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Abstract Interaction of dust acoustic solitary waves in plas-
mas consisting of medium disorders is investigated. Dis-
orders and inhomogeneities of the medium are added to
the equation of motion as perturbative terms through the
medium parameters. The effects of these perturbations on
the behaviour of solitary waves are studied with numerical
simulations and the results are compared with theoretical
predictions in a uniform media.
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1 Introduction

Wave propagation in nonlinear dusty plasmas has received
a great deal attention because of its vital role in under-
standing different types of collective processes in space en-
vironments such as the early universe which assumes to
be a kind of plasma, describing the active galactic nu-
clei, pulsar magnetosphere, the solar atmosphere as well
as plasmas in laboratory devices (Tsytovich et al. 2002;
Barkan et al. 1996; Homann et al. 1997; Fortov et al. 2005;
Rao et al. 1990). The physical phenomena met in the dusty
plasmas have been reviewed by several authors. Dusty plas-
mas are nonlinear media. In a nonlinear medium, a stable
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wave pattern can be propagated if the effects of nonlinear-
ity and dissipation cancel out each other. This means that a
very fine tuning between the medium parameters is needed
in order to have a stable wave pattern. These stable patterns
call solitary waves or solitons.

Rao, Shukla and Yu predicted the existence of dust acous-
tic solitary waves (DAWs) theoretically, about twenty years
ago (Shukla 2001). In such these waves, dust particle mass
creates the inertia and the restoring force is provided by the
pressures of the inertia less electrons and ions. Following
their pioneering work a number of laboratory experiments
have been initiated, where DAWs are observed. Also a large
number of theoretical investigations have been done, which
provided different linear and nonlinear features of DAWs in
an unmagnetized weakly coupled dusty plasmas.

In recent years several solitonic solutions have been pro-
posed in various types of dusty plasmas using different
methods. These solutions have been appeared in homoge-
neous and well behaved medium, while in real world the
medium of propagation contains disorders and impurities
which add local space-dependent potentials to the problem.
Behaviour of solitary waves during the interaction with local
disorders and their stability after the interaction are impor-
tant subjects due to its application in real situations and also
because of theoretical point of view. Motivated by this sit-
uation we have studied the interaction of solitary solutions
in dusty plasmas with defects and the results are presented
in this paper. Therefore a brief description of the targeted
medium and its solitonic solution has been introduced in
Sect. 2. Method of adding the potential to the soliton equa-
tion of motion will be described in Sect. 3. Interaction of
solitons with disorders and a discussion will be presented in
Sects. 4 and 5. Some conclusion and remarks will be pre-
sented in the final section.
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2 Hot adiabatic magnetized dusty plasma and its
dust-ion-acoustic solitary solution

We Consider the propagation of dust ion-acoustic waves in
a fully ionized magneto dusty plasma contains hot adiabatic
inertial ions with number density of Ni normalized by its
equilibrium value ni0, hot adiabatic inertia-less electrons
with number density of Ne normalized by its equilibrium
value ne0, and negatively charged static dust in the presence

of an external constant magnetic field
→
B= B0ẑ (where ẑ is

unit vector along the z direction). Total charge neutrality at
equilibrium requires that (Pakzad and Javidan 2009)

ne0 + nd0Zd0 = ni0 (1)

Zd0 is the unperturbed number of charges on the dust par-
ticles. The dynamics of the dust ion-acoustic waves in one
dimensional form in such a dusty plasma system is governed
by Anowar and Mamun (2008)
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Anowar and Mamun have derived the following equation
of motion for small values of electro static wave potential

ψ using the reductive perturbation method Anowar and Ma-
mun (2008)
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where lz is directional cosine of the wave vector in the direc-
tion of the external magnetic field and VP = lz√

μ
(γe +αμγi)

is phase speed.
On introducing the new variable ζ = ξ − U0τ , where U0

is a constant velocity, solitary solution of (7) in the station-
ary frame is given as

ψ = ψm sech2 (ζ/�) (10)

where peak amplitude ψm and width � of soliton, respec-
tively, are given by

ψm = 3U0

A
, (11)

� =
√

4B

U0
(12)

3 DAWs in an inhomogeneous media

Investigation of DAWs commonly is done in a homogeneous
and ordered nonlinear medium. The dust-acoustic solitary
wave is a localized nonlinear wave which arises due to a del-
icate balance between nonlinearity and dispersion effects.
This means that a very fine tuning between these effects is
needed for propagating stable solitons in the media.

