch, Islamic Azad University, Zahedan, Iran
®Department of Electrical Engineering, Ferdowsi University of Mashhad, Mashhad, Iran
mohammad.osmani@gmail.com, a_sahebalam@yahoo.com, ghodtani@gmail.com

Abstract— In this paper, we investigate the capacity problem
of Gaussian fading multiple access relay channel with
orthogonal components from the senders to the relay receiver
and from the senders and relay to the receiver. This model is
motivated by the practical constraint that a node cannot send
and receive at the same time or in the same frequency band.
We derive a capacity region for the model where partial
Channel State Information (CSI) is available at the
transmitters (CSIT) and perfect CSI is available at the
receiver (CSIR). Superposition block Markov encoding and
multiple access channel encoding and decoding strategies are
used to prove the results.

Keywords- additive white Gaussian noise; Gaussian fading
channels; channel state information; discrete multiple access
relay channel; orthogonal components; discrete multiple access
relay channel.

. INTRODUCTION

The relay channel was first introduced by Van der
Meulen [1]. In [2] the capacity of degraded and reversely
degraded relay channels and the capacity of the relay
channel with feedback as well as upper and lower bounds
on the capacity of the general relay channel were
established. In [3] the capacity of semi deterministic relay
channel , in [4] and [5] the capacity of the relay channel
with orthogonal components, in [6] the capacity of modulo-
sum relay channel, in [7] the capacity of a class of
deterministic relay channel and in [8], [9] capacity of a
more general class of relay channels have been determined.
The multiple access rely channel with orthogonal
components (MARCO) was introduced in [10] and a
capacity region was obtained for it in [11].

The rest of the paper is organized as follows: In section
I1, preliminaries and main results are introduced. We prove
the main results in section Ill. Finally, the paper is
concluded in Section 1V.

1. PRELIMINARIES AND MAIN RESULTS

We divide Xy ,k € {1, ...,N} to orthogonal components
(Xrk Xpr) @nd send these components from the sender to
the relay receiver (Xgi)and from the sender and relay to the
receiver (Xpy). For Gaussian fading multiple access relay
channel with orthogonal components, we derive a capacity
region.
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A discrete memoryless multiple access relay channel is said
to have orthogonal components if the channel input-output
distribution can be expressed as

P(YD, YR, XR1s ) XRN.XD1, s XDNXR) = P(YRIXR1, ) XRN) XR)

1

X P(yp|xp1, ., Xpn, XR)P(x) [TR=1 P(xric|xr) P (Xpk|XR)

where xg, Xgx and Xpg, kK € {1, ..., N}, are the inputs, yp and yg
are the outputs, all with finite alphabets, and

P(yp,YRIXR1, -+ » XRN,XD1, - XpN,XR) IS the channel probability
function.

He R¥®™Y js a random matrix representing the state
process of the channel (the matrix of fading coefficients) and
the elements of H are r.v.'s which belong to R, as follows,

hDR,t
0 ’

th,t hDN,t

H, = 1<t<n

2)

th,t hRN,t
and Fy € 8,,k=1,..,N,R, is a r.v. representing the CSIT
available at the k™ transmitter which is a deterministic
function of H: F, = yx(H). In addition, the function @y: 8, —
R, satisfying the following constraint:

E{px(F)} <P, k=1,..,N,R 3)
that denotes the power allocation policy for the ith
transmitter and relay. ay: 0, — [0,1] and By: 6, - [0,1], k=
1,..,N, are two arbitrary (limited) deterministic functions
that take their values from the interval [0,1]. At the t"
transmission (t = 1,--,n), Xgke Xpke (K= 1,...,N) and Xg,
are sent and the channel outputs are

N
Yo = Dt hpXpie + 2y €))
N
Yo, = Diket hoeXpie + heXeye + Zy, ©)]
where N is the number of senders, Z; = (Ziq, ..., Zit, - ) Zin),

i=1,2,is a sequence of independent identically distributed
(i.i.d) normal random variables with zero mean and variance
N;,i=1.2,

Now, we express main results as two following theorems.
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Theorem 1. The capacity region of N-source fading
multiple access relay channels with orthogonal components
denoted by Cfiarco iS given by

(R4, ..,Ry) €RY

vAc({1,.. N}: } (6)
Ykea Rk < min(Igy + Ipy, I)

cl\lj[ARCO = U{
Trk = I({Vridkens YrIH {Vridkear Xr)
Ipk = I{Vpitkea: Yo H {Vpidrea Xr)
Iy = I{{Vpi}kea, Xr; Yo [H, {Vpikea)

where the joint p.d.f of r.v.’s
(H,F4, ., FNo FR, VR, «o» Vs V1, > Voo, XR) S given by:

P(h, fy, ..., fx, fs Vas 0 Ve Vb 1o > Voo Xr)

=P(hfy, ... fy, fR)PxR(XR) H}T=1 Pka|xR(VRk|XR) Pyoixr (vpklxg) @)
Furthermore, {gi(): WVri Vo) X0 >R} is a set of
deterministic function such that