In real situation the medium of propagation is disordered
and inhomogeneous. It is clear that such defects disturb the
parameters of the medium and therefore change the strength
of nonlinear and dispersive terms. It is a very critical point
which should be taken into account when we make a model
for soliton propagation. Moreover, stability of a moving soli-
tary wave and its characters after the interaction with the
medium disorders and impurities is another important prob-
lem. Plasmas are not homogeneous; they are full of fluctua-
tions, which come from their stochastic and random nature
and we have to consider these randomness.
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The effects of medium disorders and impurities can be
added to the equation of motion as a perturbative term
(Kivshar et al. 1991; Javidan 2010). These effects also can
be taken into account by making some parameters of the
equation of motion to be function of space or time (Piette
and Zakrzewski 2007; Javidan 2006). There still exists an-
other interesting method which is mainly suitable for work-
ing with topological solitons (Hakimi and Javidan 2009;
Javidan 2008). In this method, one can add such effects to
the Lagrangian of the system by introducing a suitable non-
trivial metric for the back ground space-time, without miss-
ing the topological boundary conditions. The third method
is inapplicable for the KdV equation, because it is not a
Lorentz invariant model. In this paper, the medium disorders
are modeled using space dependent local functions.

Consider the plasma medium which has been explained
in the previous section. Characteristics of propagated soli-
tary waves of the KdV equation in this medium are spec-
ified by (10), (11) and (12). On the other hand characters
of solitary wave are functions of medium details specified
by (8) and (9). Particles in the medium are not distributed
uniformly with same densities and same temperatures in all
around the media. There are some fluctuations around the
average values of particles identifications. Therefore in a
real case, parameters α, μ, �ci , ν or lz are space depen-
dent functions. Suppose that in a specific location of the
medium, the ratio of α = ne0

ni0
becomes a little different from

its background value α0. A simple model can be introduced
by adding a delta function perturbation to the parameters of
the equation of motion. For small disorders we can write

α(ξ) = α0 + εδ(ξ − ξ0) (13)

Disorders in other parameters can be define in the same way.
In this situation the parameters “A” and “B” of (7) become
functions of space (ξ). These parameters can be written as

A(ξ) = A0 + A1δ(ξ − ξ0)

B(ξ) = B0 + B1δ(ξ − ξ0)
(14)

where A0 and B0 satisfy unperturbed KdV equation (7) with
solution (10). However the KdV equation is nonlinear, but
for small amplitude perturbations soliton amplitude reads
(Kivshar et al. 1991; Fei et al. 1992)

�(ξ) = ψ + ψ1 (15)

where ψ1 is a small localized function which induced from
the medium perturbation. Inserting (14) and (15) into (7) and
integrating over the space (ξ ) we have
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Fig. 1 Solitary wave profiles before and after the interaction with
a perturbation located in ξ = 0. Soliton moves from initial position
ξ0 = −100 with initial velocity U0 = 0.8. Radiated energy is propa-
gated backward starting from the perturbation location

where ξ0 is the location of the perturbation. In the above
derivation we have used the assumption that ψ1 is a lo-
calized delta-like function. This equation is an approxima-
tion for the evolution equation (16) describes the evolution
equation of perturbation amplitude, which is a Schroedinger
type equation with external nonlinear potential −A0ψψ1 −
[A1ψ

∂ψ
∂ξ

+ B1
∂3ψ

∂ξ3 ]ξ=ξ0 . The second term is a function of
soliton characters and also location of perturbation. This
term causes an energy radiation started from the perturba-
tion location. Figure 1 presents the results of direct numer-
ical solution of (7) for a solitary wave before and after the
interaction with perturbation A(ξ) = 0.2 + 0.05δ(ξ). This
figure clearly shows that some energy radiation propagates
backward started from the location of perturbation. Our sim-
ulations are strongly in agreement with this prediction which
will explained in the next section.

4 Numerical simulations

Several simulations have been performed using various
functions as models of perturbation in different parame-
ters of the medium. The smooth and slowly varying func-
tion ae−b(ξ−c)2

has been used as delta function in simula-
tions which are reported below. Parameter “a” controls the
strength of the perturbation, “b” represents its width, and
“c” adjusts its position. If a > 0, perturbation has an addi-
tive effect respect to the background value of the parameter
and for a < 0 we have a subtractive perturbation.