(Xoke Xrie) = 8k (Vi Vo) X Fi) k=1,..,N, 1<t<n and
a set of vrelay function {gm}:=1 such  that
Xgrt = gre(YE ™, Fr), 1 < t < n, satisfies the power constraint
policy of the transmitters and relay: E{X3, + X3} < Px, k=

1,..,N and E{X3} < Pz. And a decoding function, q: Y3 —
Wy X .. X Wy = (Wry, Wp1) X ... X (Wrn, Won)-

Sender 1 chooses an index w; = (wgy, wpq) uniformly
distributed over [1:2°Rei]x [1:2™Rp1] and sends the
corresponding codeword over the channel. Other Senders
do likewise. Assuming that the distribution of messages
over the product set W; x ... x Wy is uniform, we define the

average probability of error for the (2%, ..., 2"%),n) code
as follows:

w__ 1

=——X
¢ 2n(ZReq Rid)
(W1, WN)EW] X..XWN

Pr{g(Yp)

# (Wy, ..., wy)|(Wy, ..., wy) has been sent}

A rate (Rq,..,Ry) is said to be achievable for the Gaussian
fading multiple access relay channel with orthogonal
components if there exists a sequence  of
((2"s,...2""),n), Ry = Rpy + Rpo k = 1, .., N, codes  with
P™ S 0.

Theorem 2. The capacity region of N-source Gaussian
fading multiple access relay channels with orthogonal
components denoted by CGarco IS given by
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(Rq,...,Ry) ERY

Crniarco = U VAC{1,.., N} @®
Ykea Ry < min (Igy + Ipy, Iy)
iRk = Ey [C (EkeAhZRk‘Pk(Fk)(ll\flzxﬁ(Fk))ﬁka(Fk)))]
= 5y o (et ialoinon)|
I
3 @i (F)af (Fy)
hir@r(Fp) + X ( Dk > ]
_E [C ( DRPRUFR keA +2hDRth\/Yﬁ Br(FOer FR@x (F) o2 (Fi)
H| 4 |
a )

A. Proof of Theorem 1:

Achievability part:

We begin with a brief outline of the proof. We consider B
blocks, each of n symbols. We use superposition block
Markov coding. A sequence of B messages wy; X ... X
Wyi = (WR1i, Wp1i) X . X (Wrni Wpn,), | € 1,2,..., B, will be
sent over the channel in nB transmissions. In each n-block,
b =12,..,B+ 1, we use the same set of codebooks:

PROOF OF THE MAIN RESULTS

C = {xR(V), vR, (v, my), ..., vRx (v, my), vB, (v, uy), ..., vBn (v, un)}

ve[m m2" ] x . x [B B2V, my € [1: 27RRx], uy
€ [1: 2"Rok]

Now we proceed with the proof of achievability using a
random coding technique.
Random codebook generation: First fix a choice of

Py (XR) [TR= 1 Py (VRKIXR) Pypyxe (VDKIXR)

1) Generate 2n(i=Rd  independent identically
distributed n-sequences xg, each drawn according
to P(xR) =1L, P(xgy) - Index them as xg(v) ,
v=(vq,..,vy) € [1:20R1] x . x [1:20Rxn],

2) For each xR(v) , generate 2"Rrk k=1, .. N,
conditionally independent n-sequence xp, drawn
according to P(VRc|xR(W)) = [T P(Vree|xr e (V).
Index them as v, (v, my), my € [1: 2"Rrk],

3) For each x®&(v) , generate 2"Rok k=1,.., N,

independent identically n-sequence vp, , each
drawn according to
PV |Xrk(V)) = [T 1 P(vpi ¢|Xr ¢ (v)). Index them as
V]gk(V, ug),uy € [1: Z“RDk]_

Encoding: Encoding is performed in B+1 blocks, the coding
strategy is shown in table I.

1) Source terminals: The messages are split into B
equally sized blocks wgyp,
12,..,B .

ey WRN,b' WDl,b' ""WDN,b' b =
In block b=1,2,..,B+1, the k™ encoder



assuming observation f; € 6, as CSIT, itsends (Xpx, Xzx) =
Ik ((VRk(WRk,br WRk,b—l): VDk(WDk,br WDk,b—l)) , Fk) over the

Channel, Where WRk,0 = WRk,B+1 = Wpko = WDk,B+1 =1.

2) Relay Terminal: After the transmission of block b
is completed, the relay has seen yz,. The relay tries to find
ﬁb = (WRl,bl ""WRN,D) SUCh that

VRb(WR1b-1 WR1p)s s VRN (WRN =1, WRN b )s XR2 s

XR b (‘7b = (Wr1p-1, ---'V?VRN,b—1)),Hn:YE,b)
€ Alg (VRll ey VRNr XR! H, YR) (9)

where Wgip_1,..,Wrnp-1 are the relay terminal’s
estimate of wgyp_q,..,Wrnp-1, respectively. If one or
more such ¥, = (Wryp, ...,VvRN_b) are found, then the relay
chooses one of them, and then transmits
xR p+1(WRaps o Wryp) in block b+1.

3) Sink Terminal: After block b, the receiver has
seen  yp,, and yp, and try to find
Pyt = (Wrep—1, - Wrw,p—1)s Wp1p—1, - Wpn,p—1 SUCh that

(VR1b—1(WR1b-2s WR1b-1): - VRN p—1 (VRN =20 WRN,p-1),
VB1b-1(Wp1b-2 Fp1b-1)s - VBN .b—1 (VDN b2 FDNb-1),

XRb-1 (‘7b—1 = (Wr1p-2 ---;®RN,b—z))'Hn'YE,b—1)
Arel(Ver "'rVRNrVDll ""VDN'XR' H, YR) (10)

and

¢8))

(%R (‘7b = (Wrap-1, ---rWRN,b—l));y}g,b) € A¢(Xr, Yp)

Decoding and error Analysis: It can be shown that the relay
can decode reliably if
Ykea Rri < I{Vridkeas YrIH, {Vricdkea Xr) (12)

and the receiver can decode with arbitrarily small
probability of error if
2kea Rpk < I({Vpidkeas YoIH, {Vbitkea, Xr) (13)

and receiver can decode in backward manner with
arbitrarily small probability of error if
Ykea Rk < I({{Vpidkea, Xr; YpIH, {Vbi}kea) (14)

Converse part:
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To prove the converse part, we first derive an outer
bound on Cfarcoin the following lemma.

TABLE I. ENCODING STRATEGY
Block 1 Block 2 Block B+ 1
xg1(L 1) |XR2(WRy 1 ) WrN,1) XR B+1(WR1B) ) WRN,

VRy,1(LWr11) | VRi2(WR11, WR12) VR1g+1(Wrie 1)

VRN, (L Wrn1) | VRN2 (WRN,1» WRN,2) Veng+1(Wrnps 1)

Vb1 (LWr11) | VD12(Wp1,1, Wry2) Vp18+1(Wp1p 1)

vbN,1 (L Wpn1) | VD2 (WpN,1 W 2) vbng+1 (Won s 1)

Lemma: Carco is outer bounded by:

(Ry,...,Ry) ERY

CHarco €U vAc{1,.. N}k (15)
Ykea Rk < min{Iryy + Ipxio lix)
Irix = [({Xridkeas YrIH, Xricdien Xr)
Ipkx = 1({Xpitiens YoIH, {Xpitea Xr)
lix = I{Xpidkea Xr; Yo |H, {Xpikea)
where the joint p.d.f of r.v.’s

(H,Fq, -, Fn, Fro XR1, -0 Xgo XD1s -5 Xpno XR) 1S given by:
P(h. £1, ooos fNo TRy XR1) oo XRNS XD1s ---,XDN:XR) =

P(h, fy, ..., fiv, fR) P (XR) TTR=1 Pl (KrKIXR) Py Kok [XR) (16)

that satisfy the following power constraint:

E{X?} <P,i=1,..,N, E(X3} < R (17)

Proof: The proof is done using Fano’s inequality and the
input deterministic functions. The details are omitted for the
brevity.

The achievable rate region that was obtained is also an
outer bound for the above outer bound i.e. the outer bound is
a subset of the inner bound; consequently, it is proved that
the achievable rate region is a capacity region. It is proved
by substituting ( Xg, Xg1, s Xgy > Xpp - Xpy) @S defined in
following in the rate region described by (15); one can see
that the rate region in (6) is obtained.

Xrk = @k (Fi) ( (1 - 0‘12<(Fk)) VRk> ,0 < oy (F) < 1(18)



Xpk = v Ok (Fi) (ax (Fi) Vi), 0 < o (Fy) < 1 (19)

Xg = VOR(FR) (ZRo1 vBr(Fi) Vri),  Zieq Bk(Fi) = 1 (20)

B. Proof of Theorem 2:
\Y

To prove of theorem let [ Vgy, .., Voy Vi, -, Vo] be a
sequence of Gaussian distributed r.v.’s with zero mean and
unit variance, independent of each other and also
independent of the fading matrix H.

In addition, let @y:0, - R,,k=1,..,N,R, be a set of
power allocation policy functions with satisfy the power
constraints  in  E{XZ. + X3 <Pk=1,...,Nt=1,..,n,
and E{X3} <Pz and oy:0 — [0,1] and By: 6, - [0,1], k=
1,..,N, are two arbitrary (limited) deterministic functions
that takes their value from the interval [0,1]. Define the
r.v’s [Xr, XRr1, > X&N » Xp1s - Xpn] @S (18)-(20) and
Yk = E(VpkVr)-

Proof of achievability is the same as that of theoreml with
regard to the above suppositions. For converse part, by
substituting [Vires s Vo Vit s Vil and
[Xg, Xp oo ,Xpy] In the capacity region (6), the
theorem 2 is proved. The proof is omitted for the brevity.

Xe > Xpys oo

V.

We investigated the fading multiple access relay channel
with orthogonal components, partial CSIT and perfect CSIR,
an example of such a channel model is the cooperative
uplink of some mobile stations to the base station with the
help of the relay in a cellular based mobile communication
system. We obtained a capacity region for this model and
extended the result to the Gaussian case.

CONCLUSION
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