Simulations have been setup using 4th order Runge-Kutta
method for time derivatives. Space derivatives were ex-
panded using finite difference method with double precision
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Fig. 2 Interaction of solitary wave with a perturbation on the medium parameter μ = ne0
ni0

at the origin. Soliton moves from initial position
ξ0 = −10 with initial velocity U0 = 0.1. (a) shows evolution of the solitary profile and (b) presents soliton trajectory during the interaction with
the perturbation

variables. Grid spacing has been taken h = 0.1, 0.05 and
sometimes h = 0.01. Time step has been chosen as h

A
2 + 4B

h2

because of stability considerations. Simulations have been
performed with fixed boundary conditions and solitons have
been kept far from the boundaries.

Consider a plasma medium which has described in pre-
vious section, with initial parameters α = 0.2,μ = 0.6,

γ = 1,�ci = 0.06 and ν = 0.02. Suppose that perturba-
tion μ = 0.6 + 0.2e−0.2ξ2

exists in the origin. This per-
turbation can be created because of a small local dop-
ing in the density ratio ne0

ni0
relative to its background

value. Now consider a solitary wave solution described
by (10) which moves toward the origin with initial ve-
locity U0 = 0.1 from initial position ξ0 = −10. The soli-
tary wave interacts with perturbation at the origin and
passes through it. Figure 2a presents the solitary wave pro-
file during the interaction. Figure 2b demonstrates trajec-
tory of the soliton during the interaction with the pertur-
bation. As stated, soliton initial velocity is 0.1 before the
interaction but Soliton velocity becomes about 0.06 af-
ter the interaction in somewhere far from the perturba-
tion.

Soliton radiates an amount of energy during the inter-
action. one can see in the Fig. 2a that the radiated energy
emerges backward relative to the direction of soliton veloc-
ity started from the initial position of the perturbation as pre-
dicted in (16). Therefore the soliton velocity after the inter-
action is lower than its initial velocity. Also soliton height
(and thus its energy) becomes smaller than its initial value.
Soliton width changes during the interaction too. Figure 3a
shows the evolution of soliton height during the interaction.

Peak value of the soliton is 0.56 before the interaction at
its initial position far from the perturbation. Soliton finds
its maximum value at the origin (ψm = 0.87) and then be-
comes about 0.36 after the interaction far from the origin.
Figure 3b shows evolution of soliton width during the inter-
action. This figure demonstrates that soliton width after the
interaction is greater than its value before the interaction.
Numerical finding of the precise value of the soliton width
is difficult because of radiation during the interaction.

All the figures strongly indicate that the soliton specifica-
tions would not get back to its initial values after the inter-
action with a perturbed location in the medium.

Some simulations have been performed with the same
parameters but with a subtractive perturbation μ = 0.6 −
0.1e−0.2ξ2

. Figure 4a shows the height of the soliton as a
function of time during the interaction with the perturba-
tion. Initial value of the peak altitude is 0.55. Soliton finds
its height minimum value in the center of the perturbation
(0.37) and then it rises up to 0.49 after the interaction far
from the perturbation. Simulations show that Soliton veloc-
ity reduces from its initial value U0 = 0.1 to 0.09 after the
interaction. Figure 4b presents evolution of the soliton width
during the interaction. The width of the soliton changes from
its initial value 0.57 to its maximum at the origin of the per-
turbation (0.76) and then reduces to its final value 0.60 after
the interaction.

These figures also show that final values of the soliton
characters is depend on its initial values and also perturba-
tion details. Anyway final situation of the soliton is not sim-
ilar to its initial state.

More interesting behaviour of a soliton during the scat-
tering on a perturbation is seen in some very narrow win-
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Fig. 3 (a) Evolution of soliton peak value during the interaction with perturbation μ = 0.6 + 0.2e−0.2ξ2
. (b) Soliton width as a function of time

during the interaction

Fig. 4 (a) Soliton peak as a function of time during the interaction with subtractive perturbation μ = 0.6 − 0.1e−0.2ξ2
. (b) Evolution of the soliton

width during the interaction with subtractive perturbation

dows of initial conditions in the border of creating a rarefac-
tive (a < 0) or a compressive (a > 0) solitary wave. Initial
values α = 0.2, δ = 20◦, γ = 1.0,�ci = 0.06, ν = 0.04 and
μ = 0.31 creates a rarefactive solitary wave, while the same
values of the parameters but with μ = 0.32 produce a com-
pressive soliton. Therefore we expect that a perturbation of
the form μ = 0.31+0.01e−.02ξ2

flips the solitary wave from
ψm < 0 to a ψm > 0. Surprisingly simulations indicate that
such this peak reverting does not occurred. Figure 5 presents
the evolution of the soliton height during the interaction with
the perturbation μ = 0.31 + 0.01e−.02ξ2

. Absolute value of
the peak height decreases but it does not reache the zero

value and therefore it does not flip to a positive value. Fig-
ure 6a presents the soliton profile after the interaction. This
figure shows that the radiated energy is very large. Figure 6b
presents the trajectory of the soliton during the interaction.
This figure demonstrate noticeable decrease in the soliton
velocity after the interaction.

5 Discussion

Simulations strongly prove that created Solitary solutions of
the KdV equation in dusty plasmas are very stable. A soli-
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tary wave adjusts itself with medium disorders and impu-
rities by emerging some amounts of energy radiation. In-
deed in the most of our simulations the solitary wave re-
mains stable after the interaction with local perturbations.
For stronger perturbations, our simulations fail to solve
problem properly because of numerical errors due to radi-
ations, precision and initial boundary conditions.

Small and finite perturbations in a plasma medium
change the DAWs identifications. In the other words, soli-
tary wave characters are not as the same as its initial state af-
ter the interaction with a small local perturbation, as Figs. 1–
6 present. We couldn’t find an exact description for solitary
wave parameters as functions of medium characters after the
interaction.

Fig. 5 Soliton peak as a function of time during the interaction with
perturbation μ = 0.31 + 0.01e−0.2ξ2

Perturbation can be added to the different parameters
of the medium. Reported simulations in previous section
have been done with adding a perturbation on density ra-
tio μ = ne0

ni0
. Some simulations also have been done with a

perturbation added on the temperature ratio α = Te0
Ti0

, direc-
tional cosine of the wave vector in the direction of the exter-
nal magnetic field (lz), ion cyclotron frequency �ci = |q|B

mi
.

These variables can be referred to the physical parameters
of the medium. Small spatial changes in the electron den-
sity (or ion density) creates a perturbation on μ. If electron
thermal energy (or ion thermal energy) in a small volume of
space becomes different with its average background value,
it can be modeled as a perturbation on α. Small changes
in the magnitude of the external magnetic field of its direc-
tion can be affected on the parameters �ci and lz respec-
tively.

Simulations show that a perturbation which is able to
change a rarefactive soliton to a compressive one (or vice
versa) theoretically, will not do this in practice. Note that
real situation is more complicated. In fact we have to con-
sider the effects of emerged energy radiation too. In order to
have such transition the parameter ‘A’ must change its sign.
Therefore we have a situation with A = 0. But for A = 0,
soliton height ψm goes to infinity and therefore presented
solution (10) is not valid.

We have added perturbation terms to the above param-
eters. The magnitude of impression on the solitary wave
characters because of added perturbation in several param-
eters are different. Perturbation on μ has strongest effects
while local changes in temperature causes smaller effects.
But general behaviour of a solitary wave during the inter-
action with perturbations on different parameters are almost
the same.

Fig. 6 (a) Soliton profile after the interaction with perturbation μ = 0.31 + 0.01e−0.2ξ2
. (b) Soliton trajectory during the interaction
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6 Conclusion and remarks

Behaviour of a solitary wave in a specified plasma medium
during the interaction with small local perturbations due to
random disorders or local inhomogeneities has been inves-
tigated. It is shown that solitary waves remains stable after
the interaction with small perturbations. In general case soli-
ton emerges some amount of energy radiation in backward
relative to its velocity and tune itself with new situation.
However the perturbation is local but soliton identifications
will not get back to its initial values before the interac-
tion. Solitary wave characters can be calculated as functions
of medium parameters with a theoretical model, when the
medium is completely homogeneous. Because of non re-
versal effects of such interactions we can not strongly con-
nect soliton parameters to plasma characters in a bubbly
medium.

This investigation needs to repeat for other DAW solu-
tions in different plasmas. It is great if one can present bet-
ter theoretical description for solitary wave characters af-
ter the interaction as functions of initial situation before
the interaction and perturbation function. Perturbations in
the border of creating a compressive or a rarefactive soli-
ton need more investigation. Such this problem may be hap-
pen for monotonic and oscillatory shock wave solutions in

plasmas. These problems can be studied in further investiga-
tions. These studies help us to find better knowledge about
the general behaviour of Daws in real plasmas.
